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Abstract. In this paper, we establish the existence of traveling wavefronts for
delayed reaction diffusion systems without quasimonotonicity in the reaction term,
by using Schauder’s fixed point theorem. We show the merit of our result by applying
it to the Belousov-Zhabotinskii reaction model with two delays.

1. Introduction. Traveling wave solutions for reaction diffusion systems without
time delay have been extensively and intensively studied, see, for example, the books
Britton [1], Fife [2], Murray [6], Volpert et al [11], the book review Gardner[3], the
recent model study on this topic by Satnoianu et al [7], and the references therein.
But little work has been done on traveling wave solutions for reaction diffusion
systems with time delay. Schaaf [8] is the pioneer work, where systematically stud-
ied is a scalar reaction diffusion equation with a single discrete delay by using the
phase-plane technique, the maximum principle for parabolic functional differential
equations and general theory for ordinary functional differential equations.

Zou and Wu [15] consider systems with quasimonotonicity and a single delay, and
establish existence of traveling wavefronts by first truncating the unbounded domain
and then passing to a limit. Recently, Wu and Zou [13] further study more general
reaction diffusion systems with general finite delays, where both quasimonotone
and non-quasimonotone reaction terms are explored. The approach in Wu and Zou
[13] is a monotone iteration scheme combined with upper-lower solutions technique.
In addition to the applications in Wu and Zou [13], the main theorems in [13] have
been applied to various delayed systems in S. Gourley [4], So, Wu and Zou [9] and
So and Zou [10].

Ma [5] goes along the direction of Wu and Zou [13], but gives up the monotonicity
of the iteration. Instead, he employs the Schauder’s fixed point theorem to the
operator used in Wu and Zou [13] in a properly chosen subset in the Banach space
C(R, R™) equipped with the so called exponentially decay norm. The subset is
constructed in terms of a pair of upper-lower solutions, which is less restrictive than
the upper-lower solutions required in Wu and Zou [13]. This makes the searching
for the pair of upper-lower solutions less harder. For example, an upper solutions
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does not have to be in the profile set. But Ma [5] only considers systems with
quasimonotone reaction terms, that is, systems of the form

2

0 0
&u(x,t) = D@u(z,t) + flue(2)), (1.1)

with f: C([-7,0]), R™) — R" satisfying the following quasimonotonicity:

(QM) There exists a matrix 8 = diag(f1,- - ,0n) with 8; > 0, = 1,--- ,n, such
that

f(o(x)) = f(¥(2)) + Blo(x)(0) — ¢(x)(0)] =

0
for q[ﬁ(x),i]/}(x) € X = C([-7,0; R™) with 0 < ¢(z)(s) < ¢(x)(s) < K for
s € |—1,0].

Here, t € R, x € R,u € R", D = diag(dy,...,d,) with d; > 0,i =1,--- ,n; f:
C([-1,0]), R™) — R™ is continuous, f(0) =0 = f(K) and f(u) # 0 for u € (0, K).
For any fixed « € R,u(z) € C([—7,0], R™) is defined by u:(z)(0) = u(t + 0, z) for
0 € [-7,0]. In the sequel, when there is no confusion, we will drop the x and write
Ut (IE) = U¢.

On the other hand, it is quite common that the reaction term in a model system
arising from a practical problem may not satisfy (QM). A simple but typical and
important example is the so called Hutchinson equation

2

gu(m,t) =D

ey x,t) + u(z, )1 — ulz, t — 7). (1.2)

Rk
Thus, it is worthwhile to further explore this topic for systems without quasimono-
tonicity, and this constitutes the purpose of this paper.

In this paper we will consider the existence of traveling wavefronts of (1.1).
Motivated by Wu and Zou [13], we will propose a less restrictive condition on the
reaction term as follows:

(QM™*): There exists a matrix § = diag(f1, -+ ,0,) with 5; > 0,i =1,--- ,n,
such that

f(¢(x)) = f(¢(x)) + Blo()(0) — ¢ (2)(0)] = 0

for ¢(x), ¢(x) € X = C([~7,0): R*) with (i) 0 < (x)(s) < 6(x)(s) < K for
s € [-7,0]; and (ii) e**[¢(x)(s) — 1 (x)(s)] non-decreasing in s € [—T,0].

As in Ma [5], we will construct a subset in the Banach space C(R, R"™) equipped
with the exponential decay norm, and apply the Schauder’s fixed point theorem to
the operator used in Wu and Zou [13] and Ma [5] to establish the existence of a
traveling wavefront. The subset is obtained from a pair of upper-lower solutions,
but unlike in Ma [5], we also take into account the fact that the reaction term only
satisfies (QM*). A merit of our main theorem is that we do not require that the
upper solution p(t) be monotone and satisfy lim;_._, p(t) = 0. This brings certain
convenience in searching for an upper solution. For example, in the system case,
some components of an upper solution can be chosen to be constants, and thereby,
the corresponding wave system can be decoupled to some extent. Such a merit
will be demonstrated by applying the main theorem to the Belousov-Zhabotinskii
reaction model with two delays, to which, the original theory in Wu and Zou [13] is
not easy (if not impossible) to apply and the main result in Ma [5] does not apply.
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2. Preliminaries. In this paper, we use the usual notations for the standard or-

dering in R™. That is, for v = (uy,...,u,)? and v = (vy,...,v,)T. we denote
u<wvifu <w;, i =1,...,nand u < v if u < v but v # v. In particular,
we denote u < v if u < v but u; # v;,1 = 1,...,n. If u < v, we also de-

note (u,v] = {w € R" : v < w < v}, [u,v) = {w € R" : uw < w < v},and
[u,v] = {w € R™ : u < w < wv}. Let | - | denotes the Euclidean norm in R™ and || - ||
denote the supremum norm in C([—7,0], R") .

A traveling wave solution of (1.1) is a solution of the special from w(z,t) =
¢(z + ct) where ¢ € C?(R, R"™), and ¢ > 0 is a positive constant accounting for the
wave speed. Substituting u(z,t) = ¢(x + ct) and denoting x + ct by ¢, we obtain
the corresponding wave equation

D¢ (t) — cd'(t) + fe(¢e) =0 (2.1)
where f.(¢s) : X. = C([—er,0], R™) — R" is defined by
fe() = f(¥),  ¥°(s) =(cs), se€[-7,0] (2.2)

If for some ¢ > 0, (1.1) has a monotone solution ¢ defined on R, subject to the
following asymptotic boundary condition

Jim 6= and L () =64, (2.3)

then the corresponding solution u(z,t) = ¢(x + ct) is called a traveling wave front
with wave speed c¢. Therefore, (1.1) has a traveling wavefront if and only if (2.1)
has a solution on R satisfying the asymptotic boundary condition (2.3). Without
loss of generality, we assume ¢_ = 0 and ¢4 = K, thus (2.3) can be replaced by

tlir}loo ¢(t) =0 and tiigloo o(t) = K. (2.4)

Correspondingly, we make the following hypotheses:

(A1) f(0) = f(K) = 0 with 0 < K, where by @ : [-7,0] — R" is the constant
function with value w for all ¢ € R.
(A2) There exists a positive constants L > 0 such that

1£(60) = F@0) < Lllp - .
for ¢,v € C([—7,0], R™) with 0 < ¢(s),v(s) < K, s € [-7,0].

As mentioned in the introduction, we will use a pair of upper-lower solutions of
(2.1) to construct a subset of C'(R, R™) in which the Schauder’s fixed point theorem
can be applied to the related operator. To this end, we need to make it clear what
upper and lower solutions mean.

Definition 2.1. A continuous function p : R — R" is called an upper solution
of (2.1) if p’ and p” exist almost everywhere (a.e.) in R and they are essentially
bounded on R, and if p satisfies

Dp"(t) — cp'(t) + fo(pt) <0, ae. in R. (2.5)

A lower solution of (2.1) is defined in a similar way by reversing the inequality in
(2.5).

In what follows, we assume that an upper solution p and a lower solution p of
(2.1) are given so that (H1) 0<p<p<K,teR,

(H2)  limy. oo p(t) =0, lim;_.o p(t) = K,
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(H3)  The set

(i) ¢ is nondecreasing in R, and p(t) < ¢(t) < p(t);
(i1) e’*[p(t) — ¢(t)] and eﬁt[¢(t) — p(t)] are
I'(p,p)=c¢pc C(R,R"): nondecreasing in t € R;
- (iii)  ePt[@(t + s) — H(t)] is nondecreasing
int € R for every s > 0.
is non-empty.
We will further explore the properties of F(Bv p) in Section 3.
Assume that (QM*) holds. Define H : C(R,R") — C(R, R"™) by

H(¢)(t) = fe(dr) + Bo(t) ¢ € C(R,R") (2.6)
where  is as in (QM*). The operator H enjoys the following nice properties:
Lemma 2.1 (Wu and Zou [13])  Assume that (QM*) and (A1) hold. Then for
any ¢ € I'(p, p) we have (i) H(¢)(t) >0, t€ R,

(ii) H(¢)(t) is nondecreasing int € R
(i) H(Y)(t) < H(¢)(t) fort € R and ¢ € C(R,R"™), with 0 < (1) < ¢(t) < K
and eBt[p(t) — (t)] non-decreasing in t € R.
In terms of H, (2.1) can be rewritten as
D" (t) — cd(t) — Bo(t) + H($)(t) =0, t€R. (2.7)
Define

A\ C—\/C2+4ﬁidi A\ c+ \/C2+4ﬁidi
1i = a; 9 = .
2d; 2d;
Let Clog(R,R") = {6 € C(R,B") : 0 < ¢(s) < K, s € R}. By (H1)-(H3),
I'(p, p) C Cpo,x](R, R™). Define I : Cjo (R, R") — C(R, R") by

(Fox) = oy | IO+ [ o) 6]
(2.8)

fori=1,...,n and ¢ € Cyg g)(R, R™). It is easy to show that " is well-defined on
Co,x](R, R"™), and for any ¢ € Co k](R, R"), F(¢) satisfies

D(F¢)" — c(F¢)' — B(F¢) + H(¢) =0 (2.9)
Thus, if F(¢) = ¢, i.e., ¢ is a fixed point of F', then (2.7) has a solution ¢. If this
solution is monotone and satisfies the boundary condition (2.4), then we obtain a
traveling wave front for (1.1).

Corresponding to Lemma 2.1, we have the following lemma for F', which is a
direct consequence of Lemma 2.1.

Lemma 2.2  Assume that (QM™*) and (A1) hold, then for any ¢ € T'(p,p),
have -

(i) F(¢)(t) is nondecreasing in t € R;

(ii) F(¥)(t) < F(@)(t) fort € R and 1y € Cio (R, R™) with 0 < (t) < ¢(t) < K
and eP[p(t) — 1(t)] non-decreasing in t € R.

In the next section, we will apply Schauder’s fixed point theorem to F' in the
subset T'(p, p). For this purpose, we need to introduce a topology in C(R, R").
Let p > 0 be such that g < min{—XA1;, Ag;,¢ = 1,...,n.}. Equip C(R, R") with
the exponential decay norm defined by |@|, = sup;cg|¢(t)|rne #*l. Denote corre-
spondingly B, (R, R") = {¢ € C(R,R") : sup,c|o(t)|rne ™"l < oo}. Then it is
easy to show that (B,(R,R"™),||.) is a Banach space.
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3. Main result. Now we state our main theorem.

Theorem 3.1  Assume that (QM*), (A1) and (A2) hold. In addition to (HI)-
(H3) , we assume the upper solution p(t) and the lower solution p(t) further satisfy
(H4)  f(a) #0, for u € (0,infrec rp(t)] Ulsup;erp(t), K).

Then, (1.1) has a traveling wavefront solution.

In the remainder of this section, we will assume ¢ > 1 —min{8;d;; i =1,--- ,n},
which can always be realized by choosing g; sufficiently large, without violating
(QM*). In order to prove this theorem, we first establish the following lemmas.
Lemma 3.1  Under the assumptions of Theorem 3.1, I'(p, p) is a closed, bounded
and convex subset of B,,(R, R™).

Proof Boundedness is obvious. Let ¢, € I'(p, p) with ¢,, — ¢ in B, (R, R"), i.e

lim _sup,c | (t) — o(t)]e " = 0.

Thus, ¢, (t) converges to ¢(t) point wise for every t € R as n — +o0o0. Obviously,
#(t) satisfies (i) of I'(p, p). For any t1,to € R with t; > t5 as s > 0, by condition
(ii) and (444) for I'(p, p), it follows that

eﬁtl [¢n(t1 + S) - (bn(tl)] > eﬁt2 [¢n(t2 + S) - ¢n(t2>]7
P p(t1) = u(t1)] = €™ [p(t1) — du(t)],
7 pn(tr) — p(t1)] 2 € [9n(t1) — p(ta))]-

Taking limit as n — oo, we have

PPty + 5) — d(t1)] > ”2[B(ts + ) — (t2)],
e p(ty) — o(t >Jze p(t) — ¢(t1)],
e p(tr) — p(t)] = " [p(t1) — p(t1)].

This implies that ¢(t) satisfies (ii) and (i3i) of I'(p,p). Hence ¢ € T'(p,p) and
therefore, T'(p, p) is closed. The convex property is a direct verification by definition.
This completes the proof.

Lemma 3.2 Under the assumptions of Theorem 3.1, F(I'(p,p)) C T'(p,p) -
Proof. For any ¢ € I'(p, p), p(t) < ¢(t) < p(t) and by Lemma 2.2 (i), F(¢)(t) is
nondecreasing in ¢t € R. Lemma 2.2 (4i) implies

F(p)(t) < F(¢)(t) < F(p)(t).
Repeating the proof of Wu and Zou ([13], Lemma 3.3-(4i3)) gives
F(p)(t) < p(t), F(p)t) = p(t),
and hence p(t) < F(¢)(t) < p(t).

Note that ¢ > 1 — min{8;d;; i = 1,--- ,n} implies 5; + A1; > 0 and 3; + Ay; > 0
(see Wu and Zou ([13] Lemma 4.2-(ii)), and thus,

PU(FP)i(t+ 5) — (F)i(t)]

dt
t —A1i60
— (B NpBitAL)t € ) _ .
=gt [ (6)0 4 5) — B0
67/\21»0

[Hi(9)(0 + s) — Hi(¢)(0)]d0

4 1+>\ i e(ﬁz‘+)\2i)t/ -
(8 21) ¢ di( Ao — A1g)
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Let w(t) = p(t) — (F¢)(t). Since p(t) is a upper solution of (2.1), by(2.9), we get
cw'(t) = Dw"(t) — fw(t) + [H(p)(t) — H($)(t)] > Dw"(t) — fw(t).

Repeating the proof of Wu and Zou ([13] Lemma 4.3), we can compute

S - FOOI} 20, teR

Similarly, e’ [F(¢)(t) — p(t)] is nondecreasing in t € R. Thus, F(¢) € T'(p, p), and
F(I'(p,p)) C I'(p,p). This completes the proof.

Lemma 3.3  Under the assumptions of Theorem 3.1, F is continuous with re-
spective to the norm |- |, in B,(R, R™).

Proof We prove Lemma 3.3 by two steps. The first step is to prove that H :
B,.(R,R") — B,(R, R") is continuous with respect to the norm |- |, in B, (R, R").

For any fixed € > 0, let § < m Then for ¢,v € B,(R, R") with

|6 — ¥, = supep|d(t) — v (t)|e ! < 4,

we have

(He)(t) — (H)(B)e T <[ f(¢e) — fwo)le ™+ IB]ll¢ — ],
< Ll — llx.e M+ [18][1¢ — ¢l
= Lsupse(—cro)|d(s + 1) — (s + 1) e 1+ ||B]]1¢ — ],
< Lsup(serld(s +t) — (s + t)]e " + 18] — v,
< Lsupger|¢(6) — (6) e #e*l +[[8]]]¢ — vl
< Le"|p — ¥l + 118l — ¢lu
< (Le" +11BI)|¢ — ¢lu < e.

Therefore H : B, (R, R") — B,(R, R") is continuous.
We next prove the continuity of F. If ¢ > 0, it follows that

[(Fp)i(t) — (Fap)i(t)|e1
< 1 |: )\21' — Ali " 2/~L
T di(A2i — M) L — A1) (s — ) )\%i 2

1 A2i — A4 2p _
= di(A2i — A1i) [(N = A1i)(A2i — ) * A - MQ] H(9) = HW)ly

O | (6) = H(w)l,

If t < 0 ,we have

[(F)i(t) — (Fb)i(t)|e "

1 )\21' - )‘12' 2“
§ di()\Qi - )\11') |:—(M + /\1i)(>\2i I M) + )\%l — MQ
< ! |: A2i — A1q
T di( A — A1) L—(

Ot | H(9) ~ B,

2p

+ H(¢p)— H .
Now the continuity of F' follows from that of H, and this completes the proof.
Lemma 3.4  Under the assumptions of Theorem 3.1, F : I'(p,p) — T'(p,p) is
compact.
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Proof We first established an estimate for F'. For any ¢ € I'[p, p], direct calcula-
tion shows

1 t
0 < (Fo)i(t) = 40w — 0 [)\ue’\“t[ e M (Hep):(0)do + (Hd))l(t)]
1 Feo
+m {)\2i€)\2"t /t e_)\Zie(H@i(e)dO + (H¢)z(t)] ;
Since (H¢);(0) > 0, A1; <0, Ag; > 0, we then have
1

/ Azt oo —A2i0 ) )
0< (Foy(n) < [paiet [T e 0(H0), )0 + 21500 (0)

di(A2i — A1i) ¢

+oo
< m {)\21‘@)\2it(Hﬁ)i(t)) /t e M2ilgg 4 2(H¢)Z(t)]

3 —
0w oy D).

(H1)-(H2) and Lemma 3.3 imply that H(p)(t) is uniformly bounded, hence, it
follows that F(I'(p,p)) is equicontinuous on I'(p,p). It is also easily seen that
F(T'(p,p)) is uniformly bounded.
Define
(Fo)(t),  t&[-n,n|;
(Fno)(t) = § (Fo)(n),  te (n,+00);
(F¢)(—n), te (—oo,—n).
Then for each n > 1, F,(I'(p,p)) is also equicontinuous and uniformly bounded
on I'(p, p). Now, as F},(¢) has a uniformly compact support for every ¢ € I'(p, p),
Ascoli-Arzela lemma can be applied to F,,, implying that F), is compact. B
Next we prove that F,, — F' in B, (R, R") as n — oo. This is obtained by the
following estimate.

supye gl (Fud)(t) — (F)()le ™1 = Supyc(_ oo ) Umoo) | (Fnd®) (£) — (Fp)(t)|e "
<2Ke ™" — 0, n— oo.

Now, by Proposition 2.12 in [14], it follows that F : T'(p,p) — T'(p,p) is also
compact. The proof is completed. B -
Proof of the Theorem 3.1. Combining Lemmas 3.1-3.4 with Schauder’s fixed
point theorem, we know that there exits a fixed point ¢ of F' in I'(p, p). In order to
show this fixed point is traveling wave front solution, we need to verify the boundary
condition (2.4).

First of all, ¢ € I'(p, p) implies that ¢ is monotone. Secondly, since 0 < p <
6(t) < p(t) < K, we have

0<¢- = lim ¢(t) <infrepp(t) < K

and
0 < supyepp(t) < ¢4 = tlggo o(t) < K.

Applying Proposition 2.1 in [13], we have f.(¢_) = f.(¢+)) = 0. Now (H4) implies
that ¢ =0 and ¢ = K, that is,

im ¢(t) =0, lim 6(t) = K.

Therefore, the fixed point does give a traveling wave front solution of (2.4).
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Remark 3.1.  Although the upper and lower solutions p(t) and p(t) are required
to satisty (H2), we do not require p(t) to be monotone and to satisfy lim;—._, p(t) =
0. This is a significant improvement of the corresponding result in Wu and Zou [13].
As will be seen in the next section, such an improvement does make the searching
of an upper solution easier.

4. Applications. We consider Belousov-Zhabotinskii system

Du(a,t) = Zyule, t) +u(z, 6)[1 — u(z, t) — ro(z, t)]
(4.1)
%v(w,t) = %v(m,t) — bu(z, t)v(z, ),

where r > 0 and b > 0 are constants, u and v correspond respectively to the
Bromic acid and bromide ion concentrations. This system has been studied by
many authors. (see e.g. Murray [6]) and can be regarded as a model for many
other biochemical and biological processes.

By incorporating two discrete time delay 7 > 0,72 > 0 into (4.1), we obtain a
delayed system

%u(x, t) = da—;u(x, t) +ul(x, t)[1 —u(x, t — 1) —rv(x, t — 7)),
(4.2)
%v(x,t) = 88—;1)(9:,& — bu(z, t)v(zx,t).

Wu and Zou [13] and Ma [5] consider the case of 7 = 0. In such a case, f = (f1, f2)
satisfies the quasimontonicity (QM). But if 7y # 0, then f = (f1, f2) is not quasi-
montone, and the existence of traveling wavefront solution of (4.2) has not been
considered elsewhere.

Substituting u(z,t) = ¢1(s), v(z,t) = ¢2(s),s = x + ¢t into (4.2), and still
denoting traveling wave coordinate s by ¢, the corresponding wave equation can be
written as

P (t) = e (t) + 1)1 = d1(t — cm1) = rda(t — c2)] = 0

(4.3)
5 (1) — cgh(t) — bp1(t)pa(t) = 0
with asymptotic boundary condition
limt—>—oo ¢1 (t) = 07 hmf—ﬂ)@ (bl(t) =1
(4.4)

lim; o ¢2 (t) =1, lim . ¢2 (t) =0.

Now, by making change of variable ¢5 =1 — ¢2, s =1 —r, and still denoting it by
¢2 for the convenience of notations, (4.3) and (4.4) become respectively

1(t) = ¢ (t) + dr(t)[s — 1 (t — cm1) + r¢(t — cm2)] = 0

(4.5)
5(t) — ey (t) + bp1(t)[1 — ¢2(t)] = 0
with asymptotic boundary condition
limy oo (01(2), $2(t)) = (0,0)
(4.6)

hmtaoo(qﬁl(t), ¢2(t)> = (1’ 1)'
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Denote ¢ = (¢1(t), d=2(t)) and

f1(9)(x) = ¢1(z)
f2(¢)(z) = b1 (z

For convenience, we identify ¢;(x)(s

0)[s = ¢1(2)(=71) + rda(z)(—72)]
0)[1 — ¢2(x)(0)]

= ¢;(s), i = 1,2, omitting x in the notation.

Lemma 4.1 If 7y is sufficiently small, then fi1(¢) and fo(o) satisfy the non-
quasimonotonicity condition (QM™*).
Proof Let 7 = max{m,m2}. For any ¢ = (é1,¢2), ¥ = (¥1,v92) € =
.0} R with (90 S 435) < (5) € K To € |70t )" o) i)
non-decreasing in s € [—7,0],7 = 1,2. we have
f1(é) = fr(¥)
= 5[01(0) = ¥1(0)] = [$1(0)p1(=71) — ¥1(0)¢p( — 71)]
+7[¢1(0)p2(—72) — ¥1(0)th2(—T72)]
= 5[¢1(0) = ¥1(0)] = ¢1(=71)[¢1(0) = ¥1(0)] — ¥1(0)[P1(—71) — Y1 (=71)]
+7¢2(=72)[¢1(0) = 1 (0)] + 71 (0)[p2(—T2) — Y2 (—T2)]
> [s = d1(=m1) = 1 (0)e™ ™ + ripa(—72)][61(0) — 1(0)]
> —(r+ M) [@1(0) — 91 (0)].
Similarly, we have f2(¢) — f2(¥) = —b[¢2(0) — ¥2(0)] Thus

f1(@) = f1(¥) + Ba[¢1(0) — ¢1(0)] = (Br — r — €”7)[1(0) — 1 (0)]
f2(9) — fa(¥) + B2[$2(0) — 12(0)] = (B2 — b)[¢2(0) — 12(0)]

If we choose

Gy >r+1, [B2>0. (4.7)
then, for sufficiently small 71, we have
Br—r—ehT >0, By>0 (4.8)

Hence (QM*) holds for f = (f1, f2). This completes the proof.

Assume 0 <7 <1, b > 0. For ¢ > 2, we can define

V24 N
)\126 c 7 )\220—&- cc + r (4.9)
2 2
Fix € > 0 such that
A+ B B
O<e<l-—r. 0<e< , O0<e< 4.10
26 b1+ A2 (4.10)
Then, we can choose sufficiently small « > 0 such that
1
0 e 4.11
<e< i (4.11)
A1+ B
0<e< , 4.12
@+ a)lh (412
A+ B
0<e< , 4.13
a(31+2a) *13)
O<e< b1 (4.14)

(14 20)(Br + A2)
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Define  p(t) = (p1(t), p2(t)) and p(t) = (p ( )s P ( )) by

) = oo tER; p2(t) =1. teR,
Aot
ge t <0,

p1(t):{5 £>0 p,(t) =0, t€ER.
Then, by (4.11), 0 < p(t) < p(t) < 1. In fact, if £ > 0, then py(t) > 1-|1-O£’ p,(t) =e.
By (4.11), we have p1(t) > p, (¢). If t <0, simple calculation shows that

1 et 1~ ge?st — qgerz At . l1—e(1+a) “o
1+ ae=Mit 14 ae Mt 14 ae Mt

Lemma 4.2 (i) If 7y is sufficiently small , then p(t) is an upper solution of

(4.5); (i) p(t) is a lower solution of (4.5).
Proof For py(t), it is easy to know that

PL(E) = cph(t) + pr(D)]s = pr(t — em) + rpa(t — e7o)]
<L) —epr () + pr(B)ls — pr(t = em) + 7]
=p{(t) = cpr(t) + pr(®)[L = pa(t — em)].
We know from Proposition 5.1.2 in Wu and Zou [13] that p;(t) satisfies
P(E) = e (t) + pr([L = pu(t = em)] <0,

provided that 7 is sufficiently small.
For pa(t) = 1, it is easy to verify that

P (t) = cpay(t) + bpr (t)[1 = pa(t)] = 0
Thus, p(t) = (p1(t), p2(t)) = (p1(t), 1) is an upper solution of (4.5).
For p(t) = (pl,pg) (p,,0), it is easy to know that

P () —cp (t) + p,(t)[s — p,(t — cT1) +7p,(t — cT2)]

=P () = cp (1) + p, ()]s — p, (t — e71)]

> pi(t) — cpl (t) + p, (t)[s — <.
If t > 0, then p (t) = . Since € <1—r = s, it follows that

// / —
pL) —cp (t) +p (t)[s —e] =¢e[s —¢] > 0.

Ift <0, then p (t) = ge*?t. Direct calculation shows that

P8 =) +p, (s —e] = e —cho+ (s o)
>ee N2 —chp4+5—1]=0.
For the second component, we have
Py () = cpy(t) +bp, (t)[1 — p, (t)] = bp, (t) > 0.
Therefore, p(t) = (p, (t), p,(t)) is a lower solution of (4.5). This completes the proof.

Lemma 4.3 Let 31 > A\, and o > 0 and 0 < ¢ < 1 be such that (4.10)-(4.14)
hold. Then T'(p, p) is non-empty.
Proof Let ¢(t) = (¢1(t), ¢2(t)) = (p1(t), ). We claim that ¢(t) € T'(p,p). In
fact, p1(t) is nondecreasing since

adge P2t

pi(t) = T+ e %2 > 0.
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Obviously, ¢2(t) = 5 is also nondecreasing in R, and p(t) < ¢(t) < p(t).
We need to prove eﬁt [6(t) — p(t)] and €*[p(t) — ¢(t)] are nondecreasing in t € R.
For e/ [gb(t) —p(t)]: Ift >0, then p1 (t) = €. Direct calculation shows that

1
{eﬁlt ¢)1 } _ ﬁlt m *6]}
et Mt 24 2t
= m[ﬂl(l — &) + (af + ahi — 2aBie)e M — aPefre M
eﬁlt

> m [51(1 — &)+ (af + al; — 2ape — 042551)6_)‘1‘5],

By (4.12), we have (1 —¢) >0, af1 + a\; — 2aB1e — a?eB; > 0, which imply
d
—{eﬁlt[cbl(t) —p, ()]} >0.

If t <0, then p (t) = ee??t. Since A1 < Ao, et > et After some calculation,
we obtain,

d eﬁlt
dt'1 + e Mt

{eﬁlt[dn( t)—p, (O]} =
eﬂlt

1 + ae >\1t 2 [

_2018(61 + >\2)6()\2 A1)t 28(61 + )\2)6()\2—2A1)t:|

ebrt |:

)

_ é—e(ﬁl +A2)t }

b1+ afre M+ are M — e(pr + )\2)6)\2t

[1+aeNt2 afy +ak —a’e(B1 + Ao)le M + By

—20e(f1 + A2) —e(B1 + A2) |-

By (4.13) and (4.14), it follows that

afy + al; — 0426(51 + )\2) > 0,

81— 2ae(B1 + A2) — (B + A2) > 0.
which imply

d et

E{ 14+ ae=Mt
Therefore, e?*[¢1 (t) —p, (t)] is nondecreasing in t € R. Clearly, e”![¢o(t) —p, (t)] =
3€72! is also nondecreasing. For e*[p(t) — ¢(t)], we can compute as follows. First,

Pt py(t) — ¢1( )] = €P1t .0 = 0 is nondecreasing. Secondly, e2![py(t) — ¢2(t)] =

e2![1 — 1] = Lef2 is also nondecreasing.

—ee@Han >,

Finally, e [#(t + s) — ¢(t)] is nondecreasing in ¢t € R for every s > 0. In fact,
ae(ﬁl*)\l)t[l — 67)\15] }

d
G+~ 00 = T e e
_all— e o= (B) — Ap) + Brae™ME + Brae M5+
[(1 4 ae 214D (1 4+ qe—r1t)]2
(51 + /\1)04267)‘1(5+2t))} -
[(1 + 0[67)‘1(5+t))(1 + ae*)‘lt)]Q = U.

which implies that e®:*[p;(t + s) — ¢1(t)] is nondecreasing in t € R for every
s > 0. P2 po(t + s) — ¢a(t)] = e”'[3 — 3] = 0 is also nondecreasing. Hence,
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o(t) = (1(2), P2(t)) = (P1(2), %) € I'(p, p), and this completes the proof.

we

Since inficpp1(t) = 0, inficr@a(t) =1, sup,cpi(t) = € and sup,cp2(t) =0,
see that f(a) # 0 for u € (0,inf;cp®(t)] U[sup,cr¥(t), K) = [e,1) x [0,1).

Applying Lemma 4.1-4.3 and Theorem 3.1 , we obtain

Theorem 4.1 Assume that b >0, 0 < r < 1. Then for every ¢ > 2, (4.5) has a
traveling wave front solution with wave speed ¢ which connecting (0,0) and (1,1),
provided that T is sufficiently small.

Remark 4.1: From the proof of Theorem 4.1, we can see that by setting the
second component of the upper and lower solutions to be constants, we can take
advantage of upper-lower solutions of the scalar equations. This shows the novelty
of our main theorem .

Acknowledgement: The authors would like to thank the referees for their valu-
able comments which have led to an improvement of the presentation of the paper.
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