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Abstract

A new procedure for finding exact travelling wave solutions to the modified Camassa-
Holm and Degasperis-Procesi equations is proposed. It turns out that many new
solutions are obtained. Furthermore, these solutions are in general forms, and many
known solutions to these two equations are only special cases of them.
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1 Introduction

For the function u(x,t), the Camassa-Holm (CH) equation

Up — Upgt + SUUy = 2UpUyy + Ullgyy (1)
and the Degasperis-Procesi (DP) equation

t — gt + tthy = Btigtig + Wlkges 2)

have been investigated by many researchers, for example, in [1-10]. The CH
equation (1) is a shallow water equation and was originally derived as an ap-
proximation to the incompressible Euler equation, while the DP equation (2)
can be considered as a model for shallow water dynamics. One of the main
features for the CH equation and the DP equation is that they admit peakon
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solutions. The name “peakon”, which means travelling wave with slope dis-
continuities, is used to distinguish them from general travelling wave solutions
since they have a corner at the peak of height ¢, where ¢ is the wave speed.

Since the CH and DP equations have rich structures, Wazwaz [11] suggested
a modified form of the Camassa-Holm equation (called mCH)

Up — Uy + U Uy = 2Uplyy + Ullgry (3)
and a modified form of the Degasperis-Procesi equation (called mDP)
Up — Uggy + 40Uy = BUpllpe + Ullygy. (4)

They are obtained by changing the nonlinear convection term wu, in equations
(1) and (2) to u®u,. Wazwaz [11] obtained two bell-shaped travelling wave
solutions of wave speed ¢ = 2 for the mCH equation (3), and two bell-shaped
travelling wave solutions of wave speed ¢ = 2 for the mDP equation (4).
Later in [12], Wazwaz found more solutions of wave speeds ¢ = 1 and ¢ =
2 for the mCH equation, and more solutions of wave speed ¢ = g for the
mDP equation. Recently, Wang and Tang [13] obtained some travelling wave
solutions of wave speed ¢ = % and some peakon solutions of wave speed ¢ = 3
for the mCH equation, and some travelling wave solutions of wave speed ¢ = i
and some peakon solutions of wave speed ¢ = 4 for the mDP equation. Liu and
Ouyang [14] found the coexistence of bell-shaped solution and peakon solution
of the same wave speed ¢ = 2 for the mCH equation, and the coexistence of
bell-shaped solution and peakon solution of the same wave speed ¢ = % for
the mDP equation. It is interesting to note that Ma, Yu and Ge [15] used a
generalized auxiliary equation method to study the mDP equation differently.
Some researchers studied the bifurcations and peakons of the mCH equations

[16-18].

Recently, the authors [19] proposed an algorithm for solving the travelling wave
solutions to nonlinear partial differential equations. In this paper, based on the
work in [19], a procedure is proposed for finding the travelling wave solutions
to the mCH equation (3) and the mDP equation (4). It turns out that many
new travelling wave solutions are obtained. Most importantly, these solutions
are in general forms. In other words, unlike the wave speeds of the known
travelling wave solutions mentioned above which are some specific numbers,
the wave speeds of the travelling wave solutions obtained in the paper can be
expressed as %, where F'(k) and G(k) are some expressions with radicals
in k, and k is an arbitrary constant. Many known solutions mentioned above
are only special cases of them. Consequently, these new solutions would be
useful for better understanding the physical phenomena associated with these

equations.

The rest of this paper is organized as follows. In Section 2, the main steps



of the procedure are presented and discussed. In Section 3, new travelling
wave solutions to the mCH equation are obtained. In Section 4, new travelling
wave solutions to the mDP equation are obtained. Finally, in Section 5, some
technical explanations for the procedure are given.

2 The procedure

The proposed procedure is based on the tanh method [20-23]. We select a list
of functions instead of just tanh for finding travelling wave solutions. The list
of functions we choose is: [rational, exp, csch, sech, tanh, csc, sec, tan, cn, sn],
where cn and sn are Jacobi elliptic functions.

The main steps of the procedure are as follows, where pde is the mCH equation
(3) or the mDP equation (4), and f is one of the functions in the list above.

S1 Substituting u(z,t) = U(n), where n = Az + Aot, into pde gives an ODE
ode with dependent variable U(n). The reason why we use n = A\jx + Aot
instead of n = x + At will be explained in Section 5.

S2 Find the balancing number m of ode which is the highest exponent in
T = f(n) obtained by substituting U(n) = T™ into ode and then balancing
the highest degree terms of T'. First, we determine the degree of each term
in ode with respect to T'. Since the degree of d?U(n)/dn? with respect to T
is m + p and the degree of U(n)? with respect to T is gm, we obtain a list of
term degrees for ode in the form of [cym + dy, ..., cxm + di]. Then, we find
the degree with maximum value of ¢ and the degree with maximum value
of d, and then by equating them we obtain the balancing number m.

S3 Substituting U(n) = 7, ;7" into ode and eliminating the common
denominator gives an equation. It is easily seen that for every function f
in the function list above, any order derivative of f(n) with respect to n
is either a polynomial in f(n) or of the form U+/T, where ¥ and I' are
polynomials in f(n). Therefore, the resulting equation is of the form

®+ UVT =0, (5)

where @, ¥ and I' are polynomials in f(n).

S4 Setting all the coefficients of the different powers of 7" in ® and ¥ of (5)
to zero gives a system of polynomial equations.

S5 Solving the system of polynomial equations leads to the determination of
the parameters ag, a;,a_;(i =1,...,m), Ay, and Ag.

S6 Substituting the solutions obtained into U(n) = =™ ;T gives the
travelling wave solutions of f type.

As an explanation of the procedure, let f be the function csc, and pde be the
mCH equation (3).



In step S1, substituting the formula u(x,t) = U(n) into equation (3) gives the
following ODE:

1

/
MU' = MU + Ay (UP) ;

N(y) -xwury =0 (©)

it is noteworthy that we do not integrate the resulting ODE (6) and set the
constant of integration to zero. The reason will be discussed in Section 5.

In step S2, the list [m + 1,m + 3,3m + 1,2m + 3,2m + 3] of term degrees of
equation (6) is calculated, then the balancing number m = 2 is obtained by
equating the terms 3m + 1 and 2m + 3.

In step S3, substituting
2

Uln) = >_ al", (7)

i——2
where T" = csc(n), into (6) and eliminating the common denominator give an
equation of form (5) with ® = 0, I' = csc?(n) — 1 and ¥ is a long expression
(so we omit it).

In step S4, setting all the coefficients of the different powers of T"in ¥ to zero
gives a system of 12 polynomial equations:

6 M\a_1asa_5 4+ 3N>a_sa; + daa_1 + 3Ma_12a; + 6 \a_sapay
—4XPa_sa_1 + M>a_1ag + 3 Magia_1 + MZha_q = 0,

Aoy + M2 hoar + 3N 3a_q1as + MiPagar + 6 \a_qapas
+3Ma_1a12 — 2 %a_sa1 + 6 M\ja_sasa; + 3 \agia; = 0,

6 M\ao2as + 8 M2 haas — 8 M\3a_sas + 6 M\jagai? + 6 A\ya_sas?
+8 M\ 2agag + 2 Xaas — 2 M 2a_1a1 + 3 M 2a2 + 12 \a_qa0a; = 0,

ANPa_qay + 202 0a; — T A Pagas + 2 M 3aga; — 6 M\agaas
—Mia® — 3 \a_jas® =0,

SAi2a12 — 6 A\ar2as — 12 X%a02 4+ 12 02 \aas + 12 X\ 2apas
—6 Miagas? = 0,

3A%a_1? 42 Xaa_s + 8N *Aaa_s + 6 \a_s’as + 8 A\ Pa_sag
+12 Na_ja1a_o + 6 Ma_12ag + 6 Mag?a_s — 8 M\2a_s% = 0.
Ma_12 4+ 6 N\a_sapa_q1 + 7 A\ 3a_sa_1 + 3 \a_s2a; =0,

)\16172@,12 + 2 )\13a,22 + )\1(1,22610 = 0,



3)\1&1&22 — 10 )\13a1a2 == O,
)\1@23 -8 )\136122 = O,
/\1a_22a_1 == O,

)\1a_23 = 0.

In step S5, solving the system above leads to the following solution:

ao=0, a1=0, ay=ay, a =0,
ay =—1—2a9++v1—-2ap—2a?
Moo= 1/—2—dag+2VT—2a, — 27, (9)
Ay :é\/(—2—4@0+2\/1—2a0—2a02)3
+33 /=2 —dag+2v/T—2a9 — 2as” ao.

Finally in step S6, substituting the solution (9) into (7) gives a csc type solu-
tion to the mCH equation which is the solution ug(z,t) in Section 3.

3 Solutions to the mCH equation

The procedure in Section 2 has been implemented by minor modification to the
software discussed in [19]. We obtain the following travelling wave solutions
to the modified CH equation. All the solutions have been verified.

e Two rational type solutions:

ul(m,t):;. (10)
8
u2(x,t):m -1 (11)

e One csch type solution and one sech type solution:

1
ug (z,t) =k + o csch? (4 V2aw + 'yt> , (12)
1
uy (z,t) = k — asech? (4 V2ax + 725) : (13)
where



a=1+42k+vV1—2k—2k2,
1
721\/20z(3k—a).

e Three tanh/coth type solutions:

uﬂ@0:k+jéamm9<év@x+w0, (14)

udaw:k+j;amm?Q2¢ax+¢Q, (15)

uﬂxﬁ}zk+éﬁdﬂf(;v%x+¢0—%;ﬁmm¥(;V@x+¢0,(%)
where

a=—12—24k+6V4—2k —2k2,
B=-2—4k+2V1—8k— 8k2,

1

1
¢:§§¢Ba2k+ﬁy

e One csc type solution and one sec type solution::

1
ug (z,t) =k + acsc? <4 \/20&—1—775) : (17)
1
ug (7,t) =k + asec? <4 \/204x+7t> : (18)
where

a=-1-2k+VI—2k—2k2,
1
721\/20¢(3k—|—a).

e Three tan/cot type solutions:

U1 (x,t):k+118acot2 (112 \/ax+¢t>, (19)

U1 (x,t):k+118atan2 (112 \/ax—l—wt) , (20)

g (x,t) =k + ;ﬂ cot? (; \@x + ¢t> + ;ﬁtan2 (; \ﬁa: + (bt) . (21)
where



a=12+24k+6V4— 2k — 22,
B=2+4k+2vV1—8k — 8k2,

Y= 108

1
0=133

\/&(271{3—04),
VB 2k - p).

e Three cn type solutions:

1
uyz (z,t) =7 +7 6+8/€2 (1—w2)cn’2(k:c+wt,w),

U114 (ZE

U1y (fI?,t

where

a=9 —

B=9-
1

7:—5

=8k

=8k

) =7 B —8k*w? en? (kx 4 Yt,w),

)=7+ 6\/a+8k2 (1 —wQ) en”? (kz + ¢t,w)
—8k*w?en® (kx + ot,w),

128k4(1-16w24—16w4),
128k (1 - w? + '),

—§k2@.—2wﬂ,

(1—2w%+3k<7+

23

D~ O

(1—2w%+3k(7+

e Three sn type solutions:

'LL16 Q?t

Ur7 (fat):’7+*

Uuis (.T, t)

where

=7+ = [+8k2w sn® (kx + ¢t,w)
B+ 8k*sn? (kx + ét,w) ,

1
=7+ 6\/5 + 8k%sn” 2 (kx + Yt, w)
+8k*w?sn? (kx + Yt,w),

(22)

(23)

(24)

(25)

(26)

(27)



a=9—128k" (1+ 140® + w'),
B=9—128k* (1—w2+w4>,
1 8

7:—§—§k2(1+w2),

p=8K (1+w2)+3k<7+é\/5>,
b =8k (1—|—w2)+3k<7+é\/&>,

It is noted that the wave speeds of the known travelling wave solutions to
the mCH equation in the literature are some specific numbers, while the wave
speeds of the solutions from wug(z,t) to uis(x,t) above are in general forms. In

other words, they can be expressed as ¢ = gg:;, where F'(k) and G(k) are some
expressions with radicals in k, and k is an arbitrary constant. Consequently,
many known travelling wave solutions to the mCH equation are only special

cases of them.

For example, if k = —1, then ug(x,t) and uy(z,t) become
4 6
ug(z,t)=—1+ 3 coth? \1/8_ (3z —1), (28)
1,1 1,1
u7(:v,t):—1—|—§tanh Z(az—Qt)+§coth 1(93—215), (29)

which are the solution (1.7) in [13] and the solution (59) in [12] respectively.

If £ =0, then us(x,t), us(z,t) and ui2(x,t) become

1
ug(x,t) =2 csch? 5 (x —2t), (30)
1
uy(x,t) = —2sech? 3 (x —2t), (31)
1 1 1 1
uga(x,t) = 5 tan? 1 (x —t)+ 5 cot? 1 (x—1), (32)

which respectively are the solutions (58), (57) and (62) in [12].

If k=1, ujp(z,t) and uyq(z,t) become

1

uio(z,t) =1+ 2 cot? 5 (x —1), (33)
1

uyp(z,t) =1+ 2tan 3 (x —1), (34)

which respectively are the solutions (61) and (60) in [12].



More real solutions to the mCH equation can be obtained by taking different
values for k. Complex solutions can also be obtained by taking suitable values
for k, in other words, selecting those values for £ such that the values inside
the radicals are negative.

4 Solutions to the mDP equation

By the same procedure, we obtain the following travelling wave solutions to
the modified DP equation. All the solutions have been verified.

e Two rational type solutions:

Ung(z, 1) = 2152, (35)
iz (2, £) — 2(3:1_5475)2 Y (36)
e One csch type solution and one sech type solution:
ug (x,t) =k + ﬁﬂ csch? (210 \@x + vt) : (37)
ugy (x,t) =k — ﬁﬁ sech? (210 \@x + 7t> (38)
where
B=>50+ 100k + 1025 — 60 k — 60 k2,
y= 830 \/B(160k — 5).
e Three tanh/coth type solutions:
Ugg (@, 1) = 52906tanh2 <115 \/755 + gbt) , (39)
(2, ) =k + 3 eoth? (115 Bz + (;St) (40)
uos (x,t) =k + 11:;6004 coth? <17O Vax + 1/125)
* 11?60‘“8““}12 (170 vaw + wt) (41)
where



a=—850 — 1700 k + 170 V25 — 240 k — 240 k2,

f=—1150 — 2300 k + 230 V25 — 15k — 15 k2,
4

=—— \/B(2645 k

6= o= \/B2645 K+ ),

1

e One csc type solution and one sec type solution:

3 ,/1

Usg (x,t)—k+ﬁﬁcsc (20 \/B:v—l—vt),
1

ugy (T,t) =k + 12058602 (20 \/Ea:—l—vt) )

where

B=—50— 100k +10v/25 — 60 k — 60 2,
1

— /80160 k + 3).

o 800\/5( + )

e Three tan/cot type solutions:

3 1
)=k + ——atan® ( t)

1
i (1.0) =+ gsavcot? (g v £ ot
3 1
=k + —>—Gcot? ( t)
uso (7,0) =k -+ qyaseot” (oo /0w + 9

3 1
risgo /)
560" ™ (170 VBe+ ),

where

a=1150 + 2300k + 23025 — 15k — 15 k2,
B=850+ 1700 k + 17025 — 240 k — 240 k2,

b V(2645 k — o),
(0

4
304175
1
- k—3).
245650 \/5(5780 f)

e Three cn type solutions:

10



usy (r,t)=v+ = [+—k21—w) en”? (kx + ¢t,w), (47)

ugg (x,t) =~ + = \f E*w? en? (kz + ¢t,w), (48)
ugs (x,t) =~ + 5\/5 + 25 (1 —w?)en™? (kx + t,w)
1
—25 k*w? en? (kx + ot w), (49)

where

a=1-15k"(1- 160" +160"),

B=1-15k"(1-w?+w'),
1 5

7:—§—§k2(1—2w2),

¢p=10K*(1 — 2w?) + 4k <7+

),

NG
Ja

).

N = DN =

¢:10k3(1—2w2)+4k<7+

e Three sn type solutions:

1 1

uzg (z,1) =7+ 5\/54— LR (kx + ¢t,w), (50)
1

ugs (x,t)=~v+ = \/_+ k2w2 sn? (kx + ét,w) , (51)

use (z,t) =~ + 5 B+ 25]€2 sn”? (kx + Ut w)
1
+ 25 k*w?sn? (kx + t, w), (52)
where

a=1-15k" (1-u?+ '),

B=1-15k" (14 14w® + '),
1 5

7:—§—§k2(1+w2),

6=10k (1+w2>+4k<7+;\/5),
b=10%3 (1+w2)+4k<7+;\@).

As in the case of mCH equation, the wave speeds of the known travelling wave
solutions to the mDP equation in the literature are some specific numbers,
while the wave speeds of the solutions from wus(x,t) to usg(x,t) above are

in general forms. In other words, they can be expressed as ¢ = %, where

11



F(k) and G(k) are some expressions with radicals in k, and k is an arbitrary
constant. Consequently, many known travelling wave solutions to the mDP
equation are only special cases of them.

11

— 15> then ugy(x,t) becomes

For example, if k =

11 15 V2
——— + —coth? ~= (4o — t
U4 16 + 16 (610) 16 ( T ), (53)

which is the solution (1.11) in [13].

If k = —12, then ugs(x,t) becomes
15 15 1 15 1
t)=——+ — tanh’® - (2o — 5t) + — coth’® = (2z — 5¢ 54

which is the solution (28) in [12].

If £k =0, then us; and ugs become

15 1
un = o csch? 1 (2x — 5t), (55)
15 1
Uz == sech? 1 (2x — 5t), (56)

which are the solutions (27) and (26) in [12] respectively.

As in the case of mCH equation, many other real and complex solutions to
the mDP equation can be obtained by taking suitable values for k.

5 Conclusions

In this paper, a new procedure has been proposed for finding the exact trav-
elling wave solutions to the modified Camassa-Holm and Degasperis-Procesi
equations. Many new solutions have been obtained. Most importantly, these
solutions are in general forms and many known solutions to these two equa-
tions in the literature are only special cases of them. There are two important
technical points in this paper.

First, we use the transformation n = Az + Aot instead of n = x + At in step
S1. The main reason is that, although n = x + At has fewer parameters than
N = A\x + Aot, the corresponding wave speed has the form A = % which
is more difficult to solve than A\; = G(k) and Ay = F(k). For the example in

12



Section 2, if the transformation n = x + At is used, then only trivial solutions
are obtained in step S5.

Second, in order to get general forms of the travelling wave solutions, we do
not integrate the resulting ODE and set the constant of integration to zero in
step S1. Otherwise, only special solutions can be obtained. For example, let
f be the function csc and pde the mCH equation (3) as in Section 2. If we
integrate the resulting ODE (6) and set the constant of integration to zero,
then, instead of obtaining the general form ug(z, t) in Section 3, we only obtain
the following special solution with wave speed ¢ = 1:

u(z,t) = —1 + 2csc? ; (x —1). (57)

The reason is as follows. The constant of integration is an arbitrary constant
which corresponds to the general form of solution. Therefore, when it is set to
zero, only a special solution is obtained.
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