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1. Introduction

After the pioneering works of Lotka and Volterra, the qualitative research on the dynamics of predator-prey models
has been in the focus of ecological and mathematical sciences (see, e.g., Freedman [1], Murray [2] and references therein).
Predator-prey systems are characterized by the interaction between species and their natural environments. Functional
response is proposed for modeling predator-prey interactions, which describes how the consumption rate of individual
consumers changes with respect to resource density. Traditionally, the functional response depends only on prey density
and is called a prey-dependent functional response. Following Holling [3], the prey-dependent functional responses are
generally classified into three types, which are called Holling’s type I, Il and III. The qualitative study on the prey-dependent
predator-prey models is useful to help population ecologists understand the factors that influence population dynamics
and has been regarded as important contributions that mathematics had for ecology.

However, the prey-dependent predator-prey models are very controversial among ecologists up to this day because of
the following reasons: (1) it cannot explain the laboratory experiments and observations that the predators or both the
predators and prey can either go extinction or coexist in oscillatory modes depending on the initial population densities
(see [4-8]); (2) it exhibits the well known ‘paradox of enrichment’ formulated by Hairston et al. [9] and Rosenzweig [10],
which states that enriching a predator-prey system (increasing the carrying capacity) will cause an increase in the
equilibrium density of the predator but not in that of the prey, and will finally destabilize the positive equilibrium; (3) it
exhibits the so-called ‘biological control paradox’ [11], which states that we cannot have a low and stable prey equilibrium
density compared with its carrying capacity.
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Recently, there are growing explicit biological and physiological evidences that when resources are scarce relative to
predator density and predators have to search for food, the predator’s per-capita growth rate should decline with its
density [6,5,12,13]. Thus, to overcome the disadvantages of the prey-dependent predator-prey models and to fit the recent
laboratory experiments and observations, Arditi and Ginzburg [4] have suggested that a more suitable predator-prey theory
should be based on the so-called ratio-dependent theory, which can be roughly stated as that the per capita predator growth
rate should be a function of the ratio of prey to predator abundance. Based on the Holling type II function, they proposed
the following ratio-dependent predator-prey model

dN N aNP
— =1N |1

dt " K) P+apN’

p (1.1)
dP. naNP p
dt  PtapN "’

where N, P stand for prey and predator densities, respectively, and r, K, «, 8, n, y are positive constants that represent
prey intrinsic growth rate, environmental carrying capacity, total attack rate for predator, handling time, conversion rate
and predator death rate, respectively. System (1.1) and its more general version have been widely studied by many
authors and these studies have shown that such models exhibit much richer dynamics than the traditional prey-dependent
predator-prey model (see, for example, [14-22] and references therein). The effects of discrete and distributed delays on
dynamics of the ratio-dependent predator-prey model have also been investigated by many researchers [23-26].

In reality, the species are distributed over space and interact each other within their spatial domain. The importance of
spatial models has been recognized by the biologists for a long time and have been one of the dominant themes in both
ecology and mathematical ecology due to its universal existence and importance [27-29,2]. In this paper, we consider the
ratio-dependent predator-prey model (1.1) with diffusion. For simplicity, scaling the variables by u = a«8N/(nK),v =
oe,BP/(nZK),? = nt/B and then dropping the tilde, the diffusive version of system (1.1) with Neumann boundary condition
can be taken as the following reaction-diffusion system

du(x, t) _ B u(x, t) B bu(x, t)v(x, t)
T diAu(x, t) + au(x, t) (1 5 ) b D F o D)’
du(x, ) bu(x, t)
T =dyAv(x, t) + <m —C> v(x, t), (1.2)

Uy(0,t) = ue(w, t) = 14(0,t) = v(w,t) =0, t=>0,

ux, t) = ¢(x,0), v(x,t) =¥ x,0) =0z 0), xe[0,x],

where d; and d, are the diffusion coefficients for the prey and the predator, respectively.

Here we choose the closed interval [0, 7r] as the spatial domain mainly for simplicity of notations in computing the
normal forms and for convenience of carrying out demonstrating numeric results. General closed interval [a, b] can be
transformed to [0, 7r ] by a translation and rescaling. The choice of the homogeneous Neumann boundary condition accounts
for a scenario that the spatial habitat is isolated from the outside (islands and lakes/ponds are such habitats), and thus there
is no population flux on the boundary. In reality, there may be a situation in which the boundary is hostile and hence no
individuals would choose to leave there, meaning that the homogeneous Dirichlet boundary condition should be posed on
the boundary. For this case, there is no positive constant steady state. In this paper, we are only interested in the bifurcations
from the positive constant steady state, corresponding to the homogeneous Neumann boundary condition.

The local and global stability of the unique positive constant equilibrium, Turing instability, dissipation, persistence as
well as the existence of non-constant positive steady states of system (1.2) or similar systems have been studied in [30-33].
Spatiotemporal complexity, self-organized spatial patterns and chaos in the ratio-dependent predator-prey system have
also been reported in [34-36] by numerical analysis.

The past investigations have revealed that spatial inhomogeneities can have an important impact on the dynamics of
ecological populations [37-39]. This spatial inhomogeneity leads to a reaction-diffusion system, which can be used to
describe how the movement of individuals in the domain and has been shown that such systems are capable of self-
organized pattern formation (see, e.g., [40,41] and references therein). In the last decade, the focus of research has been
shifted from the study of the formation of stationary spatial patterns induced by Turing instabilities to the study of the
formation of spatio-temporal patterns. The dynamical system method is an efficient technology to theoretically understand
the mechanisms of the formation of spatio-temporal patterns. Bifurcations of spatially homogeneous and inhomogeneous
periodic solutions as well as nonconstant steady state solutions in predator-prey systems with diffusion have been
recently studied by many researchers (see [42-47] and references therein). However, most of these work investigate the
codimension-one Hopf bifurcation or steady-state bifurcation, where purely spatially or temporarily periodic pattern occurs.
Interactions of the Hopf and steady-state bifurcations may bring about mixed spatiotemporal periodic patterns, domain
structures displaying bistability between spatial and temporal modes, and space-time chaos. Although there is a large body
of previous work on Hopf-Turing bifurcations of predator-prey type reaction-diffusion systems, with different levels of
details and the rich dynamics near the bifurcation point were reported (see, for example [40,48-50] and references therein),
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most of them are based on the numerical results but lack of the strictly theoretical analysis for the rich dynamics near this
kind of bifurcation point. In this paper, we study the bifurcation scenarios near a codimension-two Hopf-Turing bifurcation
point. The classification of the spatiotemporal dynamics in a neighborhood of the bifurcation point can be figured out in the
framework of the normal forms.

The rest of the paper is organized as follows. In Section 2, the normal form for Hopf-Turing bifurcation is derived. In
Section 3, the dynamics of the normal form and the corresponding spatiotemporal dynamics are investigated, and the
analytic results are confirmed by numerical simulations. We conclude with a summary and a discussion of the results in
Section 4.

2. Existence of the Hopf-Turing bifurcation

Clearly, the positive constant equilibrium E* = (u*, v*) with

. b+ (c—1b) . Pa—o(a+(c—1b)
UvH=—>0, vt = >

a ac

0,
exists if and only if the following condition holds

(PO) 0<c<1, a>b(1—c).

For the biological meaning, in the following, we always assume that the condition (P0) holds.
The linearization of (1.2) at the equilibrium E* is

ou

E _ u u
g | =944 <U>+A(U>, 2.1)

at

(dlA 0 ) b1—-c*—a —c2
dA = , A= .
0 dyA b(1—¢)? cc-1

For the Neumann boundary condition, define the real-valued Sobolev space

with

u 0
X = {(u, 0 e w220, 1), = =" :Oatx:O,n}.
ox ox
It is well known that the eigenvalues of dA on X are —d;k* and —d,k?, k € Ny = {0, 1,2, ...}, with corresponding

normalized eigenfunctions B, and BZ, where

;
/3,3 (x) = (Vk(gx)> , /313 (x) = <yk(2><)> , Yie(x) = ﬁ)& k € No.

| cos(kx)||2,2 '

Then the normalized eigenfunctions form a normalized orthogonal basis for X. The linear stability of the positive equilibrium
E* can be analyzed by introducing a small inhomogeneous perturbation to the system (2.1) at the zero equilibrium. The
perturbation solution of system (2.1) can be written as a spectral decomposition given by

uy i T Br Akt _ (9K 2 2.2
v)] — qi IBZ e, qk = iz € ) ( . )
k=0 k

where the spatial part is governed by the wave modes k and the temporal part by the corresponding eigenvalues A describing
the growth of the perturbation and then determining the stability of the equilibrium E*. Substituting (2.2) into (2.1) yields
the following characteristic equations

A =2+ Tk +Ji =0, (2.3)
wherek € Ng £ {0, 1,2,...} and

Ty = (di + d)k* —b(1 —c*) +a+c(1—o0), (2.4)
Jo = didok* — (dic(c — 1) +dp (b(1 — ¢*) —a)) k> + c(1 — c)(a + b(c — 1)). (2.5)
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We call the bifurcation a Hopf-Turing bifurcation if there exist a nonnegative integer k and a positive integer n # k such
that A, = 0 has a pair of purely imaginary roots and A, = 0 has a simple zero root, and no other roots of the characteristic
equation (2.3) have zero real parts, and the transversality condition holds. The characteristic equation (2.3) has been studied
in detail in [47]. In the following, we summarize some related results from [47] for the Hopf-Turing bifurcation analysis.

It follows from the assumption (PO) that in the absence of diffusion (d;, d; = 0), the equilibrium E* is asymptotically
stable if and only ifa > b(1 — ¢?) + c(c — 1), and Ay = 0 has a pair of purely imaginary roots #+/Joi if and only if

a=b(1—cH+cc-1), b>1, (2.6)

at which system (1.2) undergoes a Hopf bifurcation near the equilibrium E*. For fixed c, denote this Hopf bifurcation straight
line in the b-a plane by Hp.
Solving J, = 0 for b, we have

dy(1 — c®)k? + c(1 —c)? dqdyk* + dic(1 — o)k?

a=ar(k,b) & 2.7
r(k.b) dyk% +¢c(1 —c¢) dyk% +¢c(1 —o0) (2.7)

Then the Turing bifurcation curve £ is formed by a sequence of line segments ¢, (k = 1, 2, ...), where
£y :a=ar(k,b), forby_1 <b < by, (2.8)

where by is determined by solving ar(k 4+ 1, b) — ar(k, b) = 0 for b and defined by

i Rk 1)? K2 (k 4 1)2

by = d,.
k d, c(1—oc) ! c2(1—c)212

By (2.6)-(2.8), we can see that Hy intersects with the straight line a = b(1—c) atb = 1 and the slope of the line segment
£y is less than that of the Hopf bifurcation line Hy, and that the straight line £; intersects with the straight line a = b(1 — ¢)
at
A .

d, c(1—-oc)

b=bho (2.9)

By (2.9), it is easy to verify that by > 1 is equivalent to

c(1—oc)
di >di(c,dy) & ————d,.
1 > di(c, dy) bt cd—o®

This implies that the diffusion does not induce the Turing instability if d; > d7(c.d>).
Combining (2.6) and (2.7) yields

d1d2 14 d1_d212

b=bur(h) ==Ga " ~ca ok

+ 1.

Noticing the fact that k is a nonnegative integer, byr (k) has a maximum at k = n with

n:[ [(d —die1 -0 } 2.10)
2d,d,

where [-] is the integral function. From (2.7) and (2.8), we can conclude that the Hopf line Hy intersects with the line
segment ¢, at b = byyr(n). For simplification of notations, denote byr(n) by b*. Substituting b = b* into (2.6), we have
a=a"2 1 —-cHb*+c(c—1).

According to the above discussion and the qualitative theory of the dynamical system, the following results can be
obtained.

Theorem 2.1. Assume that 0 < c < 1, a > b(1 —¢),0 < dy < dj(c, dy), Hy and £, are defined by (2.6) and (2.8) with n
defined by (2.10), respectively.

(i) The Hopf bifurcation line Hy intersects with the line segments £, and a codimension-2 Turing—Hopf bifurcation occurs at the
intersect point (b*, a*), where
¥ __ d1d2 4_d1_d2n2
c2(1—1c)? c(1—oc)

a* =1 —=c®b* +clc—1).

+1,
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(ii) For (b, a) = (b*, a*), the equation Aq = 0 has a pair of purely imaginary roots tiw. and A, = 0 has a simple zero root,
and for Eq. (2.3), there are no other roots with zero real parts, where

we = /c(1 —c) (@ +b*(c — 1)).

3. Normal form on the center manifold for Hopf-Turing bifurcation

In the following, we employ the similar method as in [51] to compute the normal form on the center manifold associated
with codimension-2 Hopf-Turing bifurcation such that the spatiotemporal dynamics of system (1.2) can be determined in
the neighborhood of Hopf-Turing bifurcation point.

Introduce a new parameter i € R by setting w1 = b — b*, u, = a — a* such that © = 0 is the value of Hopf-Turing
bifurcation. Rewrite the positive equilibrium as a parameter-dependent form E7; (u* (i), v*()) with

_ BT @+ o+ (€ =D B+ 1)

ut () P

oo "+ p)? (=)@ + pa 4 (¢ — 1) (b + 1))

vi(p) = " .
(@ + u2)c

Setting ui(-, t) = u(-, t) — u*(w), v(-,t) = v(-, t) — v*(w), f](t) = (u(-, t), v(-, t)) and then dropping the tildes for
simplification of notation, system (1.2) can be written as the equation

ou
3 =dAU + Ly(U) +f(U, w), (3.1)
where
d; Au (b*(1—=c*) —a*)u—c’v
dAu = , Lo(U) = ,
dy Av b*(1 = c)®u—c(1=c)v
1 ) (32)
gt M @)
fU, )= Z Wﬁjelzzullﬂﬂlluzz, fiere, = (,-ﬂ,]@z, l‘jglgz) ,
il rey=2 B2
. (k) N 3i+j+f1+€2f(n)(0’0’0) _
Wlthfljilez = Buiauj‘duilaugz s k= ], 2, and

FO v, pas p2) = (0 + p2) (4 u* () (1 - (u+u*(”))) B + ) () (v v7(1))

(b* + p1) (b* + 1) W+ ur () + (v +v* ()’

(b* + 1) (u+ () v+ v* ()
(b* + p1) (w4 u*(w) + (v + v*(u))
The linearized system of equation (3.1) at the origin is

ou 2U) (3.3)
at ' '
Denote by A = {iw., —iw, 0} the finite set of all eigenvalues of the linearized system (3.3) having zero real parts, with

which a stable invariant manifold is associated. Set %), = span {[gﬂ(-), ,3,'<] ﬁf;l peX,i=1, 2}. Then it is easy to verify that

FO (u v, 1, p2) = ¢ (v+v* ().

Lo(%) C span{By, Bi}. ke No.
Assume that y(t) € R? and

1
y () (ﬁ%) € .

Then, on %, the linear partial differential equation (3.3) is equivalent to the ODE on R?

g2
y‘(r)=( aik _dozkz)y<r)+Locy(r)), (34)

where for y(t) € R?, we use the same formal expression Ly(y(t)) as in (3.2). Clearly, the linear ordinary differential
equation (3.4) has the same characteristic equation (2.3) as the linear partial differential equation (3.3).
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Let
—dik* +b* (1 —¢*) —a* —c?
My = , (35)
b*(1 —c)? —dyk? —c(1=0¢)

be the characteristic matrix of Eq. (3.4). Then A is the finite set of all eigenvalues of the matrix (3.5) having zero real parts.
The standard adjoint theory for ODEs can be used to decompose C? by A as

C* =P @,

where Py is the generalized eigenspace associated with the eigenvalues in A and Q; = {(p eC?: (Y,p)forally e P,j‘}
where Py is the dual space of P, and (-, -) is the scalar product of two complex vectors defined by

<1/IT, w) =yTy, forp, e C?

such that for dual bases @, and ¥ of P, and Py}, respectively, (¥, @) = Iy, where m; = dimP, and I, is a my x my identity
matrix.
For U; = (uy, v1)T, Uy = (uz, v2)7 € X, define the inner product

b g
[U1,U2]=/ (uruy + vqvy) dx
0

such that X becomes a Hilbert space.
Notice thatk = 0, n > 0in the Hopf-Turing bifurcation. By a straightforward calculation, we obtain @, = (pg, po) , @ =
Pn, Wo = col (g5, G5) . ¥ = g, where

1 c(1—c¢)+iw.
Ziwk
Po=1b.(1-c*)—a,—ioc |- qo = 2 ,
c? _Ziwc
1 dyn® +c(1—rc)
pm=| am—b (- ta | D= r
_ 1 * * C2
2 T

Using the above decomposition, the phase space X can be decomposed as
X=X@®X, X' =Imm, X =Kernr, (3.6)

where dimX¢ = 3,and 7 : X — X€ is the projection defined by

o\ ([e-B\\\' (A e. BN\ (A1

7(p) = (@m,ﬁo><<_2>, <[ 2])>> ( o)+ (pa{ . [ 2] ')
q() [q)v ﬁO] IBO [(/)! :Bn] ﬂn

According to (3.6), U = (u, v)" € X can be decomposed as
T
u Z Bo B
()= () ) e ()

w
= (21Po + 22Pp) Yo(X) + Z3Pn¥n(x) + (wl) , (3.7)
2

where z1, 75, z3 € R, w € X°. For simplicity of notations, in the rest of this section, we write
17\ §=n
(M@B
2
[f’ ’BS'] ¢=0

() ()

for
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Then, system (3.1) is equivalent to the following system
17\ §=n
[f @z w. w), ﬂg])

[f @ w, ), BZ]
w = 2(w)+H(z, w, 1,

2:Bz+11/<

=0
where B = diag{iw., —iw¢, 0}, ¥ = diag{¥y, ¥},

w
fz,w,u)=f ((zmo + 22P0) Yo(X) + Z3pnyn (%) + (w1> u) (3.9)
2

and

F(z, w, ), B
H@z, w, p) = fz, w, ) — (<qg (Ef(z ) ,32D>p0
, W, W), 0

o (@ w i, B\ - ([f@w ), B,]
+ (o> o1 ] )Po | o) —{ gy, o1 | | Pava (). (3.10)
[f(szv /’L)v /30] [f(sz7 M)7 IBH]
Consider the formal Taylor expansion

1
flo,m) = Zﬁfj(‘/)» 1,
j=2
where f; is the jth Fréchet derivative of f. Then (3.8) is written as

s 1 1
Z—BZ+Zﬁfj (z, w, W),

=2

: (3.11)

b= 2w+ ) =f @ w, W,

j=2 I:

where

fizow, ), BL\T
u §]> L P w, ) = Hiz, w, ). (3.12)

flz,wpw)=w (
! [z w. ). BZ]

=0

As for autonomous ODEs in the finite dimension space [52], by a recursive transformation of variables
~ 1 .
@z, w) =z ) 5 U'@w,utE w), j=2,

where Uj1 and sz are homogeneous polynomials of degree j inZ and ., and for simplification of notation, dropping the tilde
after each transformation of variable, then the normal form on the center manifold for (3.8) (or (3.11)) is

P =Bzt gl(2,0,0 + 5i8l(2,0,40) + o(ulzP),
where g2l and g3‘ are the second and third terms in (z, w), respectively, given by

8(2.0,0) = Projieqyfy (2.0, 1), 5(2,0,0) = Projyeu1f3 (2. 0. ). (3.13)
Here, %f; is the term of order 3 obtained after the changes of variables in the previous step given by

~ 3
f3] (27 07 M) = f3] (Z! 07 M) + 5 [(DZfZ]) (Za 0! M)U; (27 H’)

+ (Dwfz]) (Zv Os ,LL)UZZ(Z, ,LL) - (DZU2] (Za ,LL)) g21(27 07 ,LL)] ’ (314)
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and the operators M;' and M} are defined by
1.y/5 (2 5 (2 1171\ _ 1 1
M}V () > VP (€2), M) (U]) = (0.0}, j0Bi) — B} 2. o),

(3.15)
M? VP (X)) > VP (X°) . M} (U}) = (D.U} (2, w)Biz) — 2(Uf (2, ),
where Vj5 (Y) denotes the space of homogeneous polynomials of degree jin 5 variables zy, z5, z3, (1, (2 with coefficientsin Y.
By (3.15) and noticing that B is a diagonal matrix, it is easy to verify from (3.15) that

M} (2" n'e;) = D; (2" u'er)Bz — Bz"p'er = iwoe (my —my + (—1)") 2", (3.16)
M} (z"u'es) = D,(z"u'es)Bz — Bz" u'es = i (my — my) 2" ues, |

where r = 1,2 and {ey, e,, e3} is the canonical basis of R*, m = (m;, my, m3) € N3, £ = (€4, 43) € N2, m; +my + m3 +
{1+ €, = j. Therefore,

z1z3 zlu, 0 0 0 0 0 0 0
Ker(M,) = span Nzl lzw).l 0], (0], 0], 0 |.]0 (3.17)
0 0 2123 z Z3M4i M1z i
and
2122 2123 Z12Z3 4 Zlul-z 0 0 0 0
Ker(M3) = span , 0 A o )2z |25 ). |2, |20l ],
0 0 0 0 0 0
0 0 0 0
101, 0 , 0 , i=1,2. (3.18)
21223) \z2) \zimwi) \zp?

In order to simply the notation, we introduce the operator # : VjS(C) — Vj5 (C?) such that # (&1 + &) = H# (&) +

H (£2), 1, & € V(C),and
azM 22
( ’ 2 , aeC.

— My _my _ms3 1 2
AZ17Zy 237 [y Ky

¢
Jf(“21 z; 2?3/‘11“2)

3.1. Calculation of g, (z, 0, 1)

By (3.2) and a direct computation, we have fyp0 = fo110 = fooo2 = (0, 0)'. So,

1 1 1
5f2(U, 1) = (frorolt + for10v) 1 + (froortt + for01v) p2 + Efzooou2 + fiio0uv + Efozoovz, (3.19)

which, together with (3.7), leads to

1 1
Efz(za 0, Efz ((z1po + 22Pp) Yo (%) + Z3Ppyn(X), 1)

w1 (((z1po1 + 22P01) Yo (%) + 23Ppn1¥n (%)) fro10 + ((Z1Po2 + Z2P02) Yo%) + Z3Pn2¥n (%)) fo110)
+ 12 (((Z1po1 + 22Po1) Yo(X) + 23Pn1¥n (X)) fro01 + ((Z1Po2 + 22D02) Yo(X) + Z3Pn2¥n (X)) for01)
+ Fii0¥5 ®)2122 + Fio Yo (®) ¥a (02123 + Forn Yo () v (02223,
+ % (ono)/o2 )z} + Fooovg %)z + Foo2 v (X)Zg) ) (3.20)
where
F00 = Pgufa000 + 2P01Po2f1100 + Poofor00 = Fozo.
Fooa = P21f2000 + 2PmiPn2f1100 + Piafo200,
Fi10 = Ipo1/* f2000 + 2Re {po1Poz2} fi100 + IPo2|* fozoo.
Fio1 = Po1Pnifa000 + (Po1Pn2 + Po2Pn1) fi100 + PozPraforoo = Fonr-
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Thus, from (3.12), (3.13), (3.17) and (3.20), we obtain

1 1
Egzl (z,0, ) Eprojl(er(le ;le (z,0, )

( H ((Bii1 + Ba1u2)z1 + Bi012123) ) (321)

(Bi3pt1 + Basitz) z3 + B1102122 + Booaz?
where
B11 = pm (qgfmm) + Doz (qgfono) ) By1 = po (qgflool) + Doz (qgfoml) )
B1s = pm (dpf1010) + P2 (Gpfori0) . Bas = Pt (dnfioo1) + Pz (dfor01) »

g T
Bio1 = qFion / Yo () ya(x)dx = 0, Bi1o = ngllO/ Yo () ya(x)dx = 0,
0 0

b g
Booz = 45, Foo2 / ¥a (X)dx = 0.
0

3.2. Calculation of g1 (z, 0, 1)

Since g2‘ (z,0,0) = 0, it follows from (3.14) that the third term g3‘ (z, 0, 0) can be determined as follows. By (3.12), (3.13)
and (3.18), we have

g3l (z,0,n) = Proj[(er(M;}fgl (z,0, 1)

= Projs f; (2, 0, 0) + O(lz| | |? + [z |]). (3.22)
where
z3z; 7123 0 0 0 0
S1 = span o |. 1o ].[zz2]. |22]. 0 .|l o
0 0 0 0 212273 Z;

Here,]‘;1 (z, 0, 0) is determined by (3.14) with
U)(z,0) = (M;)”Proj]m(MZ]}f; (z,0,0) (3.23)
and
(M;U3) (z,0) = f}(2,0,0).

Next we compute the third order term g3‘ (z,0,0) = Proj5f31 (z, 0, 0) step by step in terms of (3.13) and (3.14).
Step 1. The calculation of Pr0j5f31 (x, 0, 0). Notice that

i 4 i 2 2 1 i 4 3
/0 Y (dx = /0 R0y = /0 riood= .

It follows from (3.2) and (3.12) that

| Ht (szzflz + szzlzi)
—'Pr0151f3 (z,0,0) = 3 (3.24)
3! C111212223 + Coo32;5
where
1 1,
G0 = —qpFa10, Ci02 = —qpF102,
T T
1 3
Cin = ;q,,Fm, Cooz = ﬂanooa,
with
1 _ _
Fo10 = 5 (f3000 IPo1]* Po1 + fosoo 1Poz|” Poz + f100 (P(znpoz + 2 |po1|* Poz) + f1200 (P(z)zpm + 2 [p2l? Pm)) )

1
Fio2 = 3 (Fs000P01P31 + fos00P02P2 + fo100 (Po2Pay + 2Po1Pn1Pn2) + fi200 (Po1Py + 2P02PniPn2)) -
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Fiin = (f3000 IPo11® Pat + foso0 [Poz” Pnz + fa100 (|po1|zpn2
+ 2pn1Re {po1Pgy}) + fi200 (o2 Pr1 + 2Pn2Re {Po2bor})) ,

1 1
Foo3 = 3 (Fs000D31 + fosooPs) + 3 (F2100031Pn2 + fr200Pn1Ply) -

Step 2. The calculation of Projg [ (Dxf;) (2, 0, 0)U, (z, 0)]. It follows from (3.12) and (3.20) that

1 (onozf + Foz075 + Fon2zs + 2F1102122)
f21(25050):7l11 )
e 2F1012123 + 2Fo112223
where we have used the fact that
1 )
ﬁ, ] = k == 0,
g L j =0,k 0
Cij =/ Y2ydx = { VT J=0.470
0
J;?’ j=2k#£0,
0, otherwise.

By (3.23) and (3.25), we obtain
U} (z, 0) (M;)”Proj[m(Mz]}fz] (z,0,0)

1
a5 <onto - §F020222 — Fonz3 — 2F11021lz)
1
—— (1 2 2 2
iwe/7 | Qo §F20021 — Foooz) + Foo2zz + 2F1102122

an (2F1012123 — 2Fo112223)
So,

3!

1 H (D21OZ1222 + D102212§)
—Projs, (Df; (z,0,0)U; (z, 0)) = (

3
D111212323 + Doosz3

where

1 1
Dy10 = <— (a5F200) (agF110) + 3 |CI£F020|2 +2 |ng110|2) ;

3w
1 _

D12 = v (— (agF200) (d0Fo02) + (agF110) (ngooz) + 2 (g5 Foo2) (qyF101)) »

(o

4
D11 = BET Im {(nguo) (qﬁle)} ,

2
Dgo3 = — S Im {(qgFooz) (q4F101)} -

Step 3. The calculation of Projs [ (Duf,) (z, 0, 0)UZ(z, 0)].

Let
ﬂ']
U3(z,0) : h(z) = ) _(h(2)" ( ’2) ,
=0 Bi
with
M (1
h(Z) _ hj (Z) _ hjm]m2m3 Zm Zm22m3
i\e) = 2 = 2 1 42 43 -
hj( )(Z) my+my+mz=2 hj(m)lmzmg

1987

(3.25)

(3.26)
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From (3.9) and (3.12), we get

210 (%) "
wa ¢n) <ZZVO(X)> 3 O) (h)7 ﬂ;
. B z3yn(X)
(Dwfy)(z,0,0)(h) =¥
Z1Y0(X)
Duf ( ®y) (zm(x)) : o) (h), ﬁﬁ}
Z3Yn(X) =0
210(X) 1 "
wf2 ( (pn) (ZZVO(X)> 3 O) Z h_,T <IBJZ>> 5:3:-:|
v Z3Vn (%) =0,n :3;'
B Z1Y0(X) ,3']
Dyf ((‘po o) (Zz)/o(x)> ,0> ]2>> ,3{|
L 23V (x) B

Z1y0(X)
|:Dwf2 (((Po (pn) (ZZVO(X)) ) 0 (Z h]T
Z3Yn(%) j£0,n

Z1Y0(X)
|:Dwf2 ((‘150 @) (Zz)/o(X)> ,0 (Z h! (
Z3¥n(X) j#0.n

By (3.19) and a direct computation, we obtain

21y0(X) 1 :
Dufo [ (Po @u) (220 ). 0) (B ') ]]). 8]
23 (X) j
Z170(%) B!
Dwf2 ((DO (pn) ZZVO(X) ) 0 h_;r ]2 B ,3§
Z3n(X) B
= 2 {f2000 (Coje (Z1Po1 + 22D01) + CnjcZ3Pn1) + f1100 (Coje (Z1Po2 + 22P03) + CnicZ3Pnz) } hjo)
+ 2 {foz00 (coje (Z1P02 + 22B02) + CnicZ3Pn2) + fi100 (Coje (Z1Po1 + Z2Pp1) + CrjcZ3Pn1) } h,@,

where
1 0 1 .
—=, =0, = J=
Cojo = ﬁ Cojn = Cnjo = ﬁ
0, j#0, 0, j#n,
and
1 i—0
ﬁ, J=0,
Chjn = 1
Y ) J = 2n,
V27
0, otherwise.
So,
(Duf;)(2,0,0) () = ¥ (Gog + Gue)" g »
where

2 _ _
Goo = —= ((z1bo1 + 22Po1) f2000 + (Z1Po2 + Z2P02) f1100) h(()w
JT

2 _ _
+—= ((z1po2 + Z2P02) fo200 + (21Po1 + Z2D01) f1100) h(()z),
Jr

2 2
Gno = ﬁ (z3Pn1f2000 + Z3Pn2f1100) hfll) + ﬁ (z3Pn2fo200 + Z3Pnif1100) hy(12)5
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2
S5
|

2 _ _
= —= {(z1po1 + z2D01) f2000 + (Z1P02 + Z2D02) f1100} h,?)
ST
NE:
T
— (@Y) (1
G = (z3Pnif2000 +Z3pn2f1100)< hy” + 7h )

NV

+ (z3Pn2fo200 + z3Pn1f1100) (7’1(2) + 7!1(2)) )

VTt o

{(z1Po2 + Z2P0) foz00 + (Z1Po1 + Z2Po1) fi100} K

So,

lProjSl (Dufy (z,0,0)U3(z, 0)) = ( (327)

H# (Ex10232 + E102212§))
3! ’

3
E111212223 + Egp323

where

Ezio (Po1f2000 + Po2f1100) hmm + (Po2fo200 + Pofi100) houo

3fq0 (
+ (Porf2000 + Poaf1100) hf;z)oo + (Pozfo200 + Po1f1100) hézz)oo) ,

Ei2 = (Po1f2000 + Po2f1100) h0002 + (Po2fo200 + Potfi100) hoooz

3f% (
+ (Pn1f2000 + Pn2fi100) h,(111)()1 + (Pn2fo200 + Pnifi100) h,(qzl)m) ,

Einn = (Po1f2000 + Po2f1100) h,(qz))u + (Po2fo200 + Pofi100) h,%)u

1 (
3z
+ Bo1f2000 + Poafi100) M1 + Boaforoo + 501f1100) h£121)o1)

+q§ ((mezooo + Pr2f1100) < NS 611)10 + — \/— (2n)110>

(2) (2)
+ (Pn2fo200 + Prifi100) ( 37 hoio + —— \/— (2n)110>>

Epoz = <(Pn1f2000 +pnzf11oo)< \/— (():))oz = ?M/— 831)002)

el e
+ (Pn2fo200 + Pnifi100) < 3/m hogo, + —— 3\/— (2n)ooz>>

Clearly, we still need to compute hj(l) and hj(z). By (3.10) and (3.20), we have

([Hz(z 0,0), B |

1 1 _ _
[z, 0,0), £2 ]> (F200 — (qgF200P0 + GoF200P0)) 27 + N (Fozo — (agFo20P0 + GgFoz0P0)) 23
2 0

T
_ _ 2 _ _
+—= \/» (Foo2 — (agFoo2pPo + GgFoozPo)) 23, +ﬁ (F110 — (agF110P0 + GgFi10P0)) 2122,
(3.28)
2 2
) = ﬁ (Fro1 — qyF101Pn) 2123 + ﬁ (For1 — qyFo11Pn) 2223,

[H2(z,0,0), B, ]
([Hz<z, 0,0), BZ]
([

[

H2(Za O’ 0)7 ﬂ;n]) 1
In addition, by (3.15), we have

= \/771:00223.
8 8] 8
o () - ()~ )

Hy(z,0,0), B3,
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which leads to

5.1

[m% ((hj(z))T ( ﬂ;)) ,ﬂ;}
]
,3-1

[M% ((hj(z))f ( ﬂ;)) ,ﬂf}
]

Notice that

2 ) T 'le 1
() ) g
1 Hy, B2])
{M% ((fy—(z))f (l’:f;)),ﬂ,ﬂ [#a. 7]
J

So, by (3.28) and (3.29) and matching the coefficients of "'z, 2 z; °, we have

. 2. : h _ h _ L _ T =T =
Jj=0,z7:  2iwchooo — Lo (hoze0) = N (F200 — (99 F200P0 + Qg F200P0)) -

. 2 2
= iw, (2hj20021 + hj1012123 — 2hjo20z5 — j0112223)

L (%1 i) hi(z) — Lohy(2).

—

j=0,2z:  —2iwchgo — Lo (hoon) = N (Fo2o — (g¢Foz0p0 + GgFoz0P0)) -

) 1 _ _
j=0,23: Lo (hooo2) = 7 (Fooz — (9¢Foozpo + GgFoo2po))

J=0,z1z2 1 Ly (hot1o) = _ 2 (FllO - (q(T)FuoPo + (_Janof’o)) ,
JT
2
JT

2
j=n,2z23: —iwchpn + (diag (dlnz, dznz) - Lo) hpo11 = ﬁ (Fon - quOHPrL) )

j=n,z1z3: iochno + (diag (din’, dan*) — Lo) hpior = (Fio1 — qyF101Pn) ,

j=2n23: (diag(4din®, 4d:n*) — Lo) hanyoor =

1
EFOOL
j =2n,212; : (dlag (4d1n2, 4d2n2) — Lo) h(2n)110 = (0, O)T.

Solving these equations, we have

Qiwc I — Mo) ™" (Fa00 — (9§ F200P0 + GgF200P0)) -

1
h = —
0200 ﬁ

(—2iowc] — Mo)™" (Fozo — (qgFo20Po + dgFo20P0)) -

1
hooao = ——
0020 «/7?

1 _ _
hoooz = _ﬁd\,{gl (Foo2 — (agFoo2pPo + GgFoo2po)) ,

2 _ _
ho110 = _ﬁMO—l (Fno — (q(T)FnoPO + nguoPo)) ,

(iwc] — Mp)~" (Fro1 — dyFro1Pn) ,

2
h = —
n101 ﬁ

(—iwe] — Mp) " (For1 — qyFot1pn) -

2
h = —
n011 ﬁ

M5, Fooz, hamio = (0,0)".

1
hanyooz = Vo
T

(3.29)
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Hence, by (3.30), (3.24), (3.26) and (3.27) we have

1, H[B2102122 + B1022123]
83(2,0,0) = 5 (3.30)
3! B1112122X3 + Bpo3z3
with
3 3
By10 = G1o + 3 (D210 + E210) , Bio2 = Cio2 + 5 (D102 + Eq02) ,
3 3
Bii1 =Cinn + 3 (D111 + E1n1) s Boos = Cooz + 3 (Doo3 + Eoo3) -
Therefore, by (3.21) and (3.30), the normal form for Hopf-Turing bifurcation reads as
. H ((Bripr + Baip2) z1) 9 (B2102122 + Bi022123) 2 2 4
z=Bz+ + ) + 0zl Il + |27 m| + |217). (3.31)
(Bisp1 + Baspz) 3 B111212223 + Booszs

The normal form of Eq. (3.31) can now be written in real coordinates w through the change of variables z; = vy —iv,, 2, =
V1 +1iv,, zZ3 = v3, and then changing to cylindrical coordinates by v = p cos ®, v, = p sin ®, v3 = r, we obtain, truncating
at third order terms and removing the azimuthal term,

p=oai(up+ Kn,03 + K12,0r2,

(3.32)
= a(U)T + k210°T + ka1,
where
o1(p) = Re (B11) 1 + Re (Ba1) 2, oa() = Bispa + Baspia,
k11 = Re(B210), k12 = Re(Bioa), k21 = By, k22 = Boos.

By the center manifold theorem due to Carr [53] and the bifurcation theorem [52,54], the dynamics of system (1.2) near the
bifurcation value is topologically equivalent to that of the normal form near the sufficiently small neighborhood of « = 0.
The dynamics of the normal form (3.32) in the sufficiently small neighborhood of the origin of the 11—, plane is completely
determined by the coefficients a1 (1), a2 (1), k5, i, j = 1, 2. For all possible dynamics of the normal form (3.32), refer to the
books [54,55].

4. Numerical simulations

In this section, we make some numerical simulations to support and extend our analytical results. Takingd; = 0.02, d, =
0.2, ¢ = 0.2, the positive equilibrium E* exists provided that a > 0.8b. It follows from (2.6), (2.8) and (2.10) that n = 2 and
24 4 14 2 27 147
=—b——, b>1; ly:a=—b— —,— <b< —.
25 25 15 2520 20
The straight line Hy intersects with £, at the point P*(3, 68/25) and system (1.2) undergoes Hopf-Turing bifurcation near
the positive equilibrium E*(75/68, 1125/68) at the point P*. According to the procedure in Section 3 with n = 2, the normal
form truncated to the third order terms is

Hy : a

p = (0.4811 — 0.512) p — 0.0436p> — 0.3027 pr?,

(4.1)
i = (1.0182u1 — 1.0909x,) r — 0.3296°r — 0.1953r°>.

Notice that p > 0 and r is an arbitrary real number. System (4.1) has a zero equilibrium Ay = (0, 0) for all w1, uo,
three trivial equilibria A; = (/0.48u; — 0.5u,, 0) for 0.4841 — 0.5, > 0 and Azi = (0, £4/1.018214; — 1.0909147)
for 1.01821 — 1.0909u, > 0, and two nontrivial equilibria

AT = (/2350241 — 2.5485115, ++/1.2472 111 — 1.2847 1)
for 2.3502p41 — 2.5485u, > 0 and 1.2472u¢ — 1.2847 1, > 0. Define the critical bifurcation lines as follows:
H:Mz=§m; T:uz=Em;
25 15
Ty : puy =0.92221, pq > 0; Ty : puy =0.97081, w1 <O.

Then, according to the results in [54], the bifurcation diagram in the (w1, 1) parameter plane and the corresponding
phase portraits of system (4.1) in the (p, r) plane can be shown in Fig. 1. The (w1, uy) parameter plane is divided into
six regions characterized by the phase portraits (Fig. 1). Notice that the zero equilibrium A of (4.1) corresponds to the
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Fig. 1. Bifurcation and phase portraits of (4.1) near the point P* = (3, 68/25). Here, the origin of the 11—, plane corresponds to the point P* = (3, 68/25)
of the b-a plane.
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2 T " 400 S T 400
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distance x 13X 200 distance x TS w0

time t 0o time t

0o
Fig. 2. When (i1, i) lies in region @, the positive constant equilibrium is asymptotically stable.

constant equilibrium E* of the original system (1.2). The equilibrium A; in the p-axis of (4.1) corresponds to the spatially
homogeneous periodic solution of the original system (1.2). The equilibria Azi in the r-axis of (4.1) correspond to the steady
state solutions of the original system (1.2) like cos(2x) shape. While the nontrivial equilibria Af generate solutions of the
original system (1.2) with spatial structure like cos(2x) shape and periodic temporal structure.

Therefore, for system (1.2), the spatiotemporal dynamics near the Hopf-Turing bifurcation point P* can be described
by Fig. 1. In region @, there is only one positive constant equilibrium which is asymptotically stable, as shown in Fig. 2.
In region @, the positive constant equilibrium becomes stable and only the Hopf bifurcation occurs. The emerging state of
system (1.2) is homogeneously periodic oscillation. For (1, (2) = (0.05, 0.047) € D,, Fig. 3 is the numerical simulation of
the dynamics of system (1.2) with the initial values u(x, 0) = 0.3604 — 0.0001 cos(2x), v(x, 0) = 4.3974 — 0.0002 cos(2x),
showing the existence of stable homogeneously periodic oscillation. In region ®, there are two spatially inhomogeneous
steady states and a homogeneous periodic solution. The spatially inhomogeneous steady states are unstable and the
homogeneous periodic solution is asymptotically stable, and there exists an orbit connecting the unstable steady state
to the stable spatially homogeneous periodic solution. For (i1, ;) = (0.05,0.04612) € Ds; and the initial values
u(x,0) = 0.3596 — 0.0001 cos(2x), v(x,0) = 4.3870 — 0.0002 cos(2x) close to the unstable spatially inhomogeneous
steady state, Fig. 4 shows the existence of this connecting orbit.

In region @, stable spatially inhomogeneous steady states and the homogeneous periodic solution coexist. The emerging
state of system (1.2) is therefore either the homogeneous periodic solution or spatially inhomogeneous steady states
depending on the selection of the initial values. For (w1, 2) = (0.05,0.04612) € Dy, Figs. 5-8 illustrate the dynamics
of system (1.2) for different initial values. For these parameters, the positive constant equilibrium is E* = (0.3339, 4.0741).
A small constant perturbation of this positive constant equilibrium yields a stable homogeneous periodic solution, as
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Fig. 3. When (i1, 2) lies in region @, the positive constant equilibrium E*(0.3604, 4.3974) becomes unstable and there exists a stable spatially
homogeneous periodic solution.
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Fig. 4. When (11, i) lies in region ®, the positive constant equilibrium E*(0.3596, 4.3870) is unstable. There are unstable spatially inhomogeneous
steady states and a stable homogeneous periodic solution and there exists an orbit connecting these two states.
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Fig.5. Stable homogeneous periodic solution for (141, 42) belonging to region ®, which coexists with two spatially inhomogeneous steady states as shown
in Fig. 6.
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Fig. 6. Two spatially inhomogeneous steady states for (111, u2) belonging to region ®, which coexist with the stable homogeneous periodic solution as
shown in Fig. 5.
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Fig. 7. The evolution of the spatiotemporal dynamics of system (1.2) for («1, i) belonging to region @ and the initial values close to the unstable saddle.
The system starts from a solution with certain spatiotemporal pattern and finally evolves into a stable homogeneous periodic solution.

shown in Fig. 5 with the initial values u(x, 0) = 0.3339 + 0.5, v(x, 0) = 4.0741 + 0.6. For the initial values close to
spatially inhomogeneous steady states, the system finally evolves into spatially inhomogeneous steady state like cos(2x)
shape. Fig. 6 illustrates the results for the initial values u(x, 0) = 0.3339 — 0.5 cos(2x), v(x, 0) = 4.0741 — 0.6 cos(2x)
and u(x, 0) = 0.3339 + 0.5cos(2x), v(x,0) = 4.0741 4+ 0.6 cos(2x). In addition, notice that for (w1, u2) belonging to
region @ the normal form (4.1) has two unstable nontrivial equilibria A3i (saddle points). So, system (1.2) has unstable
states with inhomogeneous spatial structure like cos(2x) shape and periodic temporal structure. Figs. 7 and 8 illustrate the
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Fig. 8. The evolution of the spatiotemporal dynamics of system (1.2) for (x4, t2) belonging to region @ and the initial values close to the unstable saddle.
The system starts from a solution with certain spatiotemporal pattern and finally evolves into a stable spatially inhomogeneous steady state.
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Fig.9. When (11, 1) lies in region ®, the positive constant equilibrium E*(0.3327, 3.9259) is unstable. There are stable spatially inhomogeneous steady
states and an unstable homogeneous periodic solution and there exists an orbit connecting these two states.

spatiotemporal dynamics of system (1.2) for the initial values u(x, 0) = 0.8 + 0.2 cos(2x), v(x, 0) = 4.8 4+ 0.3 cos(2x), and
u(x, 0) = 0.3339 + 0.3 cos(2x), v(x, 0) = 4.0741 + cos(2x), respectively.

In region ®, system (1.2) has two stable spatially inhomogeneous steady states (to that shown in Fig. 6) and an unstable
homogeneous periodic solution. For the initial values u(x, 0) = 0.3427 — 0.0003 cos(2x), v(x, 0) = 3.9359 — 0.001 cos(2x)
which is sufficiently small perturbation of the constant equilibrium E*(0.3327, 3.9259), Fig. 9 shows the existence of the
orbit connecting the unstable homogeneous periodic solution to the stable spatially inhomogeneous steady state.

In region ®, system (1.2) has only two stable spatially inhomogeneous steady states. For any small perturbation of the

positive constant equilibrium E*, the system finally evolves into a stable spatially inhomogeneous steady state very similar
to that shown in Fig. 6.

5. Conclusion

In this paper, we have studied the spatiotemporal dynamics of a ratio-dependent predator-prey model with diffusion
near the Hopf-Turing bifurcation point. The normal form for the Hopf-Turing bifurcation has been derived. The classification
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of the spatiotemporal patterns and their stability have been determined according to the corresponding normal form.
The spatiotemporal dynamics near the Hopf-Turing bifurcation point can be explicitly classified into six scenarios: stable
constant equilibrium; purely spatially pattern (spatially inhomogeneous steady state); purely temporarily periodic pattern
(spatially homogeneous periodic solutions); coexistence of stable spatially pattern and unstable temporarily periodic
pattern; coexistence of unstable spatially pattern and stable temporarily periodic pattern; bistability between spatial and
temporal modes. In the region where the bistability occurs, there also exist the mixed spatiotemporal periodic patterns.
These six bifurcation scenarios are well confirmed quantitatively by numerical simulations.
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