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In this paper, we study the persistence, stability and Hopf bifurcation in a ratio-dependent
predator-prey model with diffusion and delay. Sufficient conditions independent of diffusion
and delay are obtained for the persistence of the system and global stability of the boundary
equilibrium. The local stability of the positive constant equilibrium and delay-induced Hopf
bifurcation are investigated by analyzing the corresponding characteristic equation. We show
that delay can destabilize the positive equilibrium and induce spatially homogeneous and
inhomogeneous periodic solutions. By calculating the normal form on the center manifold, the
formulae determining the direction and the stability of Hopf bifurcations are explicitly derived.
The numerical simulations are carried out to illustrate and extend our theoretical results.
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1. Introduction

Based on different biological assumptions, several
predator—prey models are proposed. There is evi-
dence that when resources are scarce relative to
predator density and predators have to search for
food, the predator’s per-capita growth rate should
decline with its density [Akcakaya et al., 1995;
Arditi et al., 1991; Berryman, 1992; Cosner et al.,

*Author for correspondence

1999]. However, in those traditional prey-dependent
predator—prey models, where the predation rate
(hence the per capita growth rate of the predator) is
a function of the prey population only and is inde-
pendent of the density of predators, such models
cannot reflect this feature. To accommodate this
feature, Arditi and Ginzburg [Akcakaya et al., 1995;
Arditi & Ginzburg, 1989] suggested that a more
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suitable predator—prey theory should be based on
the so-called ratio-dependent theory, which assumes
that the per capita predator growth rate should be a
function of the ratio of prey to predator abundance.
In this context, the following ratio-dependent type
predator—prey model with Michaelis-Menten type
functional response have received great attention
among theoretical and mathematical biologists

dN N aNP
—=rN(1l—-—= | — ———=,

dt K afN + P 1)
dP  naNP

@ I p
it  ofN+P

where N, P stand for prey and predator densities,
respectively. r, K, «, 3,7n,7 are positive constants
that represent prey intrinsic growth rate, envi-
ronmental carrying capacity, total attack rate for
predator, handing time, conversion rate and preda-
tor death rate, respectively. System (1) and its more
general version have been widely studied by many
authors and these studies have shown that such
models exhibit much richer dynamics than the tra-
ditional ones (see, for example, [Fan et al., 2003;
Kuang & Beretta, 1998; Kuang, 1999; Hsu et al.,
2001; Ruan et al., 2010; Xiao & Ruan, 2001] and
references therein). The effects of discrete and dis-
tributed delays on dynamics of the system have
been investigated in [Xu et al., 2002; Beretta &
Kuang, 1998; Xiao & Li, 2003; Xu et al., 2009].

In reality, the species are distributed over space
and interact with each other within their spattialI

nau(x,t —7)

domain. The importance of spatial models has been
recognized by biologists for a long time and these
models have been one of the dominant themes in
both ecology and mathematical ecology due to their
universal existence and importance [Gause, 1935;
Okubo & Levin, 2001; Murray, 2002]. On the other
hand, biological species often do not respond to
the variation of the environment instantaneously,
instead they generally respond to the variations
in the past. Incorporating time delay into a pop-
ulation model would more realistically reflect such
a fact. Moreover, as far as prey—predator interac-
tion is concerned, typically there is also a delay in
conveying the biomass of the prey to that of the
predator (often referred to as the gestation time).
Recently, there has been an extensive literature
and increasing interest in the studies of the joint
effect of delay and diffusion on predator—prey mod-
els (see, for example, [Chen et al., 2013; Faria, 2001;
Hu & Li, 2010; Liu & Yuan, 2004; Yan, 2007; Zuo &
Wei, 2011; Zuo, 2013] and references cited therein).
Recently, [Aly et al., 2011; Song & Zou, 2014a,
2014b] explored the dynamics of a diffusive ratio-
dependent predator—prey model that results from
adding a random diffusion term to each equation
in (1). Nevertheless, to the best of our knowledge,
there is no work yet investigating the dynamics of
the diffusive ratio-dependent predator—prey model
with delay. Considering that the reproduction of
predator after consuming the prey is not instanta-
neous, but is mediated by some time lag required for
gestation, we study the following ratio-dependent
predator—prey model with diffusion and delay

_au(z, t)u(z,t)
afu(z,t) +v(w,t)’

K
(2)

ou(x,t) u(z,t)
T dyAu(z,t) + ru(x,t) <1 - )
ov(z,t)

ek dyDNv(z,t) + (

afu(z,t — 1) +v(x, t —T)

—v)%@ﬂ,

where d,, and d, are the diffusion coefficients for the prey and predator, respectively, and 7 > 0 is the
delay required for gestation which vastly differs from species to species. To make our model general so
that it can be applied to as many species as possible, we do not specify the delay to any particular
value.

In order to reduce the number of parameters, we rescale (2). Setting

af o

ﬂ:nKU, 77:,'72—},(7},

- nt
t=—
B

and then dropping the tilde for simplicity of notations, system (1) with the spatial interval x € [0, 7] and
Neumann boundary condition takes the form
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ou(z,t) u(z,t) bu(z,t)v(z,t)
— = 1A t t)|1— 4 — ’ 4
ot 18u(z,t) + au(z, ) < b bu(z,t) + v(z,t)’
ov(z,t) bu(z,t — 1)
= do A\ t — t
ot 2 v(x’)—i_(bu(:ﬂt—ﬂ—i—vxt—r) c)v(z,?), (3)
Uz (0,t) = ug(m,t) = v,(0,t) = vy(m,t) =0, t>0,
u(z,t) = ¢ wat) >0 ( 0), wv(z,t) =1P(a, ) 0(#£0), (z,t)€0,7] x[-7,0],
where |
dyf d, 3 for determining the direction and stability of Hopf
di=——, dy= ) bifurcations are derived by using the normal form
" N theory for partial functional differential equations.
B - af B In Sec. 5, some numerical simulations are presented
a@= n’ T €= n to illustrate and extend the theoretical results. The

and d; (i = 1,2),a,b,c can be interpreted as nor-
malized diffusion coefficient, intrinsic growth rate
for the prey, environmental carrying capacity, and
death rate for the predator, respectively. In the fol-
lowing, for simplification of notations, we always use
u(t) for u(z,t), v(t) for v(z,t), u(t — ) for u(x,
t —7) and v(t — 7) for v(z,t — 7) if no confusion
is caused. We would like to mention that for sys-
tem (3) or similar systems without delay, the local
and global stabilities of the unique positive con-
stant equilibrium, dissipation, persistence as well
as the existence of nonconstant positive steady
states, Turing instability and Hopf—Turing bifurca-
tion, spatiotemporal complexity, self-organized spa-
tial patterns and chaos have been studied by many
authors (see, for example, [Aly et al., 2011; Baner-
jee, 2010; Banerjee & Petrovskii, 2011; Bartumeus
et al., 2001; Fan & Li, 2006; Pang & Wang, 2003;
Song & Zou, 2014a, 2014b; Wang et al., 2007] and
references therein). The main object of this paper
is to investigate the effect of the delay and diffu-
sion on the dynamics of system (3). The persistence,
stability and delay-induced Hopf bifurcations are
studied. We will show that the delay will desta-
bilize the stable positive constant equilibrium to
become unstable and there exist infinite critical val-
ues of delay such that the spatially homogenous
and inhomogenous periodic orbits bifurcate from
the positive constant equilibrium.

The rest of the paper is organized as follows.
In Sec. 2, persistence and the global stability of
the boundary equilibrium are studied. In Sec. 3,
the local stability of the positive constant equilib-
rium, the existence of delay-induced Hopf bifurca-
tions will be investigated. In Sec. 4, the formulas

paper ends with a conclusion.

2. Persistence and Global Stability
of the Boundary Equilibrium

Simple mathematical arguments show that sys-
tem (3) has three constant equilibria: the zero equi-
librium Ey = (0,0) (total extinct); the boundary
equilibrium E; = (b,0) (extinction of predator);
and the positive equilibrium E* = (u*,v*) (coex-
istence of prey and predator) with

. bla+ (c—1)b)

U= —=>0,
a

o = b(1 — c)u* _ b (1 —c)(a+ (c —1)b) >0,

which exists if and only if the following condition
holds:

(Hy) 0<e<l1l, a>b(1l-c).

First, we can deduce the following persistence
properties.

Theorem 1. If 0 < c < 1 and 0 < b < 1, then
system (3) has the persistence properties for all
T > 0, that is, for any initial values ¢(x,t) > 0
(# 0),¢(x,t) > 0 (£ 0),t € [—7,0], there exists a
positive constant €y such that

liminf min wu(z,t) > e,
t—+o00 z€[0,7]

liminf min v(x,t) > &p.
t—+00 z€[0,n]

Proof. By the maximum principle, for the ini-
tial value ¢(x,t) > 0, ¢(x,t) > 0, t € [-7,0],
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the solutions (u(x,t),v(z,t)) of system (3) satisfy
u(z,t) > 0 and v(z,t) > 0. In terms of the first
equation of system (3), we have

81(;(;) — diAu(t) > au(t) (1 —-b— %t))

Let z(t) be the solution of the ODE

2(t) = az(t) <1 —b— 4?),
2(0) = max u(z,t), t>0.

z€[0,7]

Then limy_.o 2(t) = b(1 — b). It follows from the
comparison principle of parabolic equations that for
b <1,

liminf mi ,t) > b(1—b) > 0. 4

So, there exists a positive number 77 > 0 such that
b(1 —b)
2

u(z,t) >

=¢>0, ze€l0,n] t>1T7. (5)

From the second equation of system (3), we
have

dv(t)
ot
Let z(t) be the solution of the ODE

5(8) = (1 - 0)z(1),

then we get

—doAv(t) < (1 —c)v(t). (6)

O = 7t 9
z(0) Ig[gfr}v(ﬂf )

2t —7) = eV 2(t). (7)

From (6), (7) and the comparison principle, we have
v(x,t) < z(t) for x € [0,7],¢t > 0 and then

v(x,t —71) < z(t—71)

= V2(t), zelo,n], t>T.

By the second equation of systems (3), (5) and (7),
we obtain
Ov(t)
ot

— dgAU(t)

bs
> u(t —
> (1) ( T (t)e(c_l)T)

b(1 — ¢)s — el D7u(t)
bs + cele=DTy(t)

t Z TQ = max{Tl,T}. (8)

= ou(t)

Y

Let z(t) be the solution of the ODE
b(1 — ¢)s — cel DT 2(t)

2(t) = 2(t
At) = (1) b + cele=D72(¢) 7
2(Ty) = min v(x,t), t>Th.
z€[0,7)
Then,
_ (1=c)7
lim z(t) = b1 = c)ce :
t—o0 cC

Again by the comparison principle, we obtain that
for0 < ec< 1,

b1 — (1—c)r
liminf min v(z,t) > (1~ c)se
t—+00 z€[0,7] ¢

>0. (9)

Therefore, for 0 < ¢ < 1 and 0 < b < 1, letting
1—c)7

g0 = min{b(1 — b), L=y by (4) and (9)

the proof is complete. M

For the boundary equilibrium F;(1,0), we
have the following results on the local and global
stabilities.

Theorem 2

(i) If ¢ > 1, then for any initial values ¢(xz,t) > 0
(7_é 0),1/}($,t> >0 (7_é O>7t € [_T7 0]7 the bound-
ary equilibrium Ey of system (3) is globally
asymptotically stable for all T > 0;

(ii) If 0 < ¢ < 1, the boundary equilibrium E; of
system (3) is unstable for all T > 0.

Proof

(i) The inequality (6), together with the comparison
principle of parabolic equations, implies that when
c>1,

limsup max v(x,t) <O0.
t——+oco .1‘6[0771']

In addition, note that v(z,t) > 0. So, for ¢ > 1,
lim v(z,t) =0, forze]l0,7]. (10)

t——+o0

From the first equation of system (3), we have
t t

agi ) _ di Au(t) < aul(t) (1 — %)

By the comparison principle, we can obtain that

limsup max wu(x,t) <b. (11)
t——+o0 $€[0,7T}

Therefore, for any sufficiently small €1, there exists
a sufficiently large positive number T3 such that
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u(z,t) < b+ e for t > Tz,x € [0,7]. In addi-
tion, note that u > 0 and lim, .+ o+) buv/
(bu + v) = 0. This, together with (10), implies that

bu(z,t)v(z,t)
im
t—+o0 bu(x,t) + v(z,t)

=0, forzel0,n]. (12)
By (12), Ve € (0,1), there exists T(e) > T35 > 0
such that

bu(z,t)v(z,t)

bu(z,t) + v(z,t) for t > T'(e), = € [0,n].

<€,
(13)

It follows from (13) and the first equation of
system (3) that for ¢t > T'(e),

agit) — diAu(t) > a(l — £)u(t) (1 _ bg@)g))’

which leads to

liminf min wu(z,t) > b(1 — ).
t—+o00 z€[0,7]

Since € is a sufficiently small positive number, we
have

liminf min wu(x,t) > b. (14)
t—+00 z€[0,n]
In terms of (11) and (14), we have
lim u(z,t) =0, foraze|0,n]. (15)

t——+00

By (10) and (15), the conclusion (i) of Theorem 2
is verified.

(ii) The linearization of system (3) at £1(b,0) is

ou
e =di1Au — au — v,
(16)
ov
— =dy A 1—c)v.
T daANv + (1 — c)v

It is easy to verify that under the Neumann bound-
ary condition, the characteristic equations of the
linearized equations (16) are given by

A+ dik* 4+ a)(A + dok? + ¢ — 1) = 0,

k=0,1,2,.... (17)

Clearly, when ¢ < 1 and k& = 0, (17) has a posi-
tive real root A = 1 — ¢ > 0. Thus, when ¢ < 1,
the boundary equilibrium E;(b,0) of system (3) is
unstable. This completes the proof. W

A Diffusive Ratio-Dependent Predator—Prey Model with Delay

3. Stability of the Positive
Equilibrium and Hopf
Bifurcation Induced by Delay
In this section, we study the influence of the delay

on the stability of the positive equilibrium E* of
system (3) and delay-induced bifurcation scenario.

Let
(1) _ oy buv
£ (u,v) au(l b) bu + v’ (18)
buv
(2) — _
¥ (uyv,w) it

Then linearization of (3) at the equilibrium E* is

du(t)

ot - u(t) u(t)
out) | “ (W)) A (U(ﬂ)

ot
o, (10T (19)
! vt —71))’
with
A0
JA = [@ A= air a2 ’
0 doA 0 0
0 0
Al = )
<a21 a22>
where
AR
aj; = (J;u (u*,v*) =b—a — bc?,
1)
alp = 8£ (u*,v*) = —* <0,
o (20)
2
as = a(];—u u*,v*,v*) = b(1 —¢)? > 0,
(2)
iy — _agw (W, v*,v") = e(c— 1) < 0.
The characteristic equation of (19) is
det(\] — My, — Ag — Aje™™) =0,  (21)

where I is the 2 x 2 identity matrix and My =
—k%diag(dy,da), k € Ng = {0,1,2,...}. Tt follows
from (21) that the characteristic equations for the
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positive constant equilibrium E* are the following
sequence of quadratic transcendental equations

A\, 7) = X2+ ((di + do)k?® — a11)A
+dydok® — daar k?
+ (Jo — diagshk® — agaN)e
—0, (22)
where k € Ny, and
Jo = anagy — a12a2;
=c(l —c)(a+bc—b)>0.

When 7 = 0, the characteristic equation (22)
becomes the following sequence of quadratic poly-
nomial equations

N4+ TA+J, =0, (23)

where
Ty, = (di + do)k* — (a11 + a2),
(24)
Ji, = didok® — (dyags + doair)k? + Jo.

Equation (24) has been studied in detail in [Song &
Zou, 2014a] and the related Turing instability, Hopf
bifurcation and their interactions for system (3)
without delay have been studied in [Song & Zou,
2014a, 2014b]. Here, we are interested in how the
delay affects the stability of the positive equilibrium
E* of system (3) and delay-induced periodic oscil-
lations. So, in the following, we always assume that
the positive equilibrium E* of system (3) without
delay is asymptotically stable, which is equivalent
to the condition T} > 0, J; > 0 for any k € Ng.

Assume that iw (w > 0) is a root of Eq. (22).
Then we have

—w® + ((d1 + do)k® — an1)iw + didok” — dyari K

Separating the real and imaginary parts of Eq. (25)
leads to

—w? + dydok* — dyar k?
+ (Jo — d1a22k2) COS WT — agow sinwt = 0,
((dy + dz)k‘2 — a1])w — AW COS WT
— (Jo — dragk?)sinwr = 0,
(26)
which implies that
w+ P’ +Qr =0, k=0,1,2,..., (27
where
Py = (di + d3)k* — 2d1ani k* + af; — a3,
= (dik* — a11)® + (dok? + a2)(dak? — a2),
Qr = Ji(dydok® + (diagy — daarr)k? — Jo).
(28)
Setting
Qr = (dydok™ + (dyagy — daayy)k? — Jo)
= (dik® — a11)(dok® + az) + azazi,  (29)

then the sign of @, coincides with that of Qj, since
Jr > 0.

Notice that Qj, is a quadratic polynomial with
respect to k? and —Jy < 0. Thus, by (29) we can
conclude that there exists k; € Ny, such that

Qk<0 for 0 <k <k and
- (30)
Qr >0 fork>k +1, keNg.

Denote the positive real root of the equation Q; = 0
by ko. Then k1 < ko < ki + 1 since Jp > 0

+ (Jo — drank?® — agwi)e™™T = 0. (25) and Eq. (22) has zero root for k£ € Ny. It follows
| from (29) that
12 dyary — dyass + +/(dear; — dyag)? + 4didaJy (31)
2d7dy
and
(dlk‘(z) — an)(dgk% =+ CL22) = —aj12a2] = bC2(1 — 6)2 > 0. (32)
By (31), we have
—(dyvaga + deayr) + +/(daagy — deay1)? — 4didaarzas:
N E——
1kg — a1 2d2 >0 (33)
since ajsag; < 0. It follows from (32) and (33) that
dzk(z) + a9y > 0. (34)
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By (28), we have
Py, = (dik§ — a11)?
+ (dak§ + ag2)(dok§ — azs)
>0, (35)

where we have used (34) and ag < 0.
Notice that k1 +1 > kg. Thus, by (30) and (35),
we get

P, >0, fork>k +1, ki €Np. (36)

From (30) and (36), we can conclude that for each
k€ {0,1,...,k1}, Eq. (27) has only one positive
real root w,j, where

azgw(d1d2k4 — d2a11k2 — w2) + ((dl + dz)kz — a11>(J0 — d1a22k2)w A

A Diffusive Ratio-Dependent Predator—Prey Model with Delay

oy — §\/—Pk P10, 61

but for £ € Ny and &k > k; + 1, Eq. (27) has no
positive real roots.

According to the above discussions, the follow-
ing results on Eq. (22) follow immediately.

Lemma 1. Assume that (Hy) holds, Ji, T > 0
for all k € Ny, and k1 and wy are defined by
(80) and (87), respectively. Then Eq. (22) has a
pair of purely imaginary roots +iwy for each k €
{0,1,...,k1} and has no purely imaginary roots for
k>k +1.

By (26), we have

i = = F s y
sin wT (o — dragah?)? + a%zuﬁ ks(w)
(38)
oS — (w? — dydok* + doa11k?)(Jo — dyassk?) + ((dy + d2)k* — a11)asow? 2 Fo(w)
(J() — d1a22k2)2 + a%zuﬂ ke .
For k € {0,1,...,k}, define
1 . .
—(arccos Fye(wg) + 247), if Fis >0,
W
Tkj = 1 (39)
— (27 — arccos Fyo(wg) + 2jm), if Fis < 0.

Wk

Clearly, 7,0 = minjen,{7x;}. Let A(7) = «a(7) + i3(7) be the roots of Eq. (25) near 7 = 7; satisfying
a(7i;) = 0, B(7k;) = wy. Then, we have the following transversality condition.

Lemma 2. For k€ {0,1,...,ki} and j € Ny, —

dRe())

lr=r; > 0.

Proof. Differentiating the two sides of Eq. (22) with respect to 7, we obtain

dr

By (26), (28) and (37), we have

d\ -1 _ (2/\ + (d1 + dz)k2 — a11>6)‘7 — a9 T
)\(J() — d1a22k2 — azg)\> )\'

—1 .
_ RQ((ink + (dl -+ dz)kZ — all)ewkﬂ“j — a22>
P iwk(JQ — d1a22k2 — azgwki)

_ ((dl + dg)kz — a11)<a22wk COS Wk Tk + (J() — dlagng) sin wkaj)

(agz

(wi)? + (Jo — dragek?)?)wy

2<(J() — d1a22k2) COS WETEj — A22Wk sin wkaj) — a%Q

+ 2

azy(wi)? + (Jo — diagak?)?

1450093-7
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2(wp)? + ((d? + d3)k* — 2dyar1k® + a3y — a3,)

asy(wp)? + (Jo — diazzk?)?

2(wk>2 + Pk

\/ Pr — 4Qk

Q%Q(wk)Q + (J() — d1a22k2)2

This completes the proof. W

By Lemmas 1 and 2 and the qualitative the-
ory of partial functional differential equations [Wu,
1996], we arrive at the following results on the
stability and Hopf bifurcation.

Theorem 3. Assume that (Hy) holds, Ty, J, >
0 for all k € Ny, and wy and 71; are defined
by (37) and (39), respectively. Denote the min-
imum of the critical values of delay by 7. =

Mingefo,1,... k1 17k -

(i) The positive equilibrium E* of system (3) is
asymptotically stable for T € [0,7,) and unsta-
ble for T € (v, +00);

(ii) System (3) wundergoes Hopf bifurcations near
the positive equilibrium E* at 7 = T35 for
ke{0,1,...,k} and j € Ny.

4. Direction and Stability of
Spatially Hopf Bifurcation

From Theorem 3, we know that system (3) under-
goes Hopf bifurcations near the equilibrium E* at
T = Tjj, i.e. a family of spatially homogeneous and
inhomogeneous periodic solutions bifurcate from
the positive constant steady state E* of (3). In this
section, we investigate the direction and stability of
these Hopf bifurcations by using the normal formal
theory of partial functional differential equation due
to [Faria, 2000]. Without loss of generality, denote
any one of these critical values by 7, at which the
characteristic equation (22) has a pair of simply
purely imaginary roots fiws.
Let

X = {(u,v) € W2(0,7),

ou  Ov
o —0atw =075
or Ox s ’ﬂ}

Setting a(-,t) = u(-,7t) — u*,0(-,t) = v(-, 7t) — 07,
Uit) = (a(-,t),0(,t)) and then dropping the
tildes for simplification of notation, system (3)

= > 0.
a%Q(ka + (J() — d1a22k2)2

can be written as the equation in the space C =
C([_ 17 0]7 X)

dU (¢)
S dt

where for ¢ = (p1,92)7 € C, L(p)(-) : C — X and
f:Cx R— X are given, respectively, by

a11¢1(0) + a12¢2(0) )

= 7dAU(t) + L(7)(Uy) + f(Us, 7),  (40)

as1p1(—1) + agepa(—1)

L(t)(p) =T (

fle,7)
1 i
> Gl 060
g2
= T N
> d e (CDe(0)eh(-1)
irjri2

(41)
where (), f?) are defined by (18) and

1y 3i+jf(1) . .
fij - OutOvI (’LL U )a
it+j+ £(2)
f@) _ 9 / (u*,v*,v").

Gl Ot ud Owl

Note that in the following, for ¢ = (¢1,92) €
C = C([-1,0],R?), we also use the same formulae
L(7)(p) as in (41).

Letting 7 = 7. + a, @« € R, and then Eq. (40) is
written as

a(;ft) = 7. dAU (t) + L(1.)(Uy) + F(Up, @), (42)
where
F(p,a) = adAp(0) + L(a)(p)

+ fo, e + ), for ¢ €C.

So, o = 0 is the Hopf bifurcation value for Eq. (42)
and Ag = {—iTwwy, iTww, } is the set of eigenvalues
on the imaginary axis of the infinitesimal generator
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associated with the flow of the following linearized
system of Eq. (42) at the origin
oU(t)
dt
The eigenvalues of 7.dA on X are u}; =
—d;iT K, i = 1,2,k € No, with corresponding nor-
malized eigenfunctions 3}, where

1 z) — 7]6(33) 2 ) — 0
- (). - (1)

= 1. dAU(t) + L(.)(Uy). (43)

cos(kzx)
g) = W p e N,
MO foosthallza *
Let By = span{[v(-),3%]8% |v € C,i = 1,2},

where the inner product [-, -] is defined by

12
[u,v] = / ulvdz,  for ul’ = (uy,u9)7,
0
v=(vi,v2)" € X.

1,
Then it is easy to verify that L(7*)(By) C span{j},
Bi},k € Ny. Assume that z(0) € C = C([-1,

0], R?) and
Bl
ZT(9) <B’£> € By.

Then, on By, the linear equation (43) is equivalent
to the ODE on R?

£(t) = <lg€ /?2> 2(t) + L(m)(z)  (44)
k

with the characteristic equation given by (22). Sup-
pose that there exists k € Ny such that when 7 = 7,
Eq. (22) for fixed k has a pair of purely imaginary
roots +iw, and all other roots of Eq. (22) have neg-
ative real parts. Define the adjoint bilinear form on
C* x C, C* = C([0,1],R?*), as follows

(¥ (s), 9(6))

0 o
=1(0)p(0) — — 0)dn(6 d
v00) - [ [ e oo
for v € C*, ¢ € C.
Then, for Eq. (44) with fixed k, the dual bases @

and ¥y, for its eigenspace P and its dual space P*I

ES
N
0, k#0,

(b1g1 + ba2g2), k=0,

ak20 =

A Diffusive Ratio-Dependent Predator—Prey Model with Delay

are, respectively, given by

W T 71@*7*9)

D) = (pe 0 pe and

‘Ijk — COl(qTeiiw*T*S, (—]Teiw*T*S)

such that (@, ¥y) = Iz, where Iy is a 2 x 2 identity
matrix and

1
P
p= = | iws + d1k? —a11 |>
b2
a2
1
[y _ )
1=\ ) ~ B iwtdih” —an yr, |
as

with

Q= (1 + Ti(iwy + dik* — a1q)

N (Teagn + €™ ) (iw, + d1k* — 6l11)2>1
a12a21 '
Following the procedure of [Faria, 2000] closely,

we can obtain the following normal form on the cen-
ter manifold

Ap1z100 Apaz32
z2=Bz+ | _ + | = 9
Ap1zopt Apaz125

+0(|zlu® + |24)). (45)

The coefficient Ag; of the normal form (45) is easily
calculated by
Ay = —K*(dvqipy + daqop2) + iw.q"p. (46)

The coefficient Agy of the normal form (45) is
defined by

)
204 T

1
Ao = (ak20ak11 — 2Japn > — g‘ak02‘2>

1
+ 5 (ar21 + bra1). (47)

2

ar20, Gg11, aro2 and agg; can be calculated as
follow:

Tx

b b k=0
\/7?( 3q1 + b4q2), )

ak11 =
0, k # 0,
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T
(P - b k=0
f(blch +b2q2), k=0, b ’
aro2 = i ap21 = 3
Tx
—b k+#0
0, k # 0, o 04 #0,

with
by = f%)p% + 2f§11)p1p2 + f(()lz)p§7
by = fé%)op%e_zwm + fé%)nge_zw*” + 2f§21)0p12926_w*“ + 2f§20)1p1p26_2w*7* + 2f(()21)1p%6_w*7*,
bs = £33 [p1 > + 215 Re{pipa} + £33 12,
ba= foplpil® + Fhlpal? + 27 2 Re{piPae ™™} + 22 Re{pipa} + 2/ 5 Ref|pa 2™},
bs = a1 (S50 pilpr? + 35 polpal? + 157 (9302 + 2lp1 Pp2) + £5 (0351 + 2Ip2[*p1))
+a(FRpi 1o 2 + Fpalpal? + £ (02 + 2palpr|2) + £ (031 + 2palpal?))e

+ 50 pipae™ T 4 2palpi )+ [opalpa P (24 €72T)).
The calculation of by is somewhat tedious. We first calculate hyoo(0) and hgy1(0) as follows:

1

Wy T

hr20(0) = —

. 1 . .
<ak2oezw*n9p+ gak(ﬁe zw*ﬂﬁp + 62ZW*T*9W]€1,

2 ; _ . _
hi11(0) = — (ag11™ ™% — G116 T0p) + Wio,

*Tx
where Wiy = (W WY wy = (W), w7 with

e (b1 (2iws — agoe™2“*T) + boays)

wh — i _
k1 (2iw* — an)(in* — a226_2w*7*) — a12a216_2“"’*7—* ’
@) crj(brag e ™ 4 by(2iw, — aqy))
Wkl = 7o : 2% 2% )
(2iwy — a11) (21w, — agee™2™sT+) — qigagy e 2MWxTx
o _ 2¢yj(baara — bsage) w® _ 2cr;(b3ast — byaiy)
k2 ai1ag — ajzas k2 a11a2 — ai2as1
and
1
—_— ] p— k p— 0
ﬁ? ] )
! =0, k#£0
= J =Y, )
=4 VT (48)
Lo okz0
\/%7 ] - 9
0, otherwise.
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And then we have
M07

bro1 =

where for j = 0, 2k,

A

/s

2
MO + 7M2ka k 7& 07

Diffusive Ratio-Dependent Predator—Prey Model with Delay

k=0,

c1h1(0) + e2hl?, (0) + 21hSp) (0) + c2h 3 (0)
2Ty ~ B
Mj = ﬁqT eshi) (=) + eah) (1) + 2shlon(—1) + &ahn(—1)
+esh3 (0) + 25h 5 (0)

with
1= f%)}?l + fﬁ)pz,
o= 1+ £33,
cs = fsgupre "™+ fhpa + fioypee T
ca = fighpae™ ™ + flpre” ™ 4 fipe,

2 —3 2 —
c5 = fgl)ople LW T +f((]1)1p26 Wx T

So, the coefficients Ay; and Ags of the normal
form (45) are completely determined. Through the
change of variables z; = wy — iwsy, 20 = wy + iwo
and w1 = pcos&, wy = psin&, the normal form (45)
becomes the following polar coordinate system

p = uacp+ tap® +0(p+ |(p, ) |"),

¢ = —wn + 0(|(p,a)))

with tx1 = Re Ag1, tpo = Re Ao

It is well known from [Chow & Hale, 1982] that
the sign of tp1t9 determines the direction of the
bifurcation (supercritical if (k10 < 0, subcritical
if tg1tke > 0), and the sign of 1xo determines the
stability of the nontrivial periodic orbits (stable if
tke < 0, unstable if (5o > 0). Thus, if system (3) is
given, then the direction and stability of the Hopf
bifurcation at 7 = 7, can be determined by the
parameters of the system. For the Hopf bifurcation
corresponding to k = 0, the normal form is the same
as for the system without diffusion.

5. Numerical Simulations

In this section, we perform some numerical simula-
tions to confirm and extend our analytical results.
Since the true values of the model parameters are
very difficult and costly, if not impossible, here we

can only choose some artificial values to test our
theoretical results. Taking dy = 0.02,dy = 0.2,¢ =
0.6, Fig. 1 shows the bifurcation diagram in the b—a
plane for system (3) without delay (see [Song & Zou,
2014a] for details). The critical curves in Fig. 1 are
defined by the following

16 6
Hy:a=—=b——, b>1
07 =950 T o5 V7
28 1 11 143
lh:a=—=b——, —<b< —;
%) 50 60 180
38 2 143 221
ly:a=—b——, —<b<—;
65 25 180 60
3 ‘
D2
250 " (A
ol D, .: Stable
" 3.6833,2.073
TH
© 15 D,
1 b
D1
05 H Boundary of E
4 (0.7944,0.3844)

Fig. 1. Bifurcation diagram for system (3) with d; =
0.02,d2 = 0.2,c = 0.6, in the b—a plane. The positive equi-
librium E* is asymptotically stable in D17 and unstable oth-
erwise. In D19, Turing instability occurs. In Ds, only Hopf
bifurcations occur. In Ds, there exist Hopf and steady state
bifurcations.
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feas®y 9 T
85 50 60 60

When (b,a) € D1, D, > 0,J; > 0 for all k& € Ny
then the positive equilibrium E* of system (3) with-
out delay is asymptotically stable. Theorem 3 shows
that when (b,a) € D1y, there exists a critical value
of delay, say 7., such that the positive equilib-
rium E* of system (3) is asymptotically stable for
7 € [0, 74) and unstable for 7 € (7., +00).

Taking a = 0.5,b = 0.4 such that (a,b) € D11,
then the positive equilibrium is E* = (0.2720,
0.0725), which is asymptotically stable for 7 = 0.
From (28), we have

101 61 121
=k — kP ——
* 2500 * 6250 * 62500
>0, forall k € Ny

and
1 67 o1 1
— —k4 v k‘2 - —k4
@ (250 TR 625) <250

. 11 2 51 <0, k=0,1,
250 625 >0, k>2.
So, Hopf bifurcations induced by delay occur for

k=0 and k = 1. From (39), we obtain the critical

values of delay as follows
T00 = 49501, T01 = 270765, ey
0 = 9.9936, 711 = 38.9345,. ...

By Theorem 3, the positive equilibrium E*(0.2720,
0.0725) is asymptotically stable for 7 < 7.

Prey ux,t)

‘ 500
300

200

distance x 0 0 time t

Fig. 2.

Figure 2 is the numerical simulation of system (3)
for 7 = 4.5. When the delay increasingly crosses
through the critical value 799 = 4.9501, the posi-
tive equilibrium E* loses its stability and the Hopf
bifurcation occurs. The direction and stability of
the Hopf bifurcation can be determined by the
signs of 1x1 and tx. By the procedure in Sec. 4,
to1 = 0.0514,190 = —0.5371. So, the Hopf bifur-
cation occurring at 7gg is supercritical and the
corresponding Hopf bifurcating periodic orbits are
stable. Taking 7 = 5.2 > 799, the numerical simula-
tion results of system (3) are shown in Fig. 3, which
is in agreement with the theoretical results. In the
numerical simulations for Figs. 2 and 3, the initial
conditions are u(z,t) = 0.2 + 0.1cosz;v(x,t) =
0.1 — 0.0lcosz, (z,t) € [0,m] x [—7,0]. If 7 is
increasing across the critical value 719 = 9.9936, a
spatially inhomogenous periodic solution like cos(x)
shape occurs near the positive equilibrium E*. For
this Hopf bifurcation, we have 117 = 0.6784, 119 =
—0.9256, which means that the Hopf bifurcation is
supercritical and the bifurcating periodic solution is
stable on the center manifold. However, the bifur-
cating periodic solution bifurcating from the criti-
cal value 1719 must be unstable on the whole phase
space since the characteristic equation always has
roots with positive real parts for 7 > 199 = 4.9501.
Taking the initial values as wu(x,t) = 0.2720 —
0.002 cos z; v(x,t) = 0.0725 + 0.0025 cos z, (z,t) €
[0,7] x [—7,0], close to the center subspace,
Fig. 4 shows the numerical simulation result for
7 =10 > 7y9. Figures 4(a) and 4(c) also show that
the spatially inhomogenous periodic solution bifur-
cating from the critical value 79 is unstable.

e <
= e -
0o =, N

<o
=1
)

Predator v(x,t)

0,04

500

300

200

distance x 0 o0 time t

Numerical simulations of system (3) for d; = 0.02,d2 = 0.2,¢ = 0.6, (b,a) = (0.4,0.5) € Dy and 7 = 4.5 < 799. The

positive equilibrium E*(0.2720,0.0725) of system (3) is asymptotically stable for 7 € [0, T90).
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0.35 0.2
0.3+ 0.15
S 025 Z
& ‘ s 01
B o2 k-
= 8
o 005
0.15
0.1k o 0.k
4 o 4
‘ 500 ‘
oy : 300 S : 300
1 200 1 i 200
distance x U time t distance x 0 o0 time t

Fig. 3. Numerical simulations of system (3) for d; = 0.02,d2 = 0.2,¢ = 0.6, (b,a) = (0.4,0.5) € D1; and 7 = 5.2 > 7.
When 7 > 799, the positive equilibrium E*(0.2720,0.0725) becomes unstable and there exist stable spatially homogeneous
periodic solutions.

0278 .

05
02764 -+
PR 0.4
0274 17 =
502724 503
> >
o o
& o027 &

distance x 0 0 time t distance x o 0 time t

0078~ -7
0076 -

0.074 . -+

=y

0072 -+

o
(=
2

Predator v(x,t)
Predator v(x,t)

distance x time t distance x time t

Fig. 4. Numerical simulations of system (3) for d; = 0.02,d> = 0.2,¢ = 0.6, (b,a) = (0.4,0.5) € D17 and 7 = 10 > 71¢.
There exist unstable spatially inhomogeneous periodic solutions. Numerical simulation also show that there exists solutions
connecting the unstable spatially inhomogenous periodic solution to spatially homogenous periodic solution.
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Fig. 5. Numerical simulation of system (3) for dy = 0.02,d2 = 0.2,¢ = 0.5, (b,a) = (1.1,0.5) € Dj2, and 7 = 1.8 < 799. The
steady state is stable for 7 < 7pq.
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distance x 0 o time t distance x time t

0.8
0.6
= z
Ed 04
=1 o U
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o o
@02

2000 2000

distance x 0 1700 time t distance x 0 time t

08 :”_7‘.—.

<
>

Predator v(x,t)
(=]
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Predator v(x,t)

2000

distance x Y time t distance x 0 1700 time t

() (f)

Fig. 6. Numerical simulation of system (3) for d; = 0.02,d2 = 0.2,¢ = 0.5, (b,a) = (1.1,0.5) € D2, and 7 = 2.4 > 799. The
steady state is unstable for 7 > 799 and there exists a stable spatially homogeneous periodic solution.
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However, the long-term behavior [see Figs. 4(b)
and 4(d)] is stable homogenous periodic solution
similar to Fig. 3. So, there exists solutions con-
necting the unstable spatially inhomogenous peri-
odic solution to stable spatially homogenous peri-
odic solution, as shown in Figs. 4(b) and 4(d).

Taking a = 0.5,b = 1.1 such that (a,b) € Dya,
the positive constant equilibrium of system (3) is
E* = (0.1320,0.0968). This positive constant equi-
librium is unstable and a supercritical pitchfork
bifurcation occurs, which implies that system (3)
has two stable steady states like cos 2x shape. In the
following, we numerically investigate the influence
of delay on the dynamics of the system. From (28),
we have

999

101 1
e = 0 k4 . ) k‘2
62500

2500 6250
<0, k=0,
)0, k>1
and
1 9 9 1
— —k4 _ —k2 7 —k4
@ <250 250" " 625> (250

57 40 9 <0, k=0,3
1250° 625/ | >0,

otherwise.
Thus, Eq. (27) has positive real roots only for
k =0,3. From (39), we have

iy = 1.8399 < 74, = 37.6515.

The positive constant equilibrium E*(0.1320, 0.0968)
is unstable for all = > 0. The first critical value
of 7 for Hopf bifurcation is 799 = 1.8399. In
the following numerical simulations, we choose
u(z,t) = 0.1320 — 0.13cos z;v(x,t) = 0.0968 —
0.08cos x, (z,t) € [0,7] x [—7,0], as the initial val-
ues. When 7 < 7y, the numerical simulation shows
that the steady state is still stable (see Fig. 5).
Although the short-term behavior is oscillating [see
Figs. 5(b) and 5(e)], the long-term behavior is a
stable steady state [see Figs. 5(c) and 5(f)]. When
T > 70, the steady state becomes unstable and
there exists a periodic solution as shown in Fig. 6.
At first, the solution oscillates near the steady state
[see Figs. 6(b) and 6(e)], but finally converges to
a stable spatially homogeneous periodic solution
[see Figs. 6(c) and 6(f)]. Figures 6(a) and 6(b) also
show the existence of the heteroclinic orbit connect-
ing the steady state to periodic solution.

6. Conclusion

A ratio-dependent predator—prey model with diffu-
sion and delay is investigated. The sufficient con-
ditions independent of diffusion and delay for the
persistence, global stability of the boundary equi-
librium are given. If the normalized intrinsic growth
for the prey and death rate for the predator are
small (0 < b, ¢ < 1), then the system has the persis-
tence properties regardless of the quantities of diffu-
sion and delay. If the positive constant equilibrium
does not exist and the normalized death rate for
the predator then is large (¢ < 1), then the bound-
ary equilibrium is global stability. For the positive
constant equilibrium, we found that the time delay
due to the gestation plays an important role. It was
shown that the asymptotic stability or instability of
positive equilibrium depends upon the magnitude of
delay. We also found that delay can drive a stable
constant equilibrium to an unstable one, i.e. there
is a critical value 7, such that for 7 < 7, the pos-
itive equilibrium is stable and it reduces as delay
passes through this critical magnitude from lower
to higher values. Also, there exists a sequence of
critical values of delay such that spatially homo-
geneous and inhomogeneous periodic solutions can
arise through Hopf bifurcations.

We have derived the analytical expressions
that determine the properties of bifurcating peri-
odic solutions by using the normal form theory.
These analytical results are supported with numer-
ical examples. Our analytical results are based on
the basic assumption that the positive constant
equilibrium of the system without delay is stable.
But numerical examples, also extend the analytical
results. If the positive constant equilibrium of the
system without delay is unstable, numerical results
show that delay has an important effect on the spa-
tiotemporal dynamics of the system. The hetero-
clinic orbit connecting the spatially inhomogeneous
steady state to spatially homogeneous periodic solu-
tion has been found in the numerical simulations.
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