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ABSTRACT. Motivated by a neural network model and a 
population dynamics model, we consider a discrete Nagumo 
system with time delay and nonlinear nonlocal interactions. 
The existence of periodic traveling wave solutions is estab- 
lished by using the symmetric Hopf bifurcation theory recently 
developed, and the stability of periodic traveling wave solu- 
tions under small spatially periodic perturbations is investi- 
gated. 

1. Introduction. In this paper we consider the spatio-temporal 
patterns and global dynamics of the following functional differential 
equations defined on a lattice on the real line 

--dun(t)  - d[u,-1 ( t )- 2un( t )+ un+l ( t)]
dt 

(1.1) + f ( ~ n ( t ) ) ~ n - l ( t~ ) , ~ n ( t~ ) ) ~ n + l ( tT ) ) ,  

where d > 0 ,  T 2 0 and f : R4 4 R is a sufficiently smooth function. 

A prototype of system (1.1) in the absence of delay, T = 0, is the 
infinite system of coupled nonlinear differential equations 

Such a system can be viewed as a discretization of the well-known 
Nagumo equation 

d u  d2u  
a t  - D@ + f(.), 

Received by the editors on August 19, 1996,and in revised form on June 3, 1997. 
Key words and phrases. Discrete Nagumo system, delay, nonlinear interaction, 

periodic traveling waves, Hopf bifurcation. 
Research partially supported by the Natural Sciences and Engineering Research 

Council of Canada. 
Copyright 01998 Rocky Mountain Mathematics Consortium 



398 X. ZOU AND J. WU 

see McKean [23], and arises in various application fields. For example, 
it occurs in the study of population genetics where spatially discretely 
distributed populations of diploid individuals are considered, see Aron- 
son and Weinberger [2] and Fisher [ l l ] .  System (1.2) was also proposed 
as a model for propagation of nerve pulses in myelinated axons where 
the membrane is excitable only at spatially discrete sites, see Bell [3], 
Bell and Cosner [4], Chi, Bell and Hassard [6], Keener [17, 181, Zinner 
[28-301 and references therein. 

In system (1.1), the smooth function f accounts for the nonlinear 
interaction between adjacent components, and we assume that the 
system's response to such nonlinear interaction is delayed. An example 
is a network of infinitely many neurons distributed in a line and 
connected by nearest neighborhood coupling. In certain situations, 
such a network (after normalization) can be described by 

where a , P  2 0, and T 2 0 is used to account for the delay in 
the response and communication between neurons. See Cohen and 
Grossberg [9], Hopfield [16], Marcus and Westervelt [22] and Pineda 
[24]. Another example is the following system 

which was employed to describe the growth of a single species popula- 
tion distributed over a patchy environment consisting of infinite number 
of patches on the real line. Due to accumulation of the population's 
waste products, the growth rate decreases as the total population in- 
creases. See Madras, Wu and Zou [21] for details and Britton [5] for a 
spatially continuous analog. 

The focus of the present paper is on the local existence and stability 
of periodic traveling wave solutions of system (1.1). As will be shown, 












































