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ABSTRACT. The monotone iteration method is employed to establish the exis-
tence of traveling wave fronts in delayed reaction-diffusion systems with mono-
stable nonlinearities.

1. INTRODUCTION AND THE MAIN RESULT

Traveling wave solutions for reaction-diffusion (R-D) equations without delay
have been extensively studied in the literature. The recent book review of Gardner
[4] and the monographs of Fife [3], Britton [2], Murray [6], and Volpert, Volpert
and Volpert [9] provide a full discussion of the subject.

On the other hand, time delay should be and has been incorporated into realistic
models in many applications. The pioneering work of Schaaf [8] investigated the
existence and stability of traveling wave fronts for several classes of delayed scalar
reaction-diffusion equations. However, it seems that little has been done for systems
of delayed reaction-diffusion equations.

The purpose of this paper is to tackle the existence of traveling wave front solu-
tions of delayed R-D systems with monostable nonlinearities. Our approach is based
on monotone iteration techniques for elliptic systems with advanced arguments (we
refer to Leung [5] and Pao [7] for some related monotone iteration schemes), and
our choice of the upper and lower solutions is inspired by but different from the
work of Volpert, Volpert and Volpert [9] for R-D systems without delay.

Consider the following system of reaction-diffusion equations with delay:

ou(z,t) 0?u(z,t)
. = — >
(1.1) 5 A 507 + f(u(z,t),u(z, t — 1)), t>0, z€R,

where u € R", A = diag(a1,...,an), a; > 0,1 <i<n,and f:R* xR* - R" is a
map satisfying the following conditions:

(Al) f:R™xR™ — R" is locally Lipschitz.
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(A2) f(0,0) = f(1,1) = 0, and f(u,v) > 0 for 0 < u,v < 1, where z =
(2,...,2)T € R" for every z € R and the ordering in R" is defined by:
u < v for u,v € R™ if and only if u; < v; forall 1 <7 < n; and u < v if
and only if u < v and u # v.

A traveling wave of (1.1) is a solution u(z,t) of the form

(1.2) u(z,t) = w(z — ct)

for some constant ¢ > 0 and some w € C?(R; R™) which satisfies the elliptic system
with advanced argument

(1.3) Aw" (z) + cw'(z) + f(w(z), w(z + 1)) = 0, r €R.

We will look for monotone wave fronts which are monotone traveling waves con-
necting the two stationary points 0 and 1 such that

(1.4) lim w(x) =0, lim w(z) =1.

Let ' be the set of all functions p € C?(R;R"™) with the following properties:
(1) limg oo p(z) = 0 and lim,_,_o p(z) = 1;
(ii) pj(z) <Oforallz € Rand 1 <j < n.
We define a parameterized functional ¥ on T' x (0, 00) X [0, 00) by
/!
(1.5) U(p,e,7) =  sup a;p; (z) + fi(p(z), p(x + c7)) .
z€R,1<j<n —P;(ﬂf)

Moreover, for a fixed 7 > 0 we set
(1.6) g-(c) = inf ¥(p,c, ).
pel’

Lemma 1.1. If, in addition to (Al) and (A2), we assume that
(A3) f(u,v) is monotonically increasing in v for 0 < u,v < 1, that is, f(u,v) <
flu,w) for all v,w € R™ with 0 <v <w <1,
then
(1) g-(c) >0 for any ¢ >0 and 7 > 0;
(2) for fixed T > 0, if g-(co) < oo for some ¢y > 0, then g-(c) < oo for all

¢ > co. In this case, there exists a unique c*(1) > 0 such that g-(c) < ¢
for all ¢ > ¢*(1).

Proof. (1) By (A2), we know that for any p € I', f;(p(x),p(y)) > 0 for z,y € R
and 1 <75 <n. Thus

/!
U(p,e,7) >  sup 4P (x), perl.
z€R,1<5<n —P}(JT)
We claim that for each 1 < j < n there exists 2; € R such that p}’(xj) > 0.
For otherwise, we would have p(z) < p(0) < 0 for all > 0, and hence p;(z) <
p;(0)+p}(0)z for all z > 0, which would yield lim, . p;(x) = —00, a contradiction
to the positivity of p;. Thus

a; P}/ (fj)

U(p,c,7) >
—pi(x;)

> 0, pel,
and therefore, g.(c) > 0.

(2) (A3) ensures that ¥(p,c,7) is decreasing in ¢ for every p € T', and hence
g-(c) is also decreasing in ¢. From this and (1), we arrive at the conclusion. |
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The following is the main theorem of this paper, the proof of which will be given
in §3.

Theorem 1.2. Assume (A1)—(A3) are satisfied. Moreover, we assume
(A4) there exists d > 0 such that
filu,0) = fi(u",0") = —d(u; — u;)
fori=1,...nand0<u*<u<1l,0<v*<v<1.
Suppose also g, (co) < oo for some co > 0. Then for any ¢ > ¢*(7), where ¢*(7)

is defined in (2) of Lemma 1.1, there exists a monotonically decreasing solution of
(1.3) satisfying condition (1.4) at too.

2. MONOTONE ITERATION

In this section, we establish some monotone iteration results for elliptic systems
with advanced arguments both on bounded and unbounded domains. These results
will not only be used to prove the main theorem, but also be of interest on their
own. We start with bounded domains and then pass to unbounded domains by
taking limits. In what follows, we set u < v for u,v € C(I;R") if and only if
u(z) <wv(z) for x € I, where I is a subset of R.

Let 6 > 0 be a fixed constant. Assume a and b are real numbers such that
a < b—26. Consider the following elliptic system with advanced argument:

(2.1) —(Lu)(z) = g(u(z),u(z +6)), =z € (ab),
and
(2.2) u(a) = hq, u(b) = hp,

where hg, hy € R™ are fixed vectors,
Lu = Au" 4 cu’

for u € C?((a,b); R™), A = diag(ay,...,a,), ai,...,a, and c are positive constants,
and g : R” x R® — R"™ is a given mapping to be specified later.

Definition 2.1. By an upper solution of (2.1)—(2.2), we mean a map @ €
C*([a, b+ 6);R™) N C?([a, b]; R™) which satisfies

{—(Laxx) > ga(e),a(x +6),  « € (a,b),

(23) i(a) > ha, @) > hy.

Similarly, we can define lower solutions by reversing the inequalities in (2.3).

A pair of an upper solution @ and a lower solution « is called ordered if @ > @
in [a,b]. For any pair of ordered upper and lower solutions 4 > 4, we denote by
[G, @] the sector of all functions u € C([a, b]; R™) such that 4(z) < u(z) < @(x) for
x € [a,b].

We have the following monotone iteration theorem:

Theorem 2.2. Let @ > 4 be a pair of ordered upper and lower solutions of (2.1)—
(2.2). Assume that g : R" xR"™ — R™ is locally Lipschitz, g(0,0) = 0 and g satisfies
the following quasimonotonicity condition:

(QM) There exists d > 0 such that g;(u,v) — g;(u*,v*) > —d(u; — ul) for i =

1,...,n, and u,u*,v,v* € R"™ such that i(zx) < v* < u < d(x) and
u(z) < v* <v < a(zx) for some x € [a,b+ b].
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Then, there exist U,u € C**%([a,b — 26];R™) N C1T([a, b]; R™) such that
(1) a(z) < u(z) <7 < u(z) for x € [a,b;
(2) both u and w satisfy (2.1) in (a,b— 26) and the boundary condition (2.2);
(3) @ (u) is the maximal (minimal) solution in the following sense: if u* €
C?**%([a,b—26]; R™)NCIF2([a, b]; R™) satisfies (2.1) in (a,b—268) and the
boundary condition (2.2), and if & < u* < @ in [a,b—268], thenu < u* <7
in [a,b].
Proof. The main idea of the proof is to construct convergent sequences from the
ordered pair 4 > .

Step 1. Construction of monotone sequences: For 70 := & € C([a, b+ 6];R™),
consider the boundary value problem

{—(Lu“))(x) +du®(z) = g9 (z) in (a,b),

24
(2.4) uM(a) = hg, u™ (b) = hy,

where

79(z) = vV (z) + (@0 (), 7V (z +6)), =€ [a,b].
By the well-known Schauder’s theory, we can show that (2.4) has a unique solution
aV € 02t ([a, b];R™).

Similarly, starting from v(® := @ € C%([a,b + 6];R™), we can obtain a unique
solution u™") € C?*%([a, b]; R™) of the boundary value problem

{_umﬂ»@g+dwﬂm)=gw@g in (a,b),

2.5
(2:5) WD (@) = her  uO(b) = by,

where

¢ V() = (@) + gV (), 0 V(@ +6), @€ ab].

Applying the maximum principle and the quasimonotonicity condition (QM), we
can establish

a=v9 <u® <7® <50 =7 on [a, b].

gl

We now modify the above 7" and u® to obtain C*-extensions 1), v() e
C*([a,b+ 6];R™) on [a, ] such that

7 =g in [a,b— 4§,
(2.6) ) =4 in [b,b+ 8],

M <5 <@ in [b—6,0]
and

@ = 4O in [a,b— &),
(2.7) v =4 in [b,b+ 9],

i <o® <u® in[b- 6,0
Clearly, we have

(2.8) a<o® <7V <@ onla,b+ 4
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Repeating the above procedure inductively, we can obtain two sequences of func-
tions {7*) 1451 and {u®}>1 on [a, b], as well as their C®-extensions {7%) } 51 and
{vM}}>1 on [a,b+ 8], such that

29) —La® 4+ dz® =g*=Y  in (a,b),
aM(a) = ha, TP () =hy
and
(2.10) —Lu® + du® = ¢*=V i (a,b),
' uM(a) = he,  uP(b) = hy,

where
75V (2) = vV (z) + g@* "V (z), 7%V (z + 6)), z € [a,b],
¢ (@) = dv® (@) + g (@), %D (@ + 6)

~—

, T € [a,b],

and 5*~1 p(k=1) € C%([a, b+ 6];R") satisfy

k=1) — 7(k=1) in [a,b— 6],
2.11) k=1 — g in [b,b+ 6],

ak=D <3k < G in [b—6,b]
and

p=1) = g (b=1) in [a,b— 4],
(2.12) Q(k_l) -4 in [b,b+ 6],

a < o* < ut=D inb - 6,0,
Moreover, we have

o1 i< yw:l) <u® <70 <7*-D <5 on [a,]
< k—1) <

<
k) <7=1) <@ on[a,b+ 6.

IAIA
<l

i ()

Step 2: Convergence of monotone sequences: The monotonicity implies the ex-
istence of the following limits:

lim 7® = w, lim g(k) =u, lim k) = v, lim y(k) = .
k—o00 k—oo k—oo k—oco

Obviously, 7 = w and v = u on [a,b — §]. Moreover, u < % on [a,b]. We wish to
show that @ and u satisfy (2.1) in (a,b — 26) and the boundary condition (2.2).
By the continuity of g, we know that

7®)(x) — do(x) + g(T(z),v(x + &) uniformly for x € [a,b] as n — oco.

Therefore, the sequence {ﬁ(k)}kzl is bounded in L,([a,b];R™) for each p > 1,
and hence {@®)};>; is bounded in W2 ([a,b];R™), by Agmon-Douglis-Nirenberg’s
boundary L,-estimate (see, for example, Agmon, Douglis and Nirenberg [1]).
It follows from the standard embedding theorem that {ﬂ(k)}kzl is bounded in
C1*H([a,b]; R™) where p = 1 — %. Now we choose sufficiently large p such that

p=1-— % > «. Then there exists a constant M > 0 such that

|W(k)||01+a([a,b};nw) < ||ﬂ(k)||01+u([a,b];Rn) <M, k>1.
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The Arzela-Ascoli theorem implies that {ﬂ(k)}kzo has a subsequence which con-
verges to a u* € C'*%([a,b]; R") in C*([a,b]; R™). This, coupled with the estab-
lished pointwise convergence in [a,b], implies that the whole sequence {T*)};>¢
converges to u = u* € C1%([a, b]; R"™) in C*([a,b]; R"™).

Next, we shrink the interval to [a,b — 28] to obtain estimates of higher or-
der derivatives. Indeed, by the standard Schauder’s estimate and the bound-
edness of the solution @® in C'*%([a,b];R"), we can show that {@™};>; is
bounded in C?7%([a,b— 26]; R™). Again by the Arzela-Ascoli theorem, there exists
a subsequence of {@(®};>, which converges to u** € C?**([a,b — 26];R") in the
C?([a, b—26]; R™)-topology. But, @¥) — % pointwise in [a, b] as k — co. Hence, the
whole sequence {7 } >, itself converges to @ = u** € C***([a,b— 26]; R") in the
C?([a,b — 26]; R™)-topology. This implies that Lu*) — L7 pointwise in [a,b — 6].
Taking the limit as kK — oo in (2.9), we arrive at

—(Lu)(z) 4+ du(x) = du(z) + g(v(z),v(z + 6)), x € |a,b— 26].
Noticing that 7, ;s = @, we finally get
—(Lu)(z) = g(u(x),u(z + 9)), x € (a,b— 26).

Similarly, we can prove u € C?7%([a, b—25]; R")NC T ([a, b]; R™) and u satisfies
(2.1) in (a,b — 26) and the boundary condition (2.2).

Step 3: Mazximality of u and minimality of u: Suppose u* € C*+%([a, b—26]; R™)N
C1*%([a, b]; R™) is given so that & < u* < 4 in [a, b], u*(a) = hg,u*(b) = hy and u*
satisfies (2.1) in (a,b — 26). Choose ¥ € C*([a, b + 6]; R™) such that

(i) o < @in [a,b+ &];
(ii) 0 = u* in [a, b].

Now, we repeat Step 1 and Step 2, replacing the ordered pair (@, @) by (0, a),
to obtain a pair of vector functions u*, u* € C**%([a, b — 26];R™) N C**%([a, b]; R™)
satisfying ¥ < u* < u* < @ in [a, b]. Examining the procedure of the construction
of the sequence {U(k)}kzl convergent to @, we find that each 7% is actually inde-
pendent of the choice of the lower solution @ in the ordered pair. Therefore, as the
limit of the same sequence, we must have ©* = u in [a,b]. Consequently, we have
v =0 <u* <T*=7uin [a,b].

A similar argument leads to the claim that u < u* in [a,b]. This completes the

proof. O
We now extend the above result to the unbounded domain

(2.14) —(Lu)(z) = g(u(z), u(z + 6)), x €R.

Definition 2.3. pis called an upper solution of (2.14) if p € C?(R; R™) and satisfies

(2.15) —(Lp)(x) = g(p(x),p(x +6)), xR

Similarly, we can define lower solutions of (2.14) by reversing the inequality in
(2.15).

In what follows, we assume that p and p are a pair of upper and lower solutions
of (2.14) satisfying p < p in R. We will consider

(2.16) —(Lu)(z) = g(u(z),u(x + 9)), x € [—mr,mr],
subject to either
(2.17) u(£mr) = p(+mr)
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(2.18) u(£mr) = p(Lmr)

where r is the constant given by r =1+ 2§ > 0.
Assume g : R™ x R® — R" is locally Lipschitz, ¢(0,0) = 0 and satisfies the
following quasimonotonicity condition:
(QM)* There exists d > 0 such that g;(u,v) — g;(u*,v*) >
1,...,n, and u,u*,v,v* € R" such that B(x < u
p(z) <v* < v <p(x) for some z € R.

*

d(u; —u}) for i =
< u < p(x) and

Let @y, be the maximal solution of (2.16) and (2.18) and u,, be the minimal
solution of (2.16) and (2.17) in the sense of Theorem 2.2.
Lemma 2.4. Suppose further that g satisfies the following positivity condition:
(P) g(u,v) >0 for u,v € R" satisfying p(x) < u,v < p(x) for some x € R.
Then, if piy(x) <0 for all1 <i<n and x € R, then (Ty,)}(z) <0 for alll1 <i<n

and x € [—mr, mr — 26).

Proof. By Theorem 2.2, Uy, satisfies —(Lu)(z) = g(u(z), u(x+06)) on [—mr, mr—26].
That is,
@i (U ()] + c(m(2)); = =gi(@m (2), U (x +6)),  1<i<n.
For a fixed 1 < i < m, let yp, = (Um);. We claim that y,,(—mr) < 0. This is
due to the fact that w,,(—mr) = p(—mr),Un(z) < p(z) for x € [—mr,mr] and
pi(—mr) < 0. Using the positivity of g, we have
a;yn, (1) + cym (z) = —gi (Um (), U (x + 6)) <0, x € [-mr,mr — 26].

Therefore, y,,(—mr) < 0 implies Y, (x) < 0 for x € [—mr, mr — 2], completing the
proof. O

Now we extend u,, and u,, to the whole real line R by

Uy, in [—mr, mr],
7 in R\ [—mr,mr]

(2.19) Ty = {

and

(2.20) v — {ﬂm in [—mr, mr],

p  in R\ [-mr,mr].
Then we have

Lemma 2.5. Form=1,2,..., the following hold:
(1) p<Vmy1 ST <P in R.
Proof. (1) We only need to prove U,,4+1 < U, in R for m =1,2,.... Since U141 €
C*re([—(m+ D)r, (m + 1)r — 26];R™) N CHHY([—(m + 1)r, (m + 1)r]; R™) satisfies
—(LUpn41)(@) = g(Um+1(2), Dm+1(x + 0))
for z € [-mr,mr] C [-(m+ 1)r,(m + 1)r — 26],
U1 (E£mr) < p(Emr),
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Um+1 s actually a lower solution of (2.16) and (2.18). By Theorem 2.2, there
exists at least one solution u* € C*+([—mr, mr — 26]; R™) N C1H<([—mr, mr]; R"™)
such that u* satisfies (2.16) and (2.18) and Tyt+1 = U1 < u* < p in [—mr, mr].
Now, the maximality of %,, in the sense of Theorem 2.2 implies that u* < u,, in
[—mr,mr], and hence Tpy1 < u* < Up, = Ty in [—mr,mr]. But, Ty, =0 > Tt
in R\ [-mr, mr]. Therefore, we obtain U,,+1 < 7, in R.

The proof of (2) is similar. |

By Lemma 2.5, we know that

lim Tp(z) =9(z) and lim w,,(z) = w(z)

m—oo m—oo

exist for each given « € R, and the convergence is uniform on every bounded interval
of R.

Theorem 2.6. Let p and p be a pair of upper and lower solutions of (2.14) satis-
fying p < in R. Then both ¥ and w are solutions of (2.14) in R.

Proof. We only consider 7, since the proof for w is similar.
It suffices to prove that v satisfies (2.16) in [—mr, mr — 26| for every fixed large
m. Let kK > m + 1 be an arbitrary integer. Then v}, satisfies

(2.21) :(Lﬁk)(z) :_g(ﬁk(z)jk@ +6)) in [-mr,mr| C [—kr, kr — 28],
Tp(E£mr) = ug(L£mr).

By continuity of g, we know that
9(Uk(x),Tk(x + 6)) — g(v(x),v(x + 6)) uniformly on [—mr, mr] as k — oo.
So, if we define g, by
9x(x) = g(Uk(z), V(2 +6))  in [—mr, mr],

then the sequence {g;}x>m+1 is bounded in Ly([—mr, mr|;R™) for every p > 1.
Therefore, {T }r>m+1 is bounded in W7 ([—mr, mr];R™) for every p > 0. Thus the
embedding result yields the boundedness of {Ug}k>my1 in CHHH([—mr, mr]; R™)
(bn=1- %) Therefore {y}r>m+1 is bounded in C1T([—mr, mr]; R™). That is,
there exists Ny > 0 such that

||Ek||co‘([—mr,mr—2§];]R") < HUk||Cl+a([—mr,mr—2§];]R")
< HEICHCl*D‘([—mr,mr];R") < N, k>m+1.

Reasoning in a similar way to that in Step 2 of the proof of Theorem 2.2, we can
then establish the boundedness of {Uy}g>m+1 in the C*([—mr,mr — 26]); R™)-
topology. Thus, the well-known Arzela-Ascoli theorem implies that {Tk}r>m+1
contains a subsequence which converges in C?([—mr, mr — 26]);R™) to a function
v* € C*re([—mr,mr — 26);R™). But {Ux }x>m+1 itself converges pointwise to ¥ in
[—mr, mr — 26]. So, v* and T must coincide in [—mr, mr — 28]. This means that
the whole sequence {Ty}g>m+1 converges in C?([—mr,mr — 26];R™) to v* =7 as
k — oo. Therefore, Lvy, — LU pointwise in [—mr, mr — 26] as k — oco. By taking
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the limit as k — oo in (2.21) for each = € [—mr, mr — 20|, we get
—(Lo)(z) = g(0(z),v(xz + 6)) in [—mr,mr — 26].

This completes the proof of the theorem. O

3. PROOF OF THE MAIN RESULT

Let ¢ > ¢*(7). Then g,-(c) < ¢ by Lemma 1.1. Definition of g,(c) then implies
that there exists a p € I" such that ¥(p,c,7) < ¢, i.e.

a;pi(z) + fi(p(z), p(x + c7))
sup ; <c
~ z€R —pj(d?)
Je{1,...,n}

which yields
Ap" (z) + ép' (z) + f(p(x), p(z + ¢1)) < 0, r €R.

This means that p is an upper solution of (1.3). On the other hand, 0 is obviously
a lower solution of (1.3) due to (A2). This yields a pair of ordered upper and lower
solutions 0 and p. By Theorem 2.2 and Lemma 2.4, there exists a sequence of
vector functions {vk }x>1 satisfying

(i) vk € C*T([—kr, kr —2ct]; R")NC T ([—kr, kr]; R™), where r = 1+ 2¢71 >
0;
(ii) vg(L£kr) = p(Lkr) and 0 < v <pin R;
(ili) (vk); <O0in [—kr kr —2¢7], 1 <i<n.

Furthermore, vy, — v in R and v satisfies (1.3) in R by Theorem 2.6. So, we obtain a
solution v of (1.3) which is monotonically decreasing and satisfies lim, .., v(z) = 0.
It remains to show that lim,_,_., v(x) = 1. By monotonicity and boundedness of
v, we know that lim, .. v(z) = ¢ exists and 0 < ¢ < 1. It can be shown that
g must satisfy f(q,q) = 0. But (A2) implies that 0 and 1 are the only vectors
w € [0, 1] such that f(w,w) = 0. This leads to ¢ = 1, and therefore completes the
proof. O
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