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Ðàññêàçûâàåòñÿ î ïðîåêòå ðàçðàáîòêè ñèñòåìû ïðàâèë ïåðåïèñûâàíèÿ òåðìîâ äëÿ íåîïðåäåëåííîãî èíòåãðè-

ðîâàíèÿ. Îïèñûâàåòñÿ ìîäóëü äëÿ ïîäûíòåãðàëüíûõ âûðàæåíèé, ñîäåðæàùèõ òàíãåíñ.

1. ÂÂÅÄÅÍÈÅ

Èñïîëüçóåìûå â ñèñòåìàõ êîìïüþòåðíîé àëãåáðû
ñòèëè ïðîãðàììèðîâàíèÿ ÷àñòî ðàññìàòðèâàþòñÿ
êàê îñíîâàííûå ëèáî íà ïåðåïèñûâàíèè òåðìîâ, ëèáî
íà âû÷èñëåíèè âûðàæåíèé.
Íàïðèìåð, Mathematica ÷àñòî ðàññìàòðèâàåò-

ñÿ êàê ñèñòåìà, îñíîâàííàÿ íà ïåðåïèñûâàíèè òåð-
ìîâ [1], à Maple � ãîðàçäî ðåæå. Ðàçëè÷èå, êîíå÷íî
æå, â ñîîòíîøåíèè ýòèõ ñòèëåé, òàê êàê âî âñåõ äî-
ñòóïíûõ ñèñòåìàõ çàìåòíû ýëåìåíòû èõ îáîèõ. Äâîé-
ñòâåííîñòü îò÷åòëèâî ïðîÿâëÿåòñÿ â íåîïðåäåëåííîì
èíòåãðèðîâàíèè. Íàèáîëåå èçâåñòíûå àëãîðèòìû îñ-
íîâàíû íà âû÷èñëåíèÿõ. Íàïðèìåð, àëãîðèòìû Ðè-
øà [7] è Ðîòøòåéíà-Òðàãåðà-Ëàçàðà-Ðèîáî [8, 9, 5] �
âû÷èñëèòåëüíûå. Íî ýòè àëãîðèòìû íå óíèâåðñàëü-
íû, è äëÿ ìíîãèõ èíòåãðàëîâ ïðèõîäèòñÿ (èëè îêàçû-
âàåòñÿ áîëåå ïðåäïî÷òèòåëüíûì) ïðèìåíÿòü ñèñòåìû
ïåðåïèñûâàþùèõ ïðàâèë. Íåêîòîðûå èç òàêèõ ñèòó-
àöèé ìû îáñóäèì íèæå.
Íåñìîòðÿ íà âûñêàçàííûå ñîìíåíèÿ [2], ñîâðåìåí-

íûå ìåòîäû ïåðåïèñûâàþùèõ ïðàâèë ñòàíîâÿòñÿ âñå
áîëåå àëãîðèòìè÷íûìè è äåòåðìèíèðîâàííûìè, è ìû
îòäàåì ïðåäïî÷òåíèå ýòèì ìåòîäàì äëÿ íàøåé ñõå-
ìû èíòåãðèðîâàíèÿ. Ìû ó÷ëè óñïåõ è ïîïóëÿðíîñòü
ïðîãðàìì, êîòîðûå ìîãóò ïîêàçûâàòü ïîøàãîâûå âû-
÷èñëåíèÿ. Òàêèå ïðîãðàììû íàçûâàþòñÿ `ïîêàçàòü
øàã' èëè `îäèí øàã'. Îíè ïðåäëàãàþòñÿ, íàïðèìåð,
â WolframAlpha, Derive è â ðÿäå ó÷åáíûõ ïðî-
ãðàìì äëÿ èçó÷åíèÿ îñíîâ ìàòåìàòè÷åñêîãî àíàëèçà.
Ïðåäëîæåííàÿ â [6] ñõåìà îñíîâàíà íà ñèñòåìå

ïðàâèë ïåðåïèñûâàíèÿ òåðìîâ è ñîñòîèò èç ïðàâèë
ïðåîáðàçîâàíèé, õðàíÿùèõñÿ â îòêðûòîì äëÿ äîñòó-
ïà ðåïîçèòîðèè âìåñòå ñ óòèëèòàìè, êîòîðûå ìîæ-
íî èñïîëüçîâàòü â ðàçëè÷íûõ ñèñòåìàõ êîìïüþòåð-

∗Ïåðåâîä ñ àíãëèéñêîãî Å.Ñ. Øåìÿêîâîé.

íîé àëãåáðû. Ýòîò ðåïîçèòîðèé ïðåäñòàâëÿåò ñîáîé
íå òàáëèöó èíòåãðàëîâ, à íåáîëüøîå ìíîæåñòâî ïðà-
âèë. Êîððåêòíîñòü ïðåîáðàçîâàíèé � íå åäèíñòâåí-
íàÿ öåëü íàøåãî ïðîåêòà. Êà÷åñòâî èíòåãðàëüíûõ
âûðàæåíèé îöåíèâàåòñÿ ñ ïîìîùüþ íåñêîëüêèõ êðè-
òåðèåâ, êîòîðûå ïîçâîëÿþò ðåøèòü, âêëþ÷àòü ëè
ïðàâèëî èíòåãðèðîâàíèÿ â ðåïîçèòîðèé. Ïðåäïîëî-
æèì, ÷òî ïîäûíòåãðàëüíîå âûðàæåíèå f(x) èìååò
ïåðâîîáðàçíóþ F (x). Òåñò äëÿ âêëþ÷åíèÿ îñíîâàí íà
ñëåäóþùèõ êðèòåðèÿõ, êîòîðûå ìû îáñóäèì ïîäðîá-
íåå â ñëåäóþùåì ðàçäåëå.

• Êîððåêòíîñòü: òðåáóåì, ÷òîáû âûïîëíÿëîñü
F ′(x) = f(x).

• Ïðîñòîòà: èùåì íàèáîëåå ïðîñòóþ ôîðìó äëÿ
èíòåãðàëà. Ó íàñ ïðàãìàòè÷åñêèé ïîäõîä è íà-
øà öåëü � ïîëó÷èòü íàèáîëåå êîðîòêîå ïî äëèíå
âûðàæåíèå.

• Íåïðåðûâíîñòü: ñòàðàåìñÿ, ÷òîáû êàæäîå âûðà-
æåíèå áûëî íåïðåðûâíûì â ìàêñèìàëüíî âîç-
ìîæíîé îáëàñòè [4].

• Ýñòåòèêà: èñõîäèì èç íåñêîëüêî ïðèíöèïîâ âû-
áîðà ìàòåìàòè÷åñêè êðàñèâûõ ôîðìóë.

• Èñïîëüçîâàíèå: ïðàâèëà äîëæíû áûòü ïîäõîäÿ-
ùèìè äëÿ ñòèëÿ `ïîêàçàòü øàã' (ñì. ðàçäåë 2.5).

• Ýôôåêòèâíîñòü: ïóòü ê îòâåòó äîëæåí áûòü,
íàñêîëüêî ýòî âîçìîæíî, ïðÿìûì, à ìíîæåñòâî
ïðàâèë � êîìïàêòíûì.

Íèæå íàø ðåïîçèòîðèé áóäåò îáðèñîâàí ïîäðîáíåå.
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2. Îáñóæäåíèå êðèòåðèÿ âûáîðà ïðàâèë

Ñëåäóþùèé ïðèìåð ïîçâîëèò îáñóäèòü íåñêîëüêî
àñïåêòîâ öåëè íàøåãî ïðîåêòà. Ðàññìîòðèì ïÿòü âîç-
ìîæíûõ âûðàæåíèé äëÿ îäíîãî è òîãî æå èíòåãðàëà:∫ √

−2 tanx dx = − 1
2 ln

(
2− 2 tanx− 2

√
−2 tanx

)
− arctan

(√
−2 tanx− 1

)
+ 1

2 ln
(
2− 2 tanx+ 2

√
−2 tanx

)
− arctan

(√
−2 tanx+ 1

)
, (1)

∫ √
−2 tanx dx = (2)√

−Tan[x]
2
√
Tan[x]

(
−2ArcTan

[
1−
√
2
√
Tan[x]

]
+2ArcTan

[
1 +
√
2
√
Tan[x]

]
+ Log

[
1−
√
2
√
Tan[x] + Tan[x]

]
−Log

[
1 +
√
2
√
Tan[x] + Tan[x]

])
, (3)

= ln cosx+ ln(1 +
√
−2 tanx− tanx)

+ arctan
1 + tanx√
−2 tanx

, (4)

= − arctan

√
−2 tanx

1 + tanx
+ arctanh

√
−2 tanx

1− tanx
, (5)

= arctan
1 + tanx√
−2 tanx

+ arctanh
1− tanx√
−2 tanx

. (6)

Âûðàæåíèå (1) ïîëó÷åíî â Maple 16; âûðàæåíèå
(3) ïîëó÷åíî â Mathematica 8; âûðàæåíèÿ (4) � (6)
ïîëó÷åíû â ðàìêàõ íàøåãî ïîäõîäà. Ðàññìîòðèì ýòè
âûðàæåíèÿ ñ òî÷êè çðåíèÿ ñôîðìóëèðîâàííûõ êðè-
òåðèåâ.

2.1. Êîððåêòíîñòü

Îáîçíà÷èì ÷åðåç f è F ïîäûíòåãðàëüíîå âûðàæåíèå
è ïåðâîîáðàçíóþ. Ïðîâåðêà ðàâåíñòâà F ′ = f òðåáóåò
äèôôåðåíöèðîâàíèÿ. Â êîìïüþòåðíîé àëãåáðå ñóùå-
ñòâóþò äàâíèå ðàçíîãëàñèÿ ïî ïîâîäó âûáîðà èç äâóõ
âîçìîæíîñòåé∫

dx

x
=

{
lnx , êîìïëåêñíûé ñëó÷àé,

ln |x| , âåùåñòâåííûé ñëó÷àé.
(7)

Â ðåïîçèòîðèè âñå ïðàâèëà ïðåîáðàçîâàíèé âåðíû
äëÿ êîìïëåêñíîãî ñëó÷àÿ. Â íàøåì ïðèìåðå ïîäûí-
òåãðàëüíàÿ ôóíêöèÿ ñòàíîâèòñÿ ÷èñòî ìíèìîé íà èí-
òåðâàëàõ (nπ, nπ + π/2), ãäå n ∈ Z.
Îòìåòèì, ÷òî ïðîâåðêà ðàâåíñòâà F ′ = f , îñíî-

âàííàÿ íà èñïîëüçîâàíèè êàêîé-òî ñèñòåìû êîìïüþ-
òåðíîé àëãåáðû, ìîæåò áûòü íåòðèâèàëüíîé çàäà-
÷åé. Íàïðèìåð, Maple íå ìîæåò ïîëíîñòüþ ïðîâå-
ðèòü (4).

2.2. Ïðîñòîòà

Ïîñëåäíèå òðè âûðàæåíèÿ â íàøåì ïðèìåðå, î÷åâèä-
íî, êîðî÷å è ïðîùå, ÷åì ïåðâûå äâà. Ïîñòîÿííàÿ ïðî-
áëåìà ñèñòåì êîìïüþòåðíîé àëãåáðû � ðîñò ðàçìåðà
âûðàæåíèé. Ñèñòåìû êîìïüþòåðíîé àëãåáðû î÷åíü
÷àñòî íå äàþò ìàêñèìàëüíîãî óïðîùåíèÿ âûðàæå-
íèé, êîòîðûå ñîäåðæàò èíòåãðàëû. Âî-ïåðâûõ, ïî-
òîìó, ÷òî ñàìàÿ êîðîòêàÿ ôîðìà ìîæåò îòëè÷àòüñÿ
íà êîíñòàíòó îò äàííîãî âûðàæåíèÿ, è òàêèì îáðà-
çîì òîëüêî àëãåáðàè÷åñêèå óïðîùåíèÿ íå ïðèâåäóò
ê öåëè. Âî-âòîðûõ, òî÷êè âåòâëåíèÿ ìîãóò ñäåëàòü
äàííîå âûðàæåíèå àëãåáðàè÷åñêè îòëè÷íûì îò åãî
êîðîòêîé ôîðìû. Äðóãèìè ñëîâàìè, äâà âûðàæåíèÿ
ìîãóò ðàçëè÷àòüñÿ íà êóñî÷íî-ïîñòîÿííîå âûðàæå-
íèå.
Òàêèì îáðàçîì, èíòåãðèðóþùàÿ ñèñòåìà äîëæíà

èñêàòü íàèáîëåå ïðîñòûå ôîðìóëû, íå ðàññ÷èòûâàÿ
íà óñïåõ àëãåáðàè÷åñêîãî óïðîùåíèÿ. Ýòî, â ÷àñòíî-
ñòè, âèäíî ïî ðåçóëüòàòàì ïðèìåíåíèÿ àëãîðèòìà èí-
òåãðèðîâàíèÿ Ðèøà, êîòîðûå ïîëó÷àþòñÿ áåç ó÷åòà
âåòâëåíèÿ.

2.3. Íåïðåðûâíîñòü

Ïîäûíòåãðàëüíîå âûðàæåíèå
√
−2 tanx èìååò îñî-

áåííîñòü ïðè x = nπ + π/2 è íåïðåðûâíî â äðóãèõ
òî÷êàõ. Ïðè x = nπ ôóíêöèÿ ìåíÿåòñÿ îò äåéñòâè-
òåëüíîé ê ìíèìîé, íî îíà íåïðåðûâíà â ýòèõ òî÷êàõ.
Òàêèì îáðàçîì, âûðàæåíèå äëÿ åå èíòåãðàëà äîëæíî
áûòü íåïðåðûâíûì, çà èñêëþ÷åíèåì, âîçìîæíî, òî-
÷åê x = (n + 1/2)π. Ìû âèäèì, ÷òî âûðàæåíèå (5)
èìååò ðàçðûâû â tanx = ±1. Ïîýòîìó äðóãèå âû-
ðàæåíèÿ áîëåå ïðåäïî÷òèòåëüíû. Îáúåäèíèâ íåïðå-
ðûâíîñòü ñ ïðîñòîòîé, ìû ìîæåì ñîêðàòèòü äèàïàçîí
âûáîðà ïðåäïî÷òèòåëüíîãî âûðàæåíèÿ äî (6), (4).
Äîïîëíèòåëüíî îòìåòèì, ÷òî ïîäûíòåãðàëüíîå âûðà-
æåíèå èíòåãðèðóåìî â îñîáûõ òî÷êàõ, è ìîæíî áûëî
áû ïîòðåáîâàòü, ÷òîáû èíòåãðàëüíîå âûðàæåíèå áû-
ëî áû òàì íåïðåðûâíî. Íè îäíî èç âûðàæåíèé íå
èìååò îïðåäåëåííîãî çíà÷åíèÿ ïðè x = nπ + π/2,
ïîòîìó îïðåäåëåííûå èíòåãðàëû ñ ïðåäåëàìè èíòå-
ãðèðîâàíèÿ â ýòèõ òî÷êàõ äîëæíû áûòü ïîëó÷åíû ñ
èñïîëüçîâàíèåì îäíîñòîðîííèõ ïðåäåëîâ.
Äàëåå îòìåòèì, ÷òî óñëîâèÿ íåïðåðûâíîñòè è ïðî-

ñòîòû ìîãóò êîíôëèêòîâàòü. Ðàññìîòðèì ïðèìåð èñ-
ïîëüçîâàíèÿ àëãîðèòìà Ëàçàðà-Ðèîáó [5]:

∫
x2 + 2

x4 − 3x2 + 4
dx = arctan

x

2− x2
, (8)

= arctan
(
2x+

√
7
)
+ arctan

(
2x−

√
7
)
. (9)

Âûðàæåíèå ñ ðàçðûâàìè êîðî÷å, è áóäåò êàçàòüñÿ áî-
ëåå ïðîñòûì áîëüøèíñòâó ïîëüçîâàòåëåé. Ïðè ðîñòå
ñòåïåíåé ïîëèíîìîâ ðàçíèöà ìåæäó äëèíàìè âûðà-
æåíèé âîçðàñòàåò.
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2.4. Ýñòåòèêà

Êðàñîòà � âàæíåéøèé êðèòåðèé. Óðîäñòâó
íåò ìåñòà â ìàòåìàòèêå. (Ã.Õ. Õàðäè [3])

Ñðàâíèâàÿ (4) è (6), ìû âèäèì, ÷òî (6) ñîäåðæèò
äâå ðîäñòâåííûå ôóíêöèè: arctan è arctanh. Õîòÿ
arctanh ìîæíî âûðàçèòü ÷åðåç ëîãàðèôìû, âûðàæå-
íèå (6) ñ åãî ñèììåòðèÿìè ìàòåìàòè÷åñêè êðàñèâåå,
÷åì îñòàëüíûå âûðàæåíèÿ.
Àíàëîãè÷íûé ïðèíöèï êàñàåòñÿ ñâÿçè ìåæäó ôîð-

ìàìè ïîäûíòåãðàëüíîãî âûðàæåíèÿ è èíòåãðàëà.
Ñëåäóþùèé èíòåãðàë áûë ïîëó÷åí ñ ïîìîùüþ
Maple 16:∫ √

2 tanx dx =

√
tanx cosx arccos (cosx− sinx)√

cosx sinx

− ln
(
cosx+

√
2
√
tanx cosx+ sinx

)
. (10)

Â îòëè÷èå îò (1), ïîëó÷åííîãî òîæå ñ ïîìîùüþ
Maple, ýòà ôîðìóëà ñîäåðæèò öåëûé íàáîð ôóíê-
öèé, íå âõîäÿùèõ â ïîäûíòåãðàëüíîå âûðàæåíèå.
Êðîìå òîãî, ñâÿçûâàþùàÿ ïðîáëåìû (1) è (10) î÷å-
âèäíàÿ ñèììåòðèÿ x→ −x íå âèäíà â îòâåòàõ.
Ìû ïðåäïî÷èòàåì â òàêèõ ñëó÷àÿõ ôîðìóëó, êîòî-

ðàÿ ôóíêöèîíàëüíî áëèæå ê ïîäûíòåãðàëüíîìó âû-
ðàæåíèþ.

2.5. Èñïîëüçîâàíèå

Ñïîñîá çàïèñè ïðàâèë îòðàæàåòñÿ íà êàæäîì øà-
ãå ïðè ïîøàãîâîì âûïîëíåíèè. Íåêîòîðûå ñèñòåìû
èñïîëüçóþò ìíîãî÷èñëåííûå ïîäñòàíîâêè â ïðîöåñ-
ñå ðåøåíèÿ. Ýòî îòðàæàåò òî, êàê ÷åëîâåê ðåøàë áû
ýòó çàäà÷ó, íî òàêîé ïîäõîä òðóäåí äëÿ âîñïðèÿòèÿ,
òàê êàê ïîëüçîâàòåëþ ïðèäåòñÿ ñëåäèòü çà âñåìè çà-
ìåíàìè. Ïðîñòûì ïðèìåðîì ÿâëÿåòñÿ èíòåãðàë âèäà∫
f(ax + b) dx. Õîòÿ ÷åëîâåê ìîæåò ñðàçó íàïèñàòü

y = ax + b, à çàòåì ðàáîòàòü ñ y, ìû ïðåäïî÷èòàåì
ðàáîòàòü ñ áîëåå äëèííîé ôîðìîé è îñâîáîäèòü ïîëü-
çîâàòåëåé îò íåîáõîäèìîñòè ñëåäèòü çà çàìåíàìè.

3. ÔÎÐÌÀ ÏÐÀÂÈË

Êàæäàÿ çàïèñü â ðåïîçèòîðèè ñîñòîèò èç òðåõ
ôóíêöèîíàëüíûõ ÷àñòåé, â ñîâîêóïíîñòè îíè îïðå-
äåëÿþò ïðàâèëî:

1. Ïðåîáðàçîâàíèå. Îòîáðàæàåò èíòåãðàë â âûðà-
æåíèå, êîòîðîå ñîäåðæèò êàê òåðìû, ñâîáîäíûå
îò èíòåãðàëîâ, òàê è íîâûå (áîëåå ïðîñòûå) èí-
òåãðàëû.

2. Óñëîâèÿ äîñòîâåðíîñòè. (Òàê êàê èíòåãðàëû â
÷àñòè 1 îáû÷íî ñîäåðæàò ïàðàìåòðû, ýòè óñëî-
âèÿ îáåñïå÷èâàþò êîððåêòíîñòü ïðåîáðàçîâà-
íèé.)

3. Óñëîâèÿ óïðîùåíèÿ. Ïîäòâåðæäàþò, ÷òî ïðåîá-
ðàçîâàíèå ÿâëÿåòñÿ æåëàòåëüíûì, è ÷òî ëþáîé
íîâûé èíòåãðàë èëè èíòåãðàëû ïîñëå äàëüíåé-
øèõ ïðåîáðàçîâàíèé ïðèâåäóò ê ðåøåíèþ èñõîä-
íîé ïðîáëåìû.

Çàïèñè ìîãóò ñîäåðæàòü è íå èìåþùèå ôóíêöèî-
íàëüíîé ðîëè ñâåäåíèÿ, òàêèå, êàê ññûëêè íà ëèòå-
ðàòóðó.
Îäíà èç çàäà÷ íàøåãî ïðîåêòà � äîáèòüñÿ òîãî,

÷òîáû óñëîâèÿ, îïðåäåëÿþùèå ïðàâèëà, âçàèìíî èñ-
êëþ÷àëè äðóã äðóãà. Ýòî îçíà÷àåò, ÷òî åñëè çàäàíû
âñå ïàðàìåòðû äëÿ ëþáîãî ïîäûíòåãðàëüíîãî âûðà-
æåíèÿ, òî òîëüêî îäèí íàáîð óñëîâèé îêàçûâàåòñÿ
âûïîëíåííûì, è, òàêèì îáðàçîì, òîëüêî îäíî ïðàâè-
ëî ìîæåò áûòü ïðèìåíåíî.
Â êà÷åñòâå ïðèìåðà ðàññìîòðèì ïðåîáðàçîâàíèå

(21), ïðèâåäåííîå â ïðèëîæåíèè (ðàçäåë 7). Ìíîæè-
òåëü (m+n+1) â ëåâîé ÷àñòè äîëæåí áûòü îòëè÷åí îò
íóëÿ, ÷òîáû ðàâåíñòâî ìîæíî áûëî áû èñïîëüçîâàòü
â êà÷åñòâå ïðåîáðàçîâàíèÿ. Òàêèì îáðàçîì, óñëîâèå
m+ n+ 1 6= 0 äîëæíî áûòü óêàçàíî êàê óñëîâèå äî-
ñòîâåðíîñòè äëÿ ýòîãî ïðàâèëà. Êðîìå òîãî, ïðåîáðà-
çîâàíèå óìåíüøàåò ïîêàçàòåëü T1 = tan(c + dx) ñ m
äî m− 1, è íåîáõîäèìî âûïîëíåíèå m ≥ 1 äëÿ òîãî,
÷òîáû ïðåòåíäîâàòü íà óïðîùåíèå. Òàêèì îáðàçîì,
ýòî ñòàíîâèòñÿ óñëîâèåì óïðîùåíèÿ.
Ïîõîæåå ìîæíî âèäåòü â ïðåîáðàçîâàíèè (18). Â

ñëó÷àå C = 0 îíî ñâîäèòñÿ ê òðèâèàëüíîìó ðàâåí-
ñòâó.

4. ÂÛÐÀÆÅÍÈß, ÑÎÄÅÐÆÀÙÈÅ ÒÀÍÃÅÍÑ

Íàø íîâûé ìîäóëü ðàáîòàåò ñ âûðàæåíèÿìè âèäà

tanm(c+ dx)(a+ b tan(c+ dx))n

∗ (A+B tan(c+ dx) + C tan2(c+ dx)) ,

ãäå a, b, c, d, A,B,C ∈ C è m,n ∈ R � ïðîèçâîëüíûå
ïàðàìåòðû. Ýòî âûðàæåíèå íå âñåãäà èíòåãðèðóåìî.
Öåëü ñîñòîèò â òîì, ÷òîáû íàéòè âñå ñëó÷àè, â êî-
òîðûõ îíî èíòåãðèðóåìî. Íå èñêëþ÷àåòñÿ, ÷òî α è β
îñòàíóòñÿ ñèìâîëüíûìè.
Ñòîèò ïðîêîììåíòèðîâàòü ýòîò âûáîð ïîäûíòå-

ãðàëüíîãî âûðàæåíèÿ, îñîáåííî íàëè÷èå â íåì ïî-
ñëåäíåãî ìíîæèòåëÿ. Ïðèëîæåíèå â êîíöå ñòàòüè
ñîäåðæèò íàáîð ðåêóððåíöèé, êîòîðûå ïîçâîëÿþò
óïðîùàòü ïîäûíòåãðàëüíîå âûðàæåíèå äî òåõ ïîð,
êîãäà åãî ìîæíî áóäåò ïðîèíòåãðèðîâàòü. Íàìè óñòà-
íîâëåíî, ÷òî ïîñëåäíèé ìíîæèòåëü íåîáõîäèì äëÿ
ðåêóððåíöèé. Äàæå åñëè ìû ïîëîæèì B = C = 0, â
ýòîì âûðàæåíèè, îäèí øàã ðåäóêöèè èíòåãðàëà ïðè-
âåäåò ê ïîÿâëåíèþ äîïîëíèòåëüíûõ òåðìîâ. Ïðèìå-
÷àòåëüíî, ÷òî â ñëó÷àå a2 + b2 = 0, ïîäûíòåãðàëü-
íîå âûðàæåíèå ìîæíî ïðèâåñòè ê áîëåå ïðîñòîé ôîð-
ìå. Ñîîòâåòñòâóþùèå ðåêóððåíöèè òàêæå âêëþ÷åíû
â ïðèëîæåíèå.
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Îäíèì èç ñòàíäàðòíûõ ïîäõîäîâ ê òàêèì èíòåãðà-
ëàì, èñïîëüçóåìûõ äðóãèìè ñèñòåìàìè, ÿâëÿåòñÿ çà-
ìåíà u = tan(c + dx). Óäàëÿþòñÿ âñå òðèãîíîìåòðè-
÷åñêèå ôóíêöèè, â èòîãå âîçíèêàåò êâàçèðàöèîíàëü-
íàÿ ôóíêöèÿ îò u. Äðóãàÿ ïîäîáíàÿ çàìåíà � çà-
ìåíà Âåéåðøòðàññà u = tan((c + dx)/2), íî ìû åå
íå èñïîëüçóåì. Ñ ìàòåìàòè÷åñêîé òî÷êè çðåíèÿ îíà
ïðèâîäèò ê ïðîáëåìå îáðàòèìîñòè ïðåîáðàçîâàíèÿ,
òàê êàê àðêòàíãåíñ èìååò òî÷êè âåòâëåíèÿ. Ñ ïðî-
ãðàììíîé òî÷êè çðåíèÿ òàêàÿ çàìåíà ñíèæàåò íåçà-
âèñèìîñòü ìîäóëÿ. Êðîìå òîãî, ñôîðìóëèðîâàííûé
ðàíåå ýñòåòè÷åñêèé ïðèíöèï îçíà÷àåò, ÷òî ìû ñòàðà-
åìñÿ èñïîëüçîâàòü òå ôóíêöèè, êîòîðûå óæå âõîäÿò
â ïîäûíòåãðàëüíîå âûðàæåíèå. Ýòî îòíîñèòñÿ êàê ê
ïðîìåæóòî÷íûì âûâîäàì, òàê è ê îêîí÷àòåëüíîìó
âûðàæåíèþ.
Äâåíàäöàòü ïðåîáðàçîâàíèé (ðåêóððåíöèé), ïåðå-

÷èñëåííûõ â ïðèëîæåíèè, èñïîëüçóþòñÿ äëÿ ðåêóð-
ðåíòíîãî ïðèâåäåíèÿ ïîäûíòåãðàëüíîãî âûðàæåíèÿ
ê ôîðìå, äëÿ êîòîðîé èíòåãðàë èçâåñòåí. Ïðèâåäåì
ïðèìåð ïðèìåíåíèÿ ïðàâèë.

5. ÏÐÈÌÅÐ ÐÅÄÓÊÖÈÈ

×òîáû ñîñðåäîòî÷èòüñÿ íà ãëàâíîé èäåå, ìû ïîëî-
æèì íåêîòîðûå êîíñòàíòû â ïîäèíòåãðàëüíîì âûðà-
æåíèè ðàâíûìè íóëþ (ñì. ïîñëåäíèé ðàçäåë ïðåäû-
äóùåé ñåêöèè) è ðàññìîòðèì èíòåãðàë:∫

tan(1 + i+ x)∗(
4− 12 tan(1 + i+ x) + 9 tan2(1 + i+ x)

)
(2− 3 tan(1 + i+ x))3/2

dx .

(11)

Äëÿ âûáîðà îäíîé èç ðåêóððåíöèé ïðîãðàììà ñðàâ-
íèâàåò ïîäûíòåãðàëüíîå âûðàæåíèå ñ âûïèñàííûì
âûøå ñòàíäàðòíûì âèäîì è óñòàíàâëèâàåò, ÷òîm = 1
è n = −3/2. Òàê êàê n ≤ −1, ìû âûáèðàåì ðåêóððåí-
öèþ (20). Â ýòîì ñëó÷àå Ab2 − abB + a2C = 0, è ðå-
êóððåíöèþ óäàåòñÿ óïðîñòèòü äàëüøå. Ìû ïîëó÷àåì

− 1

13

∫
tan(1 + i+ x)(−26 + 39 tan(1 + i+ x))√

2− 3 tan(1 + i+ x)
dx .

(12)

Íàø âûáîð êîíñòàíò ïîçâîëÿåò àëãåáðàè÷åñêè óïðî-
ñòèòü ïîäûíòåãðàëüíîå âûðàæåíèå. Íà ïðàêòèêå
ýòîò øàã âûïîëíÿåòñÿ, íå îáðàùàÿñü ê ïðîöåäóðàì
óïðîùåíèÿ, âñòðîåííûõ â âûáðàííóþ ñèñòåìó êîì-
ïüþòåðíîé àëãåáðû. Îí çàäàåòñÿ âíóòðè íàøåé ñè-
ñòåìû â âèäå îòäåëüíîãî ïðàâèëà. Ýòî âûçâàíî òåì,
÷òî óïðîùåíèå, âñòðîåííîå â ñèñòåìó êîìïüþòåð-
íîé àëãåáðû, áóäåò èãíîðèðîâàòü íàø ýñòåòè÷åñêèé
ïðèíöèï ðàáîòû ñ óæå ïðèñóòñòâóþùèìè â ïîäûíòå-
ãðàëüíîì âûðàæåíèè ôóíêöèÿìè, â íàøåì ñëó÷àå �

ñ òàíãåíñîì. Ïîëó÷àåòñÿ∫
tan(1 + i+ x)

√
2− 3 tan(1 + i+ x) dx, (13)

÷òî ìîæíî ïåðåïèñàòü êàê

dn

∫
T1T

n
2 dx −→ Tn

2 − dn
∫
Tn−1
2 T3(b,−a, 0) dx ,

÷òî ïðåîáðàçóåòñÿ â∫
3 + 2 tan(1 + i+ x)√
2− 3 tan(1 + i+ x)

dx+ 2
√
2− 3 tan(1 + i+ x) .

(14)

Ñëåäóþùèì èñïîëüçóåòñÿ ïðàâèëî: åñëè A2+B2 6= 0,
a2 + b2 6= 0, òî ∫

A+B tan(c+ dx)√
a+ b tan(c+ dx)

dx −→

1

2
(A−Bi)

∫
1 + i tan(c+ dx)√
a+ b tan(c+ dx)

dx+

1

2
(A+Bi)

∫
1− i tan(c+ dx)√
a+ b tan(c+ dx)

dx. (15)

Äàëåå âûïîëíÿåòñÿ àëãåáðàè÷åñêîå ïðåîáðàçîâàíèå,
äîïóñòèìîå ïðè A2 +B2 6= 0, a2 + b2 6= 0:∫

A+B tan(c+ dx)√
a+ b tan(c+ dx)

dx −→

−
2B arctanh

[√
a+b tan(c+dx)√

a+ bA
B

]
d
√
a+ bA

B

. (16)

Ýòî ïðàâèëî èñïîëüçîâàíî ïîâòîðíî äëÿ ïîëó÷åíèÿ
îêîí÷àòåëüíîãî ðåçóëüòàòà

+ 2
√
2− 3 tan(1 + i+ x)

−
√
2− 3i arctanh

[√
2− 3 tan(1 + i+ x)√

2− 3i

]

−
√
2 + 3i arctanh

[√
2− 3 tan(1 + i+ x)√

2 + 3i

]
.

6. ÇÀÊËÞ×ÈÒÅËÜÍÛÅ ÇÀÌÅ×ÀÍÈß

Õîòÿ öåëüþ ïðîåêòà ÿâëÿåòñÿ ñîçäàíèå ðåïîçèòîðèÿ
ïðàâèë èíòåãðèðîâàíèÿ, êîòîðûé áûë áû íåçàâèñèì
îò âûáðàííîé ñèñòåìû êîìïüþòåðíîé àëãåáðû, â íà-
ñòîÿùåå âðåìÿ âûáîð ñèñòåìû âëèÿåò íà ôîðìó íåêî-
òîðûõ ïðàâèë. Ïåðâûé øàã â âûáîðå ïîäõîäÿùåãî
ïðàâèëà � ýòî ðàñïîçíàâàíèå ñòðóêòóðû ïîäûíòå-
ãðàëüíîãî âûðàæåíèÿ, è ëåæàùèå â îñíîâå ðàñïî-
çíàâàíèÿ ôóíêöèè ñèñòåìû áóäóò âëèÿòü íà âûáîð
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ïðàâèë. Íàïðèìåð, â ñèñòåìå Mathematica (sin(c+
dx))−1 èìååò âíóòðåííåå ïðåäñòàâëåíèå csc(c+dx), è
tan(c+dx)−1 � âíóòðåííåå ïðåäñòàâëåíèå cot(c+dx).
Òàêèì îáðàçîì, íàäî óìåòü ðàáîòàòü è ñ òàíãåíñîì, è
ñ êîòàíãåíñîì (äðóãèå ìîäóëè äîëæíû ñîäåðæàòü çà-
ïèñè äëÿ ñèíóñà è êîñåêàíñà). Ñèñòåìà, êîòîðàÿ õðà-
íèò îáðàòíûå ôóíêöèè ïî-äðóãîìó, âîçìîæíî, ïîòðå-
áóåò èçìåíåíèÿ áàçû äàííûõ.

Âî-âòîðûõ, ñèñòåìà âëèÿåò íà ðåïîçèòîðèé ÷åðåç
óïðîùåíèå. Ìû óæå îòìå÷àëè, ÷òî íåêîòîðûå àëãåá-
ðàè÷åñêèå óïðîùåíèÿ çàïèñàíû â íàøåé ñèñòåìå êàê
ïðàâèëà ïðåîáðàçîâàíèÿ, òàê êàê â ïðîòèâíîì ñëó÷àå
âñòðîåííûé â ñèñòåìó ñïîñîá óïðîùåíèÿ óíè÷òîæèë
áû øàáëîí, ïðåäïî÷òèòåëüíûé äëÿ íàñ. Íåâîçìîæ-
íîñòü îáúÿñíèòü ñèñòåìå íàøè òðåáîâàíèÿ çàñòàâëÿ-
åò íàñ âêëþ÷àòü àëãåáðàè÷åñêèå óïðîùåíèÿ â íàø
ðåïîçèòîðèé, ÷òî ñóùåñòâåííî óâåëè÷èâàåò åãî ðàç-
ìåð.

7. ÏÐÈËÎÆÅÍÈÅ

Ïåðå÷èñëèì ðåêóððåíöèè, èñïîëüçóåìûå â ñõåìå èí-
òåãðèðîâàíèÿ [10]. Äëÿ ýêîíîìèè ìåñòà áóäåì èñïîëü-
çîâàòü îáîçíà÷åíèÿ

T1 = tan(c+ dx) , T2 = a+ b tan(c+ dx) ,

T3(A,B,C) = A+B tan(c+ dx) + C tan2(c+ dx) .

Ñëåäóþùèå ðåêóððåíöèè ñïðàâåäëèâû äëÿ âñåõ
A,B,C ∈ C:

d(m+ 1)

∫
Tm
1 T

n
2 T3(A,B,C) dx = (17)

ATm+1
1 Tn

2 + d

∫
Tm+1
1 Tn−1

2 T3(Â, B̂, Ĉ) dx ,

Â = aB(m+ 1)−Abn ,
B̂ = (bB − aA+ aC)(m+ 1) ,

Ĉ = bC(m+ 1)−Ab(m+ n+ 1) .

d(m+ n+ 1)

∫
Tm
1 T

n
2 T3(A,B,C) dx = (18)

CTm+1
1 Tn

2 + d

∫
Tm
1 T

n−1
2 T3(Â, B̂, Ĉ) dx ,

Â = Aa(m+ n+ 1)− C(m+ 1)a ,

B̂ = (aB + bA− bC)(m+ n+ 1) ,

Ĉ = aCn+ bB(m+ n+ 1) .

bd(n+ 1)
(
a2 + b2

) ∫
Tm
1 T

n
2 T3 dx = (19)(

Ab2 − abB + a2C
)
Tm
1 T

n+1
2 + d

∫
Tm−1
1 Tn+1

2 T̂3 dx ,

Â = −
(
Ab2 − abB + a2C

)
m ,

B̂ = b(bB + aA− aC)(n+ 1) ,

Ĉ = (m+ n+ 1)(aB −Ab)b−ma2C + (n+ 1)b2C .

ad(n+ 1)
(
a2 + b2

) ∫
Tm
1 T

n
2 T3 dx = (20)

−
(
Ab2 − abB + a2C

)
Tm+1
1 Tn+1

2 + d

∫
Tm
1 T

n+1
2 T̂3 dx

Â = A
(
a2(n+ 1) + b2(m+ n+ 2)

)
− a(bB − aC)(m+ 1) , B̂ = a(aB − bA+ bC)(n+ 1),

Ĉ =
(
Ab2 − abB + a2C

)
(m+ n+ 2) .

bd(m+ n+ 1)

∫
Tm
1 T

n
2 T3(A,B,C) dx = (21)

CTm
1 T

n+1
2 − d

∫
Tm−1
1 Tn

2 T̂3 dx ,

Â = aCm , B̂ = b(C −A)(m+ n+ 1) ,

Ĉ = aCm− bB(m+ n+ 1) .

ad(m+ 1)

∫
Tm
1 T

n
2 T3(A,B,C) dx = (22)

ATm+1
1 Tn+1

2 + d

∫
Tm+1
1 Tn

2 T̂3 dx ,

Â = aB(m+ 1)−Ab(m+ n+ 2) ,

B̂ = −a(A− C)(m+ 1) , Ĉ = −Ab(m+ n+ 2) .

Ðåêóððåíöèè (23) � (28) òðåáóþò âûïîëíåíèÿ óñëî-
âèé a2 + b2 = 0. Òðåòèé àðãóìåíò âûðàæåíèÿ T3
âñåãäà ðàâåí 0.

d(m+ 1)

∫
Tm
1 T

n
2 T3(A,B, 0) dx = (23)

AaTm+1
1 Tn−1

2 − d
∫
Tm+1
1 Tn−1

2 T3(Â, B̂, 0) dx ,

Â = Ab(n− 1)− (Ab+Ba)(m+ 1) ,

B̂ = Aa(m+ n)−Bb(m+ 1) .
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d(m+ n)

∫
Tm
1 T

n
2 T3(A,B, 0) dx = (24)

BbTm+1
1 Tn−1

2 + d

∫
Tm
1 T

n−1
2 T3(Â, B̂, 0) dx ,

Â = Aa(n+m)−Bb(m+ 1) ,

B̂ = Ba(n− 1) + (Ab+Ba)(m+ n) .

2a2nd

∫
Tm
1 T

n
2 T3(A,B, 0) dx = (25)

BbTm
1 T

n
2 + d

∫
Tm−1
1 Tn+1

2 T3(Â, B̂, 0) dx ,

Â = (Ab−Ba)m , B̂ = Bb(m− n) +Aa(m+ n) .

2a2nd

∫
Tm
1 T

n
2 T3(A,B, 0) dx = (26)

− a(aA+ bB)Tm+1
1 Tn

2 + d

∫
Tm
1 T

n+1
2 T̂3(Â, B̂, 0) dx ,

Â = bB(m+ 1) + aA(m+ 2n+ 1) ,

B̂ = (aB −Ab)(m+ n+ 1) .

ad(m+ n)

∫
Tm
1 T

n
2 T3(A,B, 0) dx = (27)

aBTm
1 T

n
2 + d

∫
Tm−1
1 Tn

2 T̂3(Â, B̂, 0) dx ,

Â = −aBm , B̂ = Aam+ (Aa−Bb)n .

ad(m+ 1)

∫
Tm
1 T

n
2 T3(A,B, 0) dx = (28)

aATm+1
1 Tn

2 + d

∫
Tm+1
1 Tn

2 T̂3(Â, B̂, 0) dx ,

Â = Abn−Ba(m+ 1) , B̂ = Aa(m+ n+ 1) .

ÑÏÈÑÎÊ ËÈÒÅÐÀÒÓÐÛ

1. B. Buchberger. Mathematica as a Rewrite
Language. In T. Ida, A. Ohori, and M. Takeichi,
editors, Functional and Logic Programming
(Proceedings of the 2nd Fuji International Workshop
on Functional and Logic Programming, November
1-4, 1996, Shonan Village Center), pages 1�13.
Copyright: World Scienti�c, Singapore - New Jersey
- London - Hong Kong, 1996.

2. Richard J. Fateman. A review of Mathematica. J.
Symb. Computation, 13(5):545�579, 1992.

3. G. H. Hardy. A mathematician's apology. Canto.
Cambridge University Press, 2012.

4. D. J. Je�rey. Integration to obtain expressions
valid on domains of maximum extent. In Manuel
Bronstein, editor, ISSAC '93: Proceedings of the
1993 International Symposium on Symbolic and
Algebraic Computation, pages 34�41. ACM Press,
1993.

5. Daniel Lazard and Renaud Rioboo. Integration
of rational functions: Rational computation of the
logarithmic part. J. Symb. Computation, 9:113�115,
1990.

6. A. D. Rich and D. J. Je�rey. A knowledge repository
for inde�nite integration based on transformation
rules. In Intelligent Computer Mathematics, volume
5625 of LNCS, pages 480�485. Springer, 2009.

7. Robert H. Risch. The problem of integration in
�nite terms. Trans. Amer. Math. Soc., 139:167�189,
1969.

8. Michael Rothstein. A new algorithm for
the integration of exponential and logarithmic
functions. In Proceedings of the 1977 MACSYMA
users conference, pages 263�274, 1977.

9. Barry M. Trager. Algebraic factoring and rational
function integration. In R. D. Jenks, editor,
Proceedings of the 1976 ACM Symposium on
symbolic and algebraic computation SYMSAC '76,
pages 219�226. ACM Press, 1976.

10. Detmar Martin Welz. Recurrence relations for
tangent integrals. Personal Communication, 2011.

6


