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ABSTRACT. In this paper, we study the effect of chemotactic movement of
CTLs on HIV-1 infection dynamics by a reaction diffusion system with chemo-
taxis. Choosing a typical chemosensitive function, we find that chemoattractive
movement of CTLs due to HIV infection does not change stability of a positive
steady state of the model, meaning that the stability /instability of the model
remains the same as in the model without spatial effect. However, chemorepul-
sion movement of CTLs can destabilize the positive steady state as the strength
of the chemotactic sensitivity increases. In this case, Turing instability occurs,
which may result in Hopf bifurcation or steady state bifurcation, and spatial
inhomogeneous pattern forms.

1. Introduction. Some living organisms or cells, such as somatic cells and lym-
phocytes, have the ability to detect certain chemicals in their environment and
adapt their movement accordingly, moving either toward or away from the chem-
ical stimulus. This phenomenon is called chemotaxis or generally chemosensitive
movement. In the mathematical literature, the term chemotaxis is used broadly
to describe general chemosensitive movement responses, including chemoattraction
(positive chemotaxis) and chemorepulsion (negative chemotaxis). However, in the
experimental community, for example, in leukocytes trafficking mechanism, the term
chemotazis is defined only as chemoattraction, that is, an active movement of leuko-
cytes toward chemokinetic agents, while chemorepulsion is referred to as fugetaxis,
describing the active movement of leukocytes away from chemokinetic agents. In
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this paper, we use chemotazis to mean the general chemosensitive movement, either
chemoattraction (positive chemotaxis) or chemorepulsion (positive chemotaxis).

Cytotoxic T lymphocytes (CTLs), or effector CD8' T cells, play a critical role in
host defense against human immunodeficiency virus type 1 (HIV-1) infection. Nor-
mally, effector T cells leave lymph nodes and traffic to peripheral sites of infection.
However, in HIV-1 infection, the majority of HIV-1 replication occurs in lymphoid
tissues. To implement their antiviral activity, CTLs must migrate reversely back
into infected lymphoid tissues, and remain within them . Thus the recruitment of
CTLs is very important for the clearance of HIV-1. The movement of lymphocytes
between the circulatory system and specific tissues is coordinated by Chemokines
and their receptors. For example, inflammatory chemokines guide effector T cells
to exit lymphoid tissues and home to peripheral sites of infection. HIV-1 infection
and replication in the lymphoid tissues changes the chemotactic and cellular en-
vironments. As HIV-1 disease progresses, the homing ability of CTLs to infected
lymph nodes may be disrupted, due either to reduced lymph node chemokine levels
or reduced CTLs chemokine receptor expression, and thus affect the cytotoxic effect
of CTLs in advanced HIV-1 infection [5].

Many viruses encode chemotactically active proteins. For instance, the enve-
lope protein gpl120 of HIV-1 has been shown to act as a T-cell chemoattractant
via binding to the chemokine receptor and HIV-1 coreceptor CXCR4. However,
some studies [4, 18] showed that HIV-specific CTLs move toward or away from
the CXCR4-binding HIV-1 gp120 in a concentration-dependent manner. The high
concentration of CXCR4-binding HIV-1 gp120 repels HIV-specific CTLs, while low
concentration of gp120 attracts CTLs with specific interaction with CXCR4. The
repellant activity of HIV-1 gp120 on CTLs causes the active movement of HIV-
1-specific CTLs away from the site of infection, which allows the virus to evade
immune recognition and invade immune system.

In this paper, we study the effect of chemotactic movement of CTLs during HIV-
1 infection by mathematical modeling. We denote by T'(x,t), I(x,t) and E(z,t) the
population densities of uninfected CD4% T cells, infected CD4™ T cells and CTLs
at location = at time t respectively. Assuming that the virus population is at a
quasi-steady state [15], we consider the following model.

%—Z:DTAT+h7dTTfﬂTI,

oI

5 = DIAL+ BTI —diI — plE, (1)
OF cET

— = DpAFE \EY(E,I)VI —dgFE.

S = DEAE+ 9 [BU(E. V1) + 1 -~ do

Here, we assume that uninfected CD4T T cells are recruited at a constant rate h,
and infected at a rate S7I. The infected cells are cleared by CTLs at a rate pIE.
The CTLs proliferate in response to antigenic simulation with a rate cEI, and the
rate of CTLs expansion saturates as the number of CTLs grows to relatively high
numbers. 1/n represents the saturation level. Uninfected CD4™ T cells, infected
CD4* T cells and CTLs are lost at rates drT, d;I and dgE respectively.

In this model, we assume that uninfected CD4" T cells and infected CD4™ T cells
move randomly, with the diffusion coefficients D7 and Dj respectively. In contrast,
the diffusion of CTLs consists of two parts, the random diffusion and the chemo-
tactic movement. The random diffusion coefficient is assumed to be Dpg, that is,
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the diffusion flux of CTLs is proportional to their density gradient Jp = —DgVE.
As mentioned above, the HIV-1 viral protein gp120, binding with the coreceptor
CXCR4, acts as a chemoattractant or chemorepellant for CTLs. Thus, the chemo-
taxis flux Jo of CTLs depends on the their own density, the density of HIV-1 viral
protein gp120, and the density gradient of this protein. Here we assume that the
density of viral protein gp120 binding to CXCRA4 is proportional to the density of in-
fected CD4™1 T cells, and the chemotaxis flux of CTLs is Jo = —E¥(E, I)VI. The
derivation of this chemotactic term can be referred from the works of Painter [12] and
Hillen [8]. The function ¥(E, I') represents the chemotactic response, which denotes
chemoattraction (chemorepulsion) if it is negative (positive). Notice that movement
of CD4™ T cells may be very slow comparing with CTLs, that is, Dy < Dg, or
they even do not diffuse at all in the lymphoid tissue. Here we assume that Dy > 0
but very small compared with Dg for the sake of mathematical consideration.

For the PDE model system (1), we consider the no-flux boundary conditions:
or 0l 0F
ov v  ov

The rest of the paper is organized as follows. In section 2 we discuss the well-

posedness of the model. Linear stability of the steady states are shown in section 3.
The conditions for Turing instability and pattern formation are derived in section
4. Numerical simulation about the stability of positive steady state, steady state
bifurcation, Hopf bifurcation and pattern formation are shown in section 5. Finally,
we present conclusions and discussions in section 6.

0, Vxeo, t>0. (2)

2. Global existence of solutions. We assume that €2 is a bounded domain in
R™ with smooth boundary 9. For the chemosensitive function W (FE,I), we post
the following standard hypothesis:

(H) ¥ € C?(R2,Ry), satisfying (i) ¥(0,1) =0, U(E,0)=0; (ii) there exists suffi-
ciently large E)j; > 0, such that W(E,I) =0, for E > Ejy; (iii) for chemore-
pulsion case W(E,I) > 0 for 0 < E < Ej, and for chemoattractive case
U(E,I)<0for 0 < E < Eyy.

Let p > n so that the space W!?(£2,R3) is continuously embedded into the
continuous function space C(£2,R?) (see, e.g.,[1]). We consider solutions of (1)-(2)
in the following solution space

X = {w € WHP(Q,R?) | w(Q) € R3, g—w =0on aQ} :
14

System (1)-(2) can be rewritten as the following abstract quasilinear parabolic
problem
we + A(w)w = F(w), 3
Bw =0, (3)

where for z = (21, 29, 23)

- ow

A(z)w = — Z 0;(a;k(2)0kw), Bw = o
J,k=1

Dr 0 0

Dy 0o |,

a(z) = (aj,k(Z))3X3 = 0
0 23\11(2’3,22) DE
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and for w = (T, I, E),

cBI T
=|\h—drT —-pTI1,8TI —d;I —plE, —— —dgE | .
F(w) ( T — BTI, B i L E>
We see that a(z) € C*(R3, L(R?)), where L£(R?®) denote the space of all 3 x 3 real
matrices, and the eigenvalues of a(z) are all positive for each z € Ri. Moreover,
the boundary value problem (A, B) is normally elliptic (see, e.g., [3]).
We consider (1)-(2) with the following initial conditions

T(0,2) = To(x) 20, I(0,2)=Io(z) 20, E(0,2)= Eo(z) =0, A

with (To(a). o(x), Eo(a)) € C(0, ). W
Existence and uniqueness, as well as nonnegativity of solution of (1)-(2) are obtained
in the following two theorems.

Theorem 2.1. The following statements hold:
(i) The problem (1)-(2) has a unique solution (T, I, E) with
(T,1,E) € C([0,79),X) N C>'((0,79) x Q,R?),

defined on a mazimal interval [0,79) X Q where 79 depends on the initial data
(T07 IOa EO);

(i) T(t,x) >0, I(t,z) >0, E(t,z) >0, forall (¢,2) € [0,79) x Q;

(ii) If (T,1, E)|(070)007] is bounded in C(Q,R3) and bounded away from the
boundary of R3 for evrey 7 > 0, then 19 = 400, namely, the solution exists
globally.

Proof. Noting that System (3) is normal eliptic and triangular, (i) follows from
Amann [2](Theorem 1) or Amann [3] (Theorem 14.4 and Theorem 14.6). From
Amann [3] (Theorem 15.1), we get (ii), the nonegativity of the solution. Apply
Amann [2] (Theorem 5.2) , we obtain (iii), the condition for global existence of a
solution. O

The following theorem confirms that the existence of solution is indeed global if
Dy = Dy.

Theorem 2.2. Assume that Dy = Dy. Suppose that (T,1,E) is the solution
obtained in Theorem 1, then it is a global solution to system (1).

Proof. In order to prove the global existence of the solution, by (ii) and (iii) of
Theorem 1, we only need to prove that (T, I, E) is bounded from above.

From the T' and I equations of (1), we see that
gt(T+I) = DTA(T+I) +h—dTT— d]I—pIE

< DrAT+ 1)+ h —dp(T + 1),

where d,,, = min{dr,dr-}. By Lemma 1 in Lou and Zhao [9], h/d,, is globally
attractive in C(Q2,R) for the scalar parabolic equation
ow(t, x)
ot
ow
v

= DrAw(t,z)+h—dyw(t,x), z €N, t >0,

= 0,z€00,t>0.
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The parabolic comparison theorem (see, e.g., Theorem 7.3.4 in [13]) implies that
T + I is bounded on [0,7). This together with the non-negativity of T'(¢,x) and
I(t,x) further implies that T'(¢,x) and I(¢,z) are both bounded. We assume 0 <
T(t,z) < Thr, 0 < I(t,z) < Iy

Let Ey = W%EI M- Define the differential operator P by

cEl
E=FE,—DgAE -V - (EVY(E,I)VI E— .
PE =B~ DpAE - V- (B¥(EDVD + (4 - {50 )

LIM

For any solution of system (1), we have PE = 0. However, for Epy = s

sufficiently large, by (H), we have
CEMI &
PEy =dgEy — ————— >dgEy — — Iy =0.
M EM1+77EM_E]VI nM

On the boundary 01, ag—yM = 0. Therefore, £ = FE); is a upper solution of the F

equation in system (1). By the comparison principle, we then obtain that E(t,z) <

E)s. Therefore, the solution (T, I, E) is bounded from above, completing the proof.
O

Notice that we assumed D7 = D; in the proof of Theorem 2, and this will be
assumed in what follows.

3. Linear stability analysis. System (1) has three possible spatially homoge-
neous steady states:

(i) the infection-free steady state So = (h/dr,0,0) always exists;

(ii) if Ro := hB/drdr > 1, there exists a virus-established steady state S; =
(Ty,11,0), where
dy h dr
=—, II1=— ——;

B dr B

(iii) if ¢I; > dg, which is equivalent to Ry > 14 8dg/cdr, there exists a positive
steady state S* = (T, I*, E*), where

1 drep | p ) <dTCp P ? cp
T'=— |- +=—d; )+ +=—d;y | +4h—
26 (BdEn n Bden  n dgn
h d
r=—_-=
BT B
Notice that if there is no saturation of CTL, that is  — 0, the positive steady state
tends to S5 = (Ty, I, Ef) where

1
) E*:f(ﬂT*fdl)
p

he dE 1
5 =———, Ij=—, Ej=-(8T"—dj).
0= Urc+ Bdg 0 c 0 p(ﬂ 1)
It can be verified that under the assumption cI; > dg, the following holds
Iy <I" < 1.

Indeed,

I"'<Il, < pT">d;

drep  p )2 cp ( drep  p )2
+5—dr) +4n—— > +=+d
(Bdm no dgn Bdgn T
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drcp p)
<= 4h—>4d + =
dpn I(ﬁdm 1
h dr dg
7>7 —
= R 3 + ;
<~ cl; >dg.
hep
I <I* T < —M——
0 < — f dre+ dnp
drep | p 2 cp
—= +=—dr | +4h—
Bdgn  n EN
2hcf (chp D )r
< - +=—d
{chmEﬂ Bdpn " n
2
— P . ( 2hc8 ) 4hef (chp I)
dEn dTC-l-dEﬂ dTC+dE BdEn
., bldrc+dpp) < heB dTCp+£ dr
Bdgn drc+dgB  Bdgn 1
hef
— ———d; >0
drc+dgB "
<— cly >dg.

It is straightforward to verify that cI; > dg is equivalent to

Ro>1+ %

CdT
The formulas of the positive steady state (T*, I*, E*) are very complex. Before
discussing the stability of the steady states, we investigate the dependence of the
positive steady state on parameters. One can easily verify that 7% is an increasing
function of p,c,d;, and a decreasing function of 8, n, dr, dg; I'* is an increasing
function of 8, n, dg, and a decreasing function of p, ¢, dr, dy; E* is an increasing
function of ¢, and a decreasing function of 7, dg. Here, we take the parameter ¢
as an examples to demonstrate that as ¢ increases, T and E* increases while I'*

decreases.

For ¢ > 0, let f(c) := drcp + p —dg, g(c) = 4h%7 and F(c) == —f(c) +

_ﬁdn
f(e)? + g(c), then T*(c) = T L F(c ), and
e 2f<c>f'<c>+g'<c> R
PO = O TP e VIO + a0 [2f’(c) i ﬂ'
Furthermore,
’ _ drp ’ 4 P (¢ _L’(C) i_ %
P =gt o=l Fo= 20 0
Therefore,
T(c) = %}"’( >0, I'(c)= ;L;F::(SZ <0, E(c)= ST*’(C) > 0.

In a similar way, we can show the dependence of T, I'* and E* on other parameters.
In what follows, we discuss the linear stability of the steady states. In the absence
of spatial effect, we know that Sy is locally asymptotically stable if Ry < 1; Sy is
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locally asymptotically stable if Ry > 1 and cI; < dg; S* is locally asymptotically
stable if cI; > dg. In fact, these results can be obtained from the discussion below
as a special case when the spatial effect disappears.

Let S = (1,1, E) be a steady state of the system (1). Then the linearization of
system (1) at S is given by

ou
— = (DA +A 5
5 (DA + A)u, (5)
where
Dr 0 0 —dTTBI A BT . ()A
D)= 0 Dr 0 |,A¥)= BI BT —d; — pE —pl ,

and u = (u1, ug,us,uq)T, (S) := EW(E,I). Notice that ¥(Sp) = 0, ¥(S;) =0
and U* := U(S*) = E*U(E*, I*).
The corresponding characteristic polynomial of the linearized system (5) is
| X[ +Dk* — A |=0, (6)

where & > 0, called the wavenumbers or the wave modes, are the eigenvalues of
Laplace operator on a finite domain with no-flux boundary conditions. For instance,
in one-dimensional domain [0, L], k? = n?L?/72, or in two-dimensional domain
[0, Ly x [0, L], k* = (n?/L2 + m?/L2)n?, where n and m are integers. X\ is the
eigenvalue which determines temporal growth. The steady state S is linearly stable
if ReA < 0, for every eigenvalue A of (6) (see, e.g., [11]).

Theorem 3.1. The infection-free steady state Sy = (h/dr,0,0) is linearly stable if
Ro < 1, and unstable if Rg > 1

Proof. For the infection-free steady state Sy = (h/dr,0,0), we have

Dr 0 0 —dr —Bh/dr 0
D(Sy) = 0 Dr O , A(Sp) = 0 Bh/dr —d; 0 ,
0 0 Dg 0 0 —dg
and the characteristic equation of the linearized system at Sy is
A+ Drk? + dr Bh/dr 0
0 )\—‘rDTkQ—ﬁh/dT-Fd[ 0 =0.
0 0 A+ DEI{ZQ +dg

It has eigenvalues \; = —Drk? —dr, Ao = —Drk?+Bh/dr —d;, \3 = —Dgk?® —dg.
Note that Ay < 0, A3 <0, and Ay = —DT]C2 +d1(R0 - 1). If Rog <1, then Ay <0
for all k. Therefore, if Ry < 1, the steady state Sy is linearly stable. If Ry > 1,
then Ay > 0 for some small modes k, including & = 0, which means Sy is unstable,
completing the proof. O

Theorem 3.2. The virus-persistence steady state S1 = (T, I1,0) is linearly stable if
Ro > 1 andcly < dg (i-e., Rog > 1+ Bdg/cdr). It is unstable if Ry < 1+ Bdg/cdr.

Proof. For the steady state Sy = (11, I1,0), we have

Dy 0 0 —dp—BI,  —BT 0
D(S1) = 0 Dr 0 , A(S) = B, BTy —d;  —ph
0 0 Dg 0 0 ch —dg
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Noticing that 877 = dy and dr + 811 = hB/d;, the characteristic polynomial of the
linearized system at S7 is given by

)\+DTk2+h5/d[ dr 0
—hﬂ/d[-f—dT A+ Dpk? ply =0.
0 0 )\+DEk52—Cll+dE
One eigenvalue is A\ = —Dgk? + c¢I; — dg, which is negative for all k¥ > 0 as
cl; < dg. Other eigenvalues are determined by
A2+ a1 (KX + as(k?) = 0, (7)
where
h
a(k?) = 20pk?+ 20
dr
Drh 1
as(k?) = D2k*4+ =L Brz 4 (Ro — 1).
dr drdr

It is obvious that a;(k?) > 0 and ay(k?) > 0 if Rg > 1. Thus the roots of (7) have
negative real parts for all k. Therefore, if Ry > 1 and cI; < dg, the steady state
S1 is linearly stable. In contrarily, Sy is unstable if Ry < 1 or ¢l; > dg, since if
cl; > dg, A1 > 0 for some small k including k = 0; if Ry < 1, az < 0 for some small
k, which implies (7) has at least one eigenvalue with positive real part, completing
the proof. O

Theorem 3.3. Assume cI; > dg so that S* = (T*,I*,E*) exists. Then it is
linearly stable if b3(k®) > 0 and by (k*)ba(k?) — b3(k?) > 0 for k > 0, where by, by
and bz are given below by (9), (10) and (11) respectively; otherwise, it is unstable.

Proof. For the positive steady state S*, the characteristic polynomial is given by

A+ Drk? 4 dp + BI* BT 0
—BI* A+ Drk? pI* -0,
0 Uk — 2B A+ Dphk? +dp — 5%y
that is,
A3 by (K*)A2 4 bo(K*)N + b3(k?) = 0. (8)
Here
1
bi(k?) = (2D + Dp)k?® +d I'+dp(1—- ——+r
1(k%) = (2Dr + Dg)k® +dr + BI* + E( 1+77E*>>0’ 9)
bg(kQ) = Clk4 + 62k2 + C3, (10)
where
ci = D2+2DyDg >0,
= (Dr+ Dg)(d I*)+2Dpdg (1 — ———— | — pI* U~
e = (Do Dedr +61) +20rdp (1= ) -y,

1
s B 1+nE*

(dT + BI*)CZE (1 ) + pdgE* + BQI*T* > 0,

bs(k?) = d1kS + dak® + d3k® + du, (11)
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where

di = D2Dg >0,

1

dy = Dr|Dg(d I"Y+ Drdg (1 — ——— )| — DppI*U*

9 T{ g(dr + BT) + TE< 1+77E*>} TP )

ds = Dr(d Idg (1 — ——— ) + DrpdgE* + DgB?T*I*

3 r(dr + 8 )E( 1+77E*)+ rpdpE* + Dpf3

—(dp + BI*)pI* U™,
1

di = pdgE*(d I* T rde (1 — ——— 0

4 pdpE*(dr + BI") + 3 E( 1+77E*)>’
Also

by (k)b (k%) — bs(k?) = hik® + hok®* + hak? + hy, (12)
where
hy = 2Dp(Dr+ Dg)* >0,
1

ho = (Dr+ Dg) |(dr + BI*)(3Dy + Dg) +4Dpdp (1 — ———

—(Dr + Dg)pI*¥~,
hy = 2DpB°I*T* + (Dr + Dg) [pdg E* + (d7 + BI*)?]

+2 |:(2DT + Dg)(dr + BI") + Drdg (1 - H—r]E*ﬂ dg (1 - 1+77E*)

1
E< 1+77E*>p ’
1

he = |(d ")+ (d Idg (1 - ——— dpE*
4 |:(T+/B ) +(dr+ 5 )E< 1+77E*>+pE ]

1
1— — )82 7* )
xdE< 1+nE*>+(dT+ﬁ )5 >0

By Routh-Hurwitz Criteria, Re(\) < 0 for every eigenvalue  if and only if b (k%) >
0, b3(k?) > 0 and by (k?)ba(k?) — b3(k?) for k > 0. Note that by(k?) > 0 for k > 0.
Therefore, S* is linearly stable if and only if b3(k?) > 0 and by (k?)bo(k?) — b3(k?)
for k£ > 0. O

Notice that, in the absence of diffusion, that is, in the spatial homogeneous case
(k = 0), b3(0) = dy > 0 and b1(0)b2(0) — b3(0) = hy > 0, which imply that the
positive steady state S* is linearly stable if it exists, that is, if cI; > dg. In contrast,
under the same condition, the homogeneous steady state S* can be unstable to
small spatial perturbations when diffusion is present, for instance if b3(k?) < 0 or
b1 (k?)ba(k?) — b3(k?) < 0 for some modes k. This diffusion-driven instability is
called Turing instability [11].

4. Turing instability and pattern formation. Among the two conditions
b3(k?) > 0 and by (k?)ba(k?) — b3(k?) for k > 0 in Theorem 3.3 that ensure the
stability of S*, violation of each will lead to different consequences: when bz(k?)
changes from positive to negative, typically there will be steady state bifurcation
resulting in occurrence of a spatially heterogeneous steady state; whereas when
b1 (k?)ba(k?) — b3(k?) changes from positive to negative, Hopf bifurcation will occur
causing temporally periodic solution oscillating about the constant steady state S*
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(see, e.g., Yu [19]). Thus, it is worthwhile to explore the possible sign changes for
those two quantities.

We expect spatial pattern formation when the homogeneous positive steady state
S* loses its stability, that is when bg(k?) < 0 or by (k®)ba(k?) — b3(k?) < 0. To
investigate conditions for Turing instability, we denote ¢4(s) =: b3(s) and ¢ (s) =:
bl(S)bQ(S) — b3(8), that is

¢d(8) = d183 + d282 + d3s + dg, th(S) = h183 + h282 + h3s + hy,

where s is assumed to be s € R. We see that ¢4(s) has a negative root, since d; > 0,
¢pa(—00) = —oo and ¢4(0) = dy > 0. Now if dy > 0 and d3 > 0, then ¢4(s) > 0
for s > 0, and there is no bifurcation. We only need to worry the case of either
dy < 0 or d3 < 0 for which ¢4(s) may have two (up to multiplicity) or no positive
roots, by the Descarte’s rule of signs, and in the latter case, b3(k?) = ¢4(s) remains
positive for all s > 0. A steady state bifurcation occurs if ¢4(s) has two distinct
positive roots. The conditions for the existence of two distinct positive roots of
¢a(s) can be determined by the sign of ¢q(s?), where s is one of the roots of
¢',(s) = 3dys? + 2das + d3, say

1 /
Si = 37(11 (—dg + d% — Sdldg) .

According the the signs of do and dsz, we have the following three cases.

(i) If d5 < 0, then \/d% — 3did3 > |da|, s1 > 0 and s < 0. In this case, ¢a(s)
has two distinct positive roots, if and only if ¢d(si) < 0.

(i) If d3 > 0 and do < 0, then for different cases of d3 — 3d;ds, we have that
(ii)-1 d3 — 3dids > 0 = \/d3 — 3d1d3 < |do| => s% > s > 0;
(i)-2 dj —3dids = 0 = s = —3% > 0= ¢/j(s) > 0 for s € R;
(ii)-3 d3 — 3dids < 0 = ¢/;(s) > 0 for s € R.
In the case (ii)-1, ¢a(s) has two positive roots, if and only if ¢4(s?) < 0,
and in the cases (ii)-2 and (ii)-3, ¢4(s) does not have any positive root and
¢a(s) >0 for s > 0.
(iii) If d3 = 0 and ds < 0, then si >0, s =0, and ¢4(s) has two distinct positive
roots if and only if ¢4(sL) < 0.
From the above, we conclude that ¢4(s) has two positive roots if one of the
following conditions is satisfied.
(C1) d3 < 0, ¢a(s?) < 0;
(C2) d3 >0, dy <0, d} — 3dids > 0, ¢a(sL) < 0;
In these cases, for some values of s = k2, b3(k?) becomes negative destroying the
stability of S*.
Similarly, let ¢p(s) =: b1(s)ba(s) — b3(s) = h1s® + has? + h3s + hy and denote

1 /
S}i = % (—hg + h% — 3h1h3> .

Then, ¢p,(s) can become negative only when it has two positive real roots, and this
is implied by one of the following two conditions:
(C3) h3 <0, ¢p(sh) <0
(C4) hs >0, hy <0, hg —3h1hs >0, ¢h(8}j_) < 0.

Turing instability may occur if one of the conditions (C1)-(C4) is satisfied, re-
sulting formation of patterns. Notice that the formula of (bd(si can be simplified
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to the following form

2 d3 dad
oulst) = 3 (-5 ) st (4= B2).
applying the fact that ¢[(s?) = 3d1(s‘i)2 + 2das? +d3 = 0.

A challenging problem for chemotaxis models is the blow-up of solutions in finite
time. Blow-up of solutions implies the whole population concentrate in a single
point in a finite time. To avoid a blow-up, various mechanisms are introduced
[7, 8, 14, 17]. One mechanism is to consider the volume-filling effect [12, 17], which
supposes only a finite number of cells can be accommodated at any site. We assume
the chemotactic response function has the form U(E,I) = x(I)q(F), where the
chemotactic sensitivity function x(I) is chosen to be a constant x. The volume-
filling effect is described by ¢(E) satisfying ¢(Ep) = 0, and ¢(E) > 0 for all
0 < E < Ejp, where E)y is the upper bound of the CTLs population E in the
model, which shows the maximum number of cells those can be accommodated at
any site. The function ¢(F) is considered as the probability of the cells finding a
space at its neighboring location depends upon the availability of space. In this
paper, we choose a simple form ¢(E) =1— % for the volume-filling effect of CTLs
to prevent the blow-up of solutions of the model. Thus we adopt the following form
for the chemosensitivity function U(E, I):

E
U(E,I)=x <1 - E) , for a chemorepulsion system (13)
M
and
E
U(E,I)=—x (1 - E> , for a chemoattraction system. (14)
M
Furthermore, we have
E*
U* = yE* (1 -5 ) >0, for a chemorepulsion system (15)
M
and
Ut = —xE*(1- 7 < 0, for a chemoattraction system. (16)
M

For a chemoattraction system, U* < 0 implies that ds,d4, ho and hy are all
positive, meaning that S* is always linearly stable and thus, Turing instability will
not occur. However, for a chemorepulsion system, Turing instability may occur. To
demonstrate this we choose x, the strength of the chemotactic sensitivity, as the
bifurcation parameter and numerically explore the occurrence of Turing instability.
Naturally, one would expect that there exists a critical value x. such that there is
no pattern formation if x < x., while pattern will be formed if x > x.. Notice that
dy, dy, hy and hy4 are independent of x, while da(x), ds(x), ha(x) and hs(x) are
linear strictly decreasing functions of x, with d;(0) > 0, h;(0) > 0, d;(+00) = —o0,
and hj(+o0) = —oo, (j = 2,3). Thus, d3(x) — 3dids(x) and h3(x) — 3hihs(x)
are quadratic functions, which tend to positive infinity as y — +o0o. Furthermore,
[Pa(s1)](x) = —o0, [¢n(s)](x) = —o0, as x — +oo. Therefore, as y increases, at
least one of the conditions (C1)-(C4) holds. The Turing instability threshold values
can be determined according to the conditions (C1)-(C4).

For example, to determine the threshold for steady state bifurcation, let x4 and
x4 be the roots of da(x) = 0 and dz(x) = O respectively, that is, da(x%) = 0
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and dz(x3) = 0. If x4 < x4, then at y = x4, we have d3 = 0, do > 0, s‘_f_ =
0 and @q(s) = dy > 0. Let x§ be the smallest value that satisfies x{ > x§,
[9a(sD)](xT) = 0, and [¢a(s1)](x) < 0 for x{ < x < x7 + 61, where §; > 0. Then
the condition (C1) holds for x§ < x < xi + 61.

In contrast, if x§ < Xg, then at x = x%, we have dy = 0, d3 > 0, d% — 3d1d3 =
—3dyds < 0. Let x¢ be the root of d3(x) — 3di(x)ds(x) = 0 satisfying x4 > x2 ,
then x§ < x3. At x¢, we have d3 — 3d1ds = 0, d3 > 0, d> < 0, and [¢a(s%)](x]) =

dy — %27713 > 0. The condition (C2) does not hold for x < x%. Let x5 be the

smallest value that satisfies x5 > x§, [¢a(s?)](x5) = 0, and [pa(s4)](x) < O for
X5 < X < X5 + d2, where d; > 0. In this case, if x5 < x4, then the condition (C2)
holds for x5 < x < x5 + 2, while the condition (C1) holds for x5 < x < x5 + 02
if x5 > x§.

Therefore, the value x7 or x5, which is determined by the roots of [¢a(s1)](x) =
0, presents the threshold for steady state bifurcation. Similarly, the threshold value
X3 or x4 for Hopf bifurcation can be derived according to the conditions (C3) and
(C4), which is determined by the roots of [¢5(s)](x) = 0.

From the above analysis, we know that S* may lose its stability leading to bi-
furcation when ¢q(s%) = 0 or ¢, (s”) = 0. The bifurcation occurs at critical values
x = x5 and x = xX which are determined by ¢d(si)|xs =0 and ¢h(si)|XH =0.

Among these two critical values, x5 is a steady state bifurcation value, while x is
a Hopf bifurcation value. If x5 < xH and xJ < x, ¢a(s) has two positive solutions
s¢ and s¢ which give a range of unstable wave numbers k% € (s¢,s4). Similarly, if
xH < x9 and X < x, ¢n(s) has two positive solutions s and s which also give
a range of unstable wave numbers k2 € (s}, sh).

Notice that when we derive the bifurcation thresholds, we assumed s (i.e k?)
to be continuum. However, with finite spatial domains, there is a discrete set of
possible modes k as mentioned above. Therefore, the threshold values x5 and xH
obtained here may be not the exact bifurcation values. x5 and xZ give the lower
bound of the bifurcation values. The exact bifurcation values may be somewhat
greater than x5 and x, depending on the size of the domain and the shapes of
da(s) and Pp(s).

In a special case, if the uninfected cells and infected cells cannot diffuse (Dp = 0
we have d; = 0, dy = 0 and h; = 0. Thus ¢4(s) = dzs + dy and ¢ (s) = has?
hss + hy. Tt is easy to see that the Turing instability conditions change to (H
dsz < 0, or (H2) hy < 0, or (H3) hy > 0, hg < 0, h3 — 4hohy > 0. If (H1) holds, a
steady state bifurcation occurs, while there is a Hopf bifurcation if any of (H2) and
(H3) is satisfied. The threshold value for steady bifurcation is x5 = x4, the root of
d3(x) = 0. From the formulas of hy and hz, we know that the root x4 of ha(x) =0
is always smaller than the root x% of h3(x) = 0. Thus, the threshold value for Hopf
bifurcation is x2 = x4, according to the conditions (H2) and (H3).

);
+
1)

5. Numerical simulation. In this section, we use the framework of section 4 to
perform some numerical simulations to explore the aforementioned bifurcations. To
this end, we choose x as the bifurcation parameter and other baseline parameters as
h=10,dr =0.1,d; =0.2,dg = 0.1, 3=0.1, p=0.5,¢c = 0.2, n = 0.01 and F); =
2000, then Rg =50 > 1, I} — ‘%E = 48.5 > 0, and S* = (64.0197,0.5620, 12.4039).
The space is assumed to be one-dimensional and Q = [0,ln], then k? = n?/I?
where n is an integer and [ = 3. In what follows, we suppose that k assumes
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continuous values (i.e. s is continuous), in order to derive the threshold values of x
for bifurcation. We choose W(E, I) as (13), and x as the bifurcation parameter.

First, we consider the case D = 0. Assuming Dg = 1, we obtain xJ = x4 =
0.6650 and X = x4 = 0.0451 (see Fig. 2-(a) and (b)). Since xZ < x?, Hopf
bifurcation may occur at x = xX = 0.0451, and pattern forms for y > x. Fig.
1 shows the pattern formation of the model when x = 0.5 and x = 0.6. We can
determine the unstable wave modes from Fig. 2-(c). For x = 0.05, the zero point
of ¢n(s) = 0is s; = 38.1088, and ¢p(s) < 0 for s > s;. The minimal unstable
mode k; = ny/l is the smallest k = n/l that greater than /57 = 6.1732. Here, we
obtain n; = 19, and pattern forms for modes k = n/l, where n > 19. Similarly,
for x = 0.06, we obtain that the zero point of ¢ (s) = 0 is so = 12.6025, and the
unstable wave modes are k = n/l, where n > 11.
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FIGURE 1. Temporal and spatial evolution of T'(x,t), I(x,t) and
E(x,t). First row: x = 0.05. Second row: x = 0.06.
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FIGURE 2. (a) Graph of ¢p(s,x) = ha(x)s% + h3(x)s + hy = 0.
(b) Graph of ¢4(s,x) = d3(x)s + dgs = 0. The horizontal lines are
s =n?/I?, where | = 3, and n is a positive integer, 1 <n < 51. (c)
Graphs of ¢.(s) when x = 0.05 and x = 0.06.
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Next we consider the case when Dp > 0. To show two different bifurcations,
steady state bifurcation and Hopf bifurcation, we choose two sets of different dif-
fusion rates of the populations: (I) Dy = 0.005, Dg = 0.1, and (II) Dy = 0.1,
Dg = 0.1. For the case (I), we see from Fig. 3-(a) that steady state bifurcation
may occur for some modes k and some range of x, and Hopf bifurcation can also
occur for some other modes k and x. In contrast, for the case (II), Fig. 3-(b)
shows that steady state bifurcation may occur for some wave modes k, and Hopf
bifurcation cannot occur, since x satisfying bs = 0 (i.e. ¢4 = 0) is always smaller
than y satisfying bi1by — b3 = 0 (i.e. ¢, = 0), for all modes k.
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FIGURE 3. Graphs of ¢4(s,x) = d153 +da(x)s? +d3(x)s+ds =0
(black) and ¢p(s,x) = h15> + ha(x)s? + ha(x)s + ha = 0 (ved). (a)
Dy = 0.005, Dg = 0.1. (b) Dy = 0.1, Dg = 0.1. The horizontal
lines are s = n?/[2, where [ = 3, and n is a positive integer, (a)
1<n<35 (b)1<n<13.

For the case (I), that is, when D7 = 0.005 and Dg = 0.1, the curves of d3(x) —
3d1ds(x), [6a(s)]00), B3(x) — 3h1ha(x) and [én (%)) (x) are shown in Fig. 4-(a),
Fig. 4-(b), Fig. 4-(c) and Fig. 4-(d) respectively. The roots of these functions in
the corresponding regions are Xg = 0.0288, x¢ = 0.0321, xé” = 0.0186 and x! =
0.0209 respectively. The functions da(x), ds(x), ha(x) and hs(x) are linear strictly
decreasing functions of y, and roots of these functions are given by Y4 = 0.0045,
x4 =0.0722, x4 = 0.0052 and x% = 1.8747 respectively.
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FIGURE 4. (a) d3(x)—3d1ds(x). One zero point: y = 0.0288. (b)
[Pa(s2)](x). One zero point: x = 0.0321. (c) h3(x) — 3hihs(x).

One zero point: x = 0.0186. (d) [¢n(s”)](x). One zero point:
X = 0.0209.
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Applying the bifurcation conditions (C1)-(C4), we find the bifurcation threshold
values x5 = x? = 0.0321 and x = x? = 0.0209. Since ¥ < x5, Hopf bifurcation
may occur at x = xX and temporal periodic and spatial inhomogeneous pattern
forms for Y < y < x5. For x > x7, the positive steady state is unstable and
spatial heterogeneous pattern forms, which may be not temporal periodic.

400
200

Distance x 0 g Time t

Distance x 0p Distance x 0p

Time t

FIGURE 5. Temporal and spatial evolution of T'(x,t), I(x,t) and
E(z,t). The homogenous positive steady state S* is stable when
x = 0.02 (< xH).

Time t

FIGURE 6. Temporal and spatial evolution of T'(x,t), I(z,t) and
E(z,t). when xy = 0.029 (x < x = 0.029 < x%). The homoge-
neous positive steady state S* is unstable, and spatial patterns are
formed.

Fig. 5 shows that the positive steady state S* is stable as xy = 0.02 < xZ. As x
increases so that x > x but x < x7, the positive steady state S* becomes unstable,
and Hopf bifurcation occurs. Fig. 6 shows the temporal and spatial evolution of
T(z,t), I(z,t) and E(x,t). From the end part of the these time evolution figures
(i.e., the figures in second row of Fig. 6), we see the form of spatial patterns and
temporal periodicity of the solutions. Fig. 7 shows the periodic solutions at space
locations x = 1.5m and = = 3w. The amplitudes of the periodic solutions vary in



2582 XIULAN LAI AND XINGFU ZOU

different space locations as shown in Fig. 7. We see that the amplitudes at z = 1.5
are greater than those at © = 37 for T'(x,t), I(x,t) and E(x,t) respectively. When
X = 0.033 which exceeds the threshold value x?, the positive steady state also loses
its stability and spatial heterogeneous pattern forms, which may be not periodic,
as shown in Fig. 8.
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FIGURE 7. Temporal evolution of T'(z,t), I(z,t) and E(z,t).
First row: x = 1.5m; Second row: z = 3w. When xy = 0.029
(xH < x =0.029 < x?), Hopf bifurcation occurs for the system,
and there are periodic solutions.
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FIGURE 8. Temporal and spatial evolution of T'(x,t), I(x,t) and
E(x,t). The homogenous positive steady state S* is unstable and
spatial patterns form when y = 0.033 (> x?).

For the case (II), that is, when Dy = 0.1 and Dg = 0.1, Fig. 9-(a) and Fig.
9-(b) show the curves of d3(x) —3d1ds(x) and [pa(s?)](x) respectively, as Fig. 9-(c)
and Fig. 9-(d) show the curves of h3(x) — 3hihs(x) and [¢n(s")](x) respectively.
Roots of these functions in the corresponding regions are & = 0.0474, x¢ = 0.0561,
B = 0.1187 and x" = 0.1373 respectively. The functions da(x), d3(x), h2(x) and
hs(x) are linear strictly decreasing functions of y, and roots of these functions are
given by x4 = 0.0048, x4 = 0.1814, x4 = 0.0193 and x% = 5.2828 respectively.
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FIGURE 9. (a) da(x)%2—3d1d3(x). One zero point: x = 0.0474. (b)
[Pa(s2)](x). One zero point: x = 0.0561. (c) ha(x)?* — 3h1hs(x).
One zero point: x = 0.1187. (d) [¢n(s”)](x). One zero point:
Y = 0.01373.

Applying the bifurcation conditions (C1)-(C4), we obtain the bifurcation values
xS = x¢ = 0.0561 and xX = x" = 0.1373. Since x5 < xH, we know that steady
state bifurcation may occur at x = xf and spatial pattern forms for y > XCS . The
positive steady state S* is stable when x is less than the steady state bifurcation
value x5. However, when x exceeds the bifurcation value x?, the positive steady
state loses its stability and spatial inhomogeneous pattern forms, as shown in Fig.
10, where x = 0.06. In this case, Hopf bifurcation cannot occur, which can be seen
from Fig. 3-(b), showing that b3(x) always reaches zero before by (x)ba(x) — bs(x)
reaching zero for all mode k > 0.

Distance x oo

FIGURE 10. Temporal and spatial evolution of T'(z,t), I(x,t)
and E(z,t). The homogenous positive steady state is unstable and
spatial patterns form when y = 0.06 (> x5).

6. Conclusion and discussion. In this paper, we have studied the effect of
chemotactic movement, including chemoattaction and chemorepulsion, of CTLs on
the HIV-1 infection dynamics by a reaction diffusion model with chemotaxis. In the
absence of spatial effect, that is, without random diffusion and chemotactic move-
ment, the homogeneous positive steady state is locally stable. Choosing the typical
chemotactic sensitivity function (14), we found that chemoattraction movement of
CTLs also cannot destabilize the homogeneous positive steady state, and there is
no heterogeneous pattern formation.

In contrast, chemorepulsion movement of CTLs can lead to instability of the ho-
mogeneous positive steady state and formation of spatially heterogeneous patterns.
Using the typical chemotactic sensitivity function (13) and choosing the strength
of chemotactic sensitivity x as the bifurcation parameter, we found that Turing
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instability occurs when x exceeds some threshold. The bifurcation may be steady
state bifurcation or Hopf bifurcation depending on x and other parameters, such
as the diffusion coefficients Dy and Dg. We identified four conditions (C1)-(C4)
from which bifurcation thresholds may be derived. With a finite domain in one
dimensional space, we demonstrated the stability of positive steady state, steady
state bifurcation and Hopf bifurcation for different diffusion coefficients Dy and Dg
and chemotactic sensitivities y.

The chemotactic movement of CTLs leads to the instability of the homogeneous
positive steady state and pattern formation or periodic solutions of the system
for some range of parameter values. With stable patterns or periodic solutions, the
concentration of infected cells and virus load cannot stabilize at a constant level, but
show heterogeneous distributions or oscillations. This is important for experimental
or clinic estimation of virus load. Due to the heterogeneous distributions or periodic
oscillations, lower (or higher) virus load detected at a site and at a moment does
not indicate the same lower (or higher) load at different sites for a long time. The
oscillations of viral load levels in the plasma are also plausible under the effects of
immune responses or delays in the virus infection dynamics (e.g., see [6]).

In order for CTLs to successfully control HIV-1 infection, they must home effi-
ciently to infected tissue sites and migrate within the infected tissue to the virus-
infected cells. In this paper, we only considered the chemotactic sensitivity functions
(13) and (14) for chemorepulsion and chemoattraction models respectively. For the
chemoattraction model with (14), the negativity of U* drives the positive steady
state to be stable. If other chemotactic sensitivity functions are chosen so that ¥*
is not always negative, then it is possible that Turing bifurcations may also occur
for chemoattraction model. For example, for the Macroscopic form of Lapidus and
Schiller (with receptor response law)[10],

N E—

(K +1)%

E* P 2
U*=_—_F*(1— — 1-—
( EM)(KH*V( K+I*>’

which is positive for some K. For small K, there may be Turing bifurcation and
pattern formation. More intensive investigation is needed for this, which is left as
possible future work.

In our chemorepulsion model, the chemotactic sensitivity is assumed to be con-
stant and positive. However, some experiments (e.g., [4]) demonstrate that gp120
elicits bidirectional T-cell movement in a receptor-mediated, concentration-depen-
dent manner, attracting CD8T lymphocytes and HIV-specific CTLs maximally at
low concentration of gpl20 and repelling the same cells at a higher concentra-
tion of gpl120. Therefore, the chemotactic sensitivity function should be negative
(chemoattraction) for low concentration of gp120 and positive (chemorepulsion) for
high concentration of gp120. Relating to our simplified model, the chemotactic sen-
sitivity function should be negative (chemoattraction) for low level of I(x,t) and
positive for high level of I(x,t). Considering this in our model, the analysis would
be more difficult mathematically, and is thus also left for our future work.

we have
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