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ABSTRACT

We study discrete dynamical systems, or recurrence rela-
tions, of the general form

Yn+1 = yn(b(yn) = yn(l + A1Yn + 0423/721 + - )

with explicitly known series coefficients ay, and a1 # 0. We
associate with the discrete system an interpolating contin-
uous system Y (t), such that Y (n) = y,. The asymptotic
behaviour of y, can then be investigated through Y (¢). The
corresponding continuous system is

Y(t) =G (1)) , (1)

where G is called the generator (following Labelle’s termi-
nology), and is given by an explicit formula in terms of the
recurrence relation. This continuous system may fail to be
smooth everywhere but nonetheless may be useful. Analytic
solution is only rarely possible.

We analyze the equation for Y under assumptions of an
asymptotic limit, and show that the asymptotic behaviour
can be obtained by reverting a series containing logarithms
and powers. We introduce a novel reversion based on the
Wright w function.

An application of the theory is made to functional iter-
ation of the Lambert W function and the asymptotic be-
haviour of the iteration is obtained.

The iteration of functions is a central topic in the theory
of complex dynamical system, and a sophisticated use of
conjugation is only one key tool used there. We show here
that Labelle’s theory and generator can be used to compute
the conjugated mapping of functional iterations to simple
non-iterative functions in general. We use the Lambert W
function again as an example to illustrate this. We also
discuss the curious asymptotic series Inz ~ 3, o, W<F>(2).

This study uses the truncated generalized series tools avail-
able in Maple, particularly the logarithmic-and-power series
that is usual in Maple. We also use Levin’s u-transform as
a key piece in interpolating the discrete dynamical system.
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G.1.2 [Numerical Analysis|: Approximation—Special func-
tion approrimations

General Terms
Algorithms, Theory

1. INTRODUCTION

Interpolation is of great value in many branches of mathe-
matics. Thus, the I' function interpolates the factorial func-
tion, fractional-order derivatives interpolate ordinary deriva-
tives [1] and the method of modified equations interpolates
the numerical solution of differential equations [5], to name
a few examples. The last named (modified equations) is sus-
ceptible to treatment by power series in a computer-algebra
environment [6], although, of course, one would prefer an-
alytic solution if possible. One lovely example is described
in [13], where the iteration zn41 = (zn — 1/2,)/2 is inter-
polated to get x: = cot 2t0,, where 0y = cot zo. This inter-
polation sheds much light on the chaotic nature of Newton’s
method.

In this paper, we show how to combine formal power se-
ries methods, using the theory of Labelle [9], with Levin’s
u-transform and numerical integration to achieve some of the
same ends. The specific context is that of discrete dynam-
ical systems, and more specifically, the asymptotic analysis
of nonlinear recurrence relations. The aforementioned work
by Labelle [9] developed a very interesting algebra of formal
power series under composition; we use the ideas to study
the embedding of certain discrete dynamical systems into in-
terpolating continuous dynamical systems. This is valuable
because the asymptotic behaviour of a continuous dynamical
system is sometimes easier to understand than the behaviour
of a nonlinear recurrence relation. The asymptotic analysis
of nonlinear recurrence relations demands a wide variety of
tools, and the present approach is one such useful tool.

We study discrete dynamical systems, or recurrence rela-
tions, of the general form

Ynt1 = F(Yn) = ynd(yn) = yn(1 + 01yn + a2yh +--+) (2)

with explicitly known series coefficients ax, and a1 # 0. This
form is slightly more general and more interesting than it
first looks. It has a neutrally stable fixed point at y = 0,
with F/(0) = 1. A dynamical system with a fixed point at
y = p can be cast in this form by translation.

The fixed point is asymptotically ambiguous with a mul-
tiplier F'(0) = 1; the generic cases |F'(0)| < 1, for which



the fixed point is attractive, and |F'(0) > 1], for which it is
repelling, are more common but easier to understand.

We associate with the discrete system an interpolating
continuous system Y (¢), such that Y (n) = y,. The asymp-
totic behaviour of y,, can then be investigated through Y (¢).
A theorem of Labelle states that the corresponding contin-
uous system is

V(1) =G(Y (1), ®3)
where G is termed the generator, and is given by

_ ay”
1+ By + Bay? + - -

The B are related to the ay by the recurrence relation

Bo =1, (5)

- 1 -~ _ _ (TL+3)P¢+1(77,+2—’L') )
Bn—W;[P'H»l(B) 7’L+277, anv
(6)

G(y) (4)

where P,(s) is the coefficient of y™ in ¢°(y), that is,
¢*(y) = (I+ay+asy’+---)°
= 1+ P(s)y+ o+ Pls)y" +0 . (7)

This is an extension of Lagrange inversion, as is now well-
known.

As an introductory example, we consider a system with a
closed form solution:

yn+1:y7L/(1+yn):y7L(1_yn+y3L"‘ ) . (8)
This has the solution
Yn = yo/(1+ nyo) , 9)

which can be verified by induction.

We now disregard this known solution and show how La-
belle’s theorem finds a continuous function Y (¢) which inter-
polates y,,. Comparing (8) with the definitions just given,
we see a, = (—1)*, and therefore we have

P.(s) = (_s) _ (s (10)

n n!

Here we use the standard ‘n rising’ notation. Therefore the
Pi;1 appearing in (6) become

(=D)" M (n+3)(n+2)

Pua(3) = : .o
Pua(2) = ()" (n+2). (12)
When i = n in (6), we have P,11(3) — 53 P,1(2) = 0.
Hence by induction we can prove that fr = 0 for k =

1,2, -, and therefore the generator in this example is
G(Y) = -v*, (13)

and so Y/ = —Y? with the solution
Yo

Y(t) = . 14
0= (14)

Thus Y(n) = y» as required, and the asymptotic be-
haviour is easily verified to be y, ~ 1/n, as long as yo > 0.

In the above example, the gy = 0, and we need a more
general example. Our second example obeys the recurrence
relation

3 8
Ynt1 = W(Yn) = yn — Y + 51/51 - gyi 4o (15)
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where W is the principal branch of the Lambert W func-
tion [4]. Applying again Labelle’s theorem, we find the co-
efficients for the new generator G(Y'), whose general form is
given in (4). We have oy = —1 and

1 1 1 19 1
Pr=g bo=—g Bs=g Pr=—ggg Bs=15,>
(16)
where we note specifically that g1 # 0.
Returning to the general case, we rewrite (3)—(4) in the
form
1+ B1Y + BoY? + - dY
+OY +BY 4 dY (17)
O¢1Y2 dt
This separable equation can be integrated term by term to
give

1
—y TAMY +BY +0(Y) =ait+C. (18)

2. AN ACCURATE SERIES REVERSION

So far, we have done little more than recapitulate Labelle’s
work. What we find interesting is that assuming y, — 0+
implies Y (¢t) — 0 as t — co. Then the generator equation
can be used to find the detailed asymptotic behaviour of y,
by using series inversion (also called reversion) of the log-
and-power series.

We assume 1 # 0 in (18), or there is no logarithmic
term. Typically, this series will be divergent, so identifi-
cation of the constant of integration C from the numerical
initial condition Y (¢ = to) = yo will require some form of
sequence acceleration, such as Levin’s u-transformation. We
assume for the moment that this has been done and that C
can be considered known.

If Y — 0 ast — oo, then the two dominant terms are
—1/Y and B1InY. Instead of using a power-and-then-log
expansion directly, we make use of the fact that a zeroth
order approximation (call it Z) may be found by solving the
two-term first approximation:

—%—i—ﬁlan:alt—f—C.

Once this has been identified, we look for a series expansion
of the form

Y~ZteZ’+eZi+. =2+ 2", as Z 0.
k>2

Although there is a well-developed multivariate generaliza-
tion of Lagrange inversion which might be used here, our
purpose is well enough served by the simple approach of
substituting the series into the defining equation, expanding
and equating coefficients. The expansion of the log term is
made simpler by the introduction of the following function.
For z € C, the unwinding number is defined by [2, 8] as

() = szq |

2w
with &z being the imaginary part of z. We then have the
property

(19)

z = In(e”) + 2mik(z) . (20)

The unwinding number is needed for the correct manipula-
tion of logarithms of complex argument, through identities
such as:

Inzizo =lnzi +Inze — 2miK(In z1 + In 22) . (21)



More such identities can be found in [2].
The expansion of logarithm is thus

Y ~ In|Z+> az" (22)

k>2

~ WZ+In | 14> 2" | —2miko (23)
k>2

~ WZ+Y dZ" - 2miKo (24)

k>1

where Ko = K(In Z+1In(1+Y", ., cxZ""')). The dj, are eas-
ily computed functions of the ¢, by well-known algorithms
for the computation of the logarithm of a series [5]. Simi-
larly, by reciprocation of a series, we can obtain

11 .
?N 1+ZekZ )
E>1

N

with e; = —co and this allows easy grouping of terms. We
obtain

,% N ez 4 fInZ + Y deZ* — 2miKo)

E>1 E>1
+B2(Z + c2Z? +¢e32°..)
85 (Z+ e Z +esZ°.. ) +.. =it +C .

From this we see that —e; — 27wikof1 = c2 — 2wioB1 = 0.
By considering the limit Z — 0, we see that Ko = 0, using
the fact that K(In Z) = 0, thus implying Y ~ Z+c3 Z°+. . ..

In order to obtain a closed-form expression for Z, we
use the Wright w function which is defined in terms of the
branches of Lambert .

w(z) = Wiz (e7) . (25)

The equation y+Iny = z has a solution in terms of Wright w.

No solution , forz=t—dmrand t < —1
y=<{w(z),w(z—2mi), forz=t+imandt< -1
w(z) otherwise .
(26)

To apply the above to the solution of

1
72+B11nZ:a1t+C,

we again must invoke the unwinding number to ensure cor-
rectness, since Z might be complex. Since analysis using
K is still not standard, we give several of the intermediate
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steps. Assuming (1 # 0 (the interesting case)

1 o ait+ C
_1317 —i—an—‘rln(ﬁl) = T +1n(/81)7
_5112 +1In(B12) + 2miK(In Z + In(B1))
— M _|_1n(ﬂ1)7
B1
1 1 - at +C .
“hz Tz = T T R
1 1 . 1
“5Z " ln(ﬁlZ) — QWZIC(fln(BIZ))
=t 8y — 2Ky
B1

We now have a form to which the solution (26) applies, and
therefore

B b1

where K1 = K(InZ + In(—p1)) and Ko = K(—ln(m%)).
Normally both K1 and Ko will be zero.

Since w(z) ~z—Inz+>" > cnm%, outside the
rays of discontinuity we have

1, C+m(B)A

% = w (_M —1In(B1) + 2mi(K1 — ’Cz)) ,

Y =

aqt a1 ?t?
_ CP 420 (B) B+ (In(B1)* Bi* + B
Ot13t3
C?+3C%*In(B1) B +3C (In(Br))? B>
+ 444
(e5] t
(In (81))° B1® + BB + B3 + 3 520 + 3 B2 In (B1) B
+ a14t4
+ Ot (27)

This can be done using Maple commands Wrightomega and
asympt [10, 12].

Here the symbol O is called soft-oh notation [14]. This
notation is used as a variant of big-oh notation that ignores
logarithmic factors. For example, f(n) = O(g(n)) is short-
hand for f(n) = O(g(n)log"® g(n)) for some k.

The details of higher order approximation will involve the
Br which depend on the aj, and will be most neatly ex-
pressed in terms of powers of this function.

We observe that although the above calculations were pre-
sented in the context of example 2 equation (15), we have
made no use of the numerical coefficients (16) other than
B1 # 0. Therefore, we can state the following theorem.

THEOREM 1. If ynt1 = yn(l + c1yn + agy,zl + ), then
Y (t) interpolating yn with the initial condition yo given sat-
isfies

(14 B1Y + BY?+---)dY
Y2 o (28)

or
1
—?+B11nY—|—ﬂgY—i—-~~:a1t+C (29)
where

1
C:—7+,6’11nY0+62Y0+%Y02+--- . (30)
0



This series is divergent, but can be evaluated by Levin’s u-
transform [11], which is implemented in Maple as well.
Here Yo = yo and moreover, if f1 # 0

Y(t) ~Z+ 32 +caZ - ast — o0 (31)

where
1

7 =
Breo(—FC n(By) + 2mi(Ky — Kz))’

(32)

and the ci’s are given by
3 =P, ca = P12+ B3, s = BiB2+ B1Bs + 265 + Ba, -

The proof is a repetition of the calculations already pre-
sented, apart from the computation of the c;. These follow
naturally on insertion of the putative series for Y into the
equation for Y, namely equation (18), and equating coeffi-
cients.

Here we invert (29) using the Wright w function. One
may ask why not just invert equation (29) directly to obtain
an asymptotic expression of Y (¢) as t — 0o? The answer is
that we obtain more information from the asymptotic series
using the Wright w function than inverting it directly. The
first two terms of (31) are Z+c3Z> without a term in 2%. On
the contrary, if we invert it directly, we need another term
to get the same information and the cost to compute the
coefficients is higher. Therefore, our approach is superior
when compared with the traditional approach.

3. COMPUTING THE SUMS BY LEVIN’S
U-TRANSFORMATION

Levin’s sequence transformation is designed to be exact
for model sequences of the following type:

k—1

sn:s+wanj/(n+,8)j. (33)

=0

Recall from (6) that the coefficients of the generator in
equation (30) are given by the following recurrence:

ﬁo = 17 (34)

1 < (n+43)Piy1(n 42 —1)
n=— p; - -
A noq;[ +1(3) n+2—1

Bn—i‘
(35)

where P, (s) is the coefficient of y™ in ¢°(y) in equation (7).
The partial sums are

sn=» BiY; " (36)
=2

The partial sum s, can be written as follows:
Using equation (35),

n—1
sno= Y BV BaY T (37)
Jj=2
n—1 ] n
= Y BYTTI D f(n )BT (38)
Jj=2 i=1

where (0.0) = 2k o) = 20
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In our example 2 where the Lambert W function is con-
sidered, P,(s) = —%. So when ¢ = 1, Pipi(n+2—1i) =
Pao(n 4+ 1) ~ O(n?) which means f(n,1) ~ O(n). Simi-
larly, f(n,2) ~ O(n?), f(n,3) ~ O(n®). We can assume
f(n,i) ~ O(n') when i is small. Therefore we see that £,
is growing rapidly and we can safely drop the small terms
and have 8, ~ > 7, O(ni)ﬁn,i where o is a small num-
ber. Inductively, we may assume 3, ~ O(n) - B,—1 when
n is large. Therefore s, ~ 5nYO”_1. Our computation also
confirms this.

Although this argument above is for our specific example,
in general, we observe by computations that when n is large
and 7 is small, for instance, i = 1,--- , 10, f(n, ) is large and
the second sum on the right of equation (37) is dominant
over the first sum.

We choose w,, = ﬂnYonfl. Our computation shows that
the ratio wp/s, = 1+ O(1/n) as n — oco. Therefore, the
remainder r, = s, — s has an asymptotic expansion:

Tn = 8n — 8 = wn(co + c1/n 4+ O(1/n%)). (39)

“The Levin transformation should work very well for a
given sequence {s,} if the sequence {w} of remainder esti-
mates is chosen in such a way that w, is proportional to the
dominant term of an asymptotic expansion of the remainder
rn” [15] (7.3-1 in Page 42).

4. NUMERIC VERIFICATION OF REVER-
SION

We now use our example 2, given in equation (15) to ver-
ify numerically the reversion proposed above. We use the
notation W<"> for the nth iterate of W. We take z = 0.1
and consider the difference between W< () and the pre-
dictions of the asymptotic series to O(Z*).

The asymptotic series of Y is

ls 7 4 5
Y=2+-2"-—-7"40(2°). 40
A YARN TR (10)
For t = 100 and Yy, = 0.1, we compute C' = —11.16736741
by equation (30), which gives Z = 0.009189275412. Then
from (40), we obtain

% 13 7 4
Y=7+ 62 — @Z = 0.009189403700 . (41)
All computations were carried out in 100-digit precision. By
Maple, the accurate result is W <!> (2) = 0.009189403721.

The relative error is thus

}7 _ W<100>(yo) o

The predicted relative error, using the first omitted term
from (40), is
_ _esZ® 707 9
~ =——7 =116 x10"". 43
"7 T 1320 (43)
The predicted relative error is close to the actual relative
error, meaning the asymptotic series (40) is a good approx-
imation of the iterations of the Lambert W function.
We also compare the reversion to the traditional direct
approach, which reverts (29) using only powers and loga-
rithms. Our starting point becomes the approximation

-1
7:Ot1t+07
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Figure 1: A log-log plot of the errors using equations
(40) and (44). The horizontal axis is the continuous
variable t.

to obtain Y ~ Yy = —1/(a1t + C). We recall a1 < 0 so
Yo > 0. For t > 1, we shall have Yy < 1, and a small pa-
rameter for an expansion. We therefore seek a series solution
of equation (29) in the form Y = Y;(1 + §) where

6 = —BYoIn(Yo) + a1Yo + aa¥y In®(Yo)
+asYg In Yo + aaYy + O(YS) .

Using Maple, we extend this to include O(Yy) terms and
obtain the series

Yt = Yo—1/2Y2InYo+1/4Y7 0 Y,
+ 1/4Y7InYo+1/6Y5 . (44)

Evaluation at ¢ = 100 gives ﬁ(lOO) = 0.009189352211 and
the error is 5.6 x 107°. In Fig. 1, we compare the two ap-
proaches to reversion for a range of values of t.

Remark. We have found that if the initial z is not small
enough, Levin’s u-transformation will fail to identify the
constant of integration C. Therefore, for large z, we first
apply enough iterations of F' (here W) to get into the range
of initial conditions that allow identification of C.

5. DYNAMICS OF LAMBERT W

We now return to the motivation for our example, the iter-
ations of W itself. We illustrate the dynamics of the discrete
dynamical system W <'”(yo) interpolated by the generator
equation (28) in Fig. 2.

In Fig. 2, we plot the iterates of four different initial values
z = Yy. We use the initial points z = Yy = {3 +34,0.8 +
i,0.4+i}. In each case, the iteration W <'>(Yp) approaches
the origin as t — oo.

The iterates of W were initially interesting to us because
of the following result. Starting from the definition of the
principal branch Wy (2), and assuming z > 0, we note

Wo(z)e"o®) =2 >0
implies Wy(z) > 0 and hence

log Wo(z) + Wo(z) = log z
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Interpolant of iterations X discrete iterations of W

_3]

Figure 2: Dynamics of W<”(yy). The iterations
start at W< = 2, where z = 34+ 4,0.8 +4,0.4 + 4.
The circles mark the discrete interates, while the
solid lines show the continuous interpolant.

or, dropping the branch indicator 0,

logz = W(z)+logW(z)
= W(z)+ W(W(2)) + log W (W(2))
W(z) + W(W(z)) + W(W(W(z)))
+ logW(W(W(z)))
_ ZW<k>(Z)+lOgW<N>(Z),

k=1

so long as W<F>(2) > 0 for 0 < k < N. This gives the
curious asymptotic relationship

logz ~ Y W< (2) (45)
k>1
which inverts the well-known asymptotic relation

W(z) ~ logz—loglog(z)

(loglog(z
DI I nﬂi as 2 oo (46)
n>0m>1 ng

n+m

where cnm = %(—1)71[”“

cycle numbers.
In view of the above results, we have the following theorem
for the iterations W<F>(z).

} is expressed in terms of Stirling

THEOREM 2. For any z € C, W<F>(2) = 0 as k — oo.

PRrROOF. The range of W(z) = Wy(z) is contained in the
semi-infinite rectangle —1 < R(z) < oo, —7 < F(z) < 7.
Moreover R(W (z)) = O(log |z|) and hence the image of any
bounded disk |z| < R is contained wholly within the inter-
section of the rectangle and the disk, but since log R < R,
this is inside the disk. Hence by the fixed point theorem
[7] (page 524) W<F>(z) tends to a fixed point; but there is
only the fixed point z = 0. See Figure 3 to illustrate this
argument. [



Im(z)

Boundary of S === Image of S under W]

Figure 3: The region contained within the thin solid
line is denoted S and consists of the range of the
principal branch W,. The images of the boundary
points of S under W, are shown as heavy lines and
illustrate that the image of S is contained in S. Thus
Wy is a contraction mapping.

COROLLARY 1. The series >, -, W<F>(2) diverges.

PROOF. Inz = Z]kvzl W<F>(2)+In W<V>(2) if z > 0 and
since W<V>(2) — 0, the remainder term InW<N>(2) —
—oo as N — oo. U

Remark. It may seem counterproductive to replace Inz
with an asymptotic series that (a) contains only more com-
plicated functions than Inz and (b) diverges anyway, but
since for fixed N, W<V>(z) — 0o as z — oo, we have that
Inz ~ Zk21W<k>(z) as z — oo, and the simplicity of
the series means that it ought to be easy to replace Inz in
asymptotic applications with an appropriate finite expan-
sion in terms of iterates of W, and this may simplify some
analyses.

6. CONJUGATION

We study the iteration of f(z) using the method of con-
jugation mapping from complex dynamics [3]. The notation
for iterations of f(z) is defined by f<">(2) = f(f<""*>(2))
with f°(z) = 2. Given a function f(z), by conjugation
with a function ¢(z) we mean replacing f(z) with z —
(¢ o fodp t)(z). Then iterates of f may be more easily
studied if the conjugated map is simpler. In this section,
we provide an apparently new computation of a valuable
conjugation function (in series) by using the series approach
developed in previous sections.

Suppose f(z) = z+az®+---. By conjugating f by C(z) =
—az, we can show that without loss of generality, we may
assume a = —1.

We now consider conjugating f(z) by the inversion map-
ping ¢ : z — %, that is g(z) = ¢ o fo ¢~ . Then g(z) has
the following form:

b
g(z):z+1+;+-" (47)
Now define
pn(2) = g~ (2) —n —blogn, (48)
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we have
pnii(2) =g () —n—1—blogn+1)  (49)
and
en(9(2)) = g="7 (9(2)) —n — blogn. (50)

By combining the two equations together, we have

Pn(9()) = pnia(s) + 1+ blog(1+ 1) (51)

From Lennart [3], we have ¢, — ¢ uniformly as n — oo.
Therefore, if we let n — oo in (51), then blog(1 + ) — 0
and we have

p(9(2)) = p(2) +1. (52)

That is ¢ 0 g = ¢ + 1 and we have
pogop 'iz—mz+1. (53)
Again conjugated by inversion mapping ¢ : z — %, we have

1 1 z

1 -
= = . 54
SoPogop oo =1 (54)
The iteration of (54) has a simple form, that is:
(lowogo¢7101)<n> — 10@09<n>0g07101
z z z z
z
= 55
14+nz (55)

Since g(z) = ¢o fop ' = Lo fol wehave the following

Pof T od =2

z
1+nz’ (56)
Where@:%mpoj

Since @, — ¢, if we let ®,, = i 0 @y, 0 %, we will have
b, - ¢ = % oo i This gives us the idea of how to
compute P.

Remember ¢, (z) = ¢<"7(2) —n — blogn from (48), we
proceed as follows:

q’n = - n O —
Lognol (57)
= o) —n—blogn)ol  (59)
1
= 59
g<">(L) —n—blogn (59)
1
= 60
Lof<n>(z)olol—n—blogn (60)
1
= 1 b1 (61)
T T T Rosn
_ f<n>(z) (62)
1—(n+blogn)f<n>(z)
(63)

We may compute it directly, but then it involves computa-
tion of the iteration f<"~ (z), which has some disadvantages.
Alternatively, we use the theory above to seek another ap-
proach.

Recall equation (31), we have

2 (2) ~ Z +esZ 4 eaZt + - (64)

as t — oo.



We ignore the higher order term and substitute f<*>(z) =
Z into (62) and use the Maple command asympt to calculate
the asymptotic series of ®,,. Surprisingly, we get

By (2) = —@ () (65)

That means

B(z) = lim Bp(z) = ——

i NP (66)

This gives a new approach for computing ®(z).

We use the Lambert W function as an example to com-
pare this new approach to the straightforward approach. We
call the straightforward approach method 1 and our new ap-
proach method 2. We compute ®(0.1) by each method.

Method 1:

e n = 100, ¢(0.1) = 0.08989916406

e n = 1000, ®(0.1) = 0.08957875912
Method 2:

e n=2>5 $(0.1) = 0.08954662020

e n =20, $(0.1) = 0.08954661947

e n =50, $(0.1) = 0.08954661947

As we can see, method 2 has the advantage of converging
faster than method 1.

7. CONCLUDING REMARKS

It has long been known in the analysis of algorithms com-
munity that using the Lambert W function (also called some-
times the Omega function, prior to its name being standard-
ized) was useful in economizing some asymptotic analyses.
This present paper shows an example class of problems for
which the economization is made explicit: instead of a log-
and-power expansion for Y, we have Y ~ Z+0(Z?), gaining
an order because co = 0.

This paper also presents the use of the Wright w function
for this purpose; and gives some results on the iteration of
W itself, motivated by the series expansion (45). Note that
using (31) one may formally rewrite any series containing
logarithm into one containing W; this may also be of inter-
est.

Finally, we have presented an apparently new method of
computing a useful conjugation map that transports the dy-
namics of the iterates of f to a standard, easily understood
function.

8. ACKNOWLEDGMENT

This work was partially supported by The National Sci-
ence & Engineering Research Council of Canada.

9. REFERENCES

[1] M. Benghorbal and R. M. Corless. A unified formula
for arbitrary order symbolic derivatives and integrals
of a rational polynomial. Int. J. Pure Appl. Math.,
16(2):193-201, 2004.

[2] Russell Bradford, Robert M. Corless, James H.
Davenport, David J. Jeffrey, and Stephen M. Watt.
Reasoning about the elementary functions of complex
analysis. Annals Maths Artificial Intelligence,
36:303-318, 2002.

121

[3] Lennart Carleson and Theodore W. Gamelin. Complex
Dynamics. Springer, 1993.

[4] R. M. Corless, G. H. Gonnet, D. E. G. Hare, D. J.
Jeffrey, and D. E. Knuth. On the Lambert W
function. Adv. Computational Maths, 5:329-359, 1996.

[5] R.M. Corless and N. Fillion. A Graduate Introduction
to Numerical Methods. Springer, 2014.

[6] Robert M. Corless. Error backward. In Peter E.
Kloeden and Kenneth J. Palmer, editors, Chaotic
Numerics, AMS Contemporary Mathematics, pages
31-62. AMS, 1994.

[7] Peter Henrici. Applied and Computational Complex
Analysis Volume I. Wiley-Interscience, 1974.

[8] D. J. Jeffrey, D. E. G. Hare, and Robert M. Corless.
Unwinding the branches of the lambert w function.
Math. Scientist, 21:1-7, 1996.

[9] G. Labelle. Sur l'inversion et 'itération continue des
séries formelles. Europ. J. Combinatorics, 1:113-138,
1980.

[10] Piers W. Lawrence, R. M. Corless, and D. J. Jeffrey.
Algorithm 917: Complex double-precision evaluation
of the Wright omega function. ACM TOMS,
38(3):1-7, 2012.

[11] David Levin. Development of non-linear
transformations for improving convergence of
sequences. International Journal of Computational
Math, 3:371-388, 1973.

[12] B. Salvy and J. Shackell. Symbolic asymptotics:
multiseries of inverse functions. J. Symbolic Comput,
27(6):543-563, 1999.

[13] Gilbert Strang. A chaotic search for i. College
Mathematics Journal, 22(1):3-12, Jan 1991.

[14] Joachim von zur Gathen and Jiirgen Gerhard. Modern
Computer Algebra. Cambridge University Press, 1999.

[15] Ernst Joachim Weniger. Nonlinear sequence
transformations for the acceleration of convergence
and the summation of divergent series. Computer
Physics Reports, 10(5-6):189-371, 1989.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


