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Abstract  We consider a delay predator—prey system without instantaneous negative feedback and
establish some conditions for global attractivity of the positive equilibrium of the system which generalize
and improve some of the existing ones. When the system is decoupled, one of the main results reduces
to the well-known Wright 3/2 stability condition for the delayed logistic equation.

Keywords: predator—prey system; pure delay; global attractivity

2000 Mathematics subject classification: Primary 34K20; 90D25

1. Introduction

We consider the global attractivity of the positive equilibrium of a predator—prey system
with delays modelled by

Nl(t) = Nl(t)[al — blNl(t — Tl) — ClNQ(t — 01)], }
(1.1)

Na(t) = No(t)[—az + caNi(t — 02) — baNa(t — 72)],
with initial conditions
Ni(t) = ¢i(t) 20, te[-A,0], ¢;(0)>0, i=12, (1.2)

where a;,b; >0, ¢; 20, 7;,0; 2 0 for i = 1,2 and A = max{r,72,01,02}.
When the predator species is absent, the prey species is governed by the well-known
delay logistic equation

Ni(t) = Ny(t)[ar — by Ny (t — 7)), } 13)

N(s) =0 forse[—7,0], N(0) > 0.

For (1.3), a well-known result (usually referred as Wright’s 3/2 criterion) is that if a17 <
%, then the positive equilibrium a4 /b; is globally attractive.
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496 X. H. Tang and X. Zou

On the other hand, if all delays are zero in (1.1), then system (1.1) simplifies to the
following autonomous system of ordinary differential equations:

Ny(t) = Ni(t)]ar — biNy(t) — e Na(2)], } (1.4)

Ng(t) = Ng(t)[—ag + co N, (t) — ngg(t)].

It is well known that all positive solutions N (t) = (N1(t), N2(t)) of (1.4) satisfy N(t) —
N* = (N{,N3) as t — oo if and only if

aicy — agby > 0, (Al)
where . )
a102 + azcy aice — a0y

N* =, N* = 1.5

! b1b2 + c1co 2 b1b2 + cico ( )

From this fundamental result, one naturally expects that under (A1) N* remains
globally attractive for (1.1), (1.2) if the delays are sufficiently small. This expectation
was confirmed recently by He [7]. Indeed, by constructing a Lyapunov functional, He
established the following theorem.

Theorem 1.1. Suppose that (A1) holds. Then the positive equilibrium N* for (1.1)
is globally attractive, provided that

(14 M2)r + g;{ﬁ s %(1 - M) o1+ M2oy + Mgrg} <2, (L6)
and - -
(14 M3 + Zi{rg + _1 + l%(l + Mf)— oy + Mim + Mgal} <2, (1.7)
where
M, = Z—llealﬁ and My = %;Z‘Mle(*a?“z]wl)”. (1.8)

Hofbauer and So [9] studied a general Lotka—Volterra system allowing distributed
delays but with instantaneous negative feedback, which, in the case of n = 2 and in the
context of predator—prey, includes the following system:

Nl(t) = Nl(t)[al — blNl(t) — 01N2(t — 0'1)], }
(1.9)

Ng(t) = NQ(t)[—ag + CQNl(t — 0'2) - bQNQ(t)],
The main theorem of [9] can be stated, as below, in terms of (1.9).

Theorem 1.2. Suppose that (A1) holds. Then the positive equilibrium N* for (1.9)
with (1.2) is globally attractive for all o1 and o9 if and only if bybs — c1co =0 or

b1by — c1c9 > 0. (DD)
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Theorem 1.2 is proved by constructing a Lyapunov functional, taking advantage of the
fact that there is no delay in the negative feedback terms b; N1 (t) and baNa(t) (i.e. the
system has instantaneous negative feedbacks).

From Theorem 1.2, we see that under the diagonal dominating condition (DD), the
off-diagonal delays do not affect the global attractivity of N* (assuming (A1)). This
suggests that one only needs to worry about the diagonal delays in this context. He [6]
made an attempt to partly address this problem by considering one diagonal delay. In
fact, He considered the system

Ni(t) = Ni(t)[ar — biNi(t — 7) — 1 Na(t — o)),
_ (1.10)
NQ(t) = Ng(t)[—ag + CQNl(t — 0'2) — bQNQ(t)]
and established the following result.
Theorem 1.3. Assume that (A1) holds, and that
c1Co 1—aj7e™”
— . 1.11
b1bo 1+ ai7en” ( )
Then the equilibrium N* is globally attractive for (1.10) with o1 = o2.
Obviously, (1.11) implies (DD). Note that (1.11) is equivalent to
biby — c102
nr < ————= 1.12
e blbg + ci1c2 ( )

which coincides with (DD) when 7 = 0. Therefore, under (DD), (1.12) gives an estimate
for the smallness of 7 with which N* remains globally attractive for (1.10) with o1 = o5.

Observe that if the capture rate ¢; = 0, the prey species again is governed by (1.3).
As mentioned before, when a;71 < 2, every positive solution Ni(t) of (1.3) tends to
N7 = a1 /b1, and thus the equation for Ns in (1.1) can be considered as an asymptotically
autonomous equation with the limiting equation

No(t) = No(t)[a — baNa(t — )], (1.13)

where a = —ag + (c2a1)/b; > 0 under (A1l). By the theory of asymptotically autonomous
systems (see, for example, [2]) and Wright’s criterion, one knows that the Ny component
of the solution of (1.1) converges to NJ as ¢ — oo, provided that ars < %, which holds
when 79 = 0.

With the above observation in mind, we feel that Theorems 1.1-1.3 are not satisfactory
at least in the following sense. The restrictions (1.6) and (1.7) in Theorem 1.1 and (1.11)
in Theorem 1.3 for smallness of delays do not reduce to Wright’s 3/2 criterion when the
system (1.1) is decoupled by letting ¢; = 0. Moreover, Theorem 1.3 was only for a special
case of (1.1) (i.e. 2 = 0 and 01 = 02), and even in such a special case, as observed above,
(1.12) can be improved.

Motivated by the above dissatisfaction, and encouraged by the authors’ recent work
[27,29], where 3/2-type criteria were obtained for the delayed competitive system of
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Lotka—Volterra type without instantaneous negative feedback, we will establish some
criteria of 3/2 type for the global attractivity of the positive equilibrium N*. Note that,
owing to the lack of instantaneous negative feedback, the global attractivity of systems
‘without instantaneous negative feedback’ (or ‘of pure-delay type’) becomes much more
difficult and has been studied by Gopalsamy [3], Gopalsamy and He [5], He [6-8], Kuang
[12,13], Kuang and Smith [14,15], Smith [19], So et al. [23] and Tang and Zou [28].
Also note that 3/2-type stability criteria for various scalar delay-differential equations
are available in [1,10-12,16-18,20-22,24-26,31-34].

The rest of the paper is organized as follows. In §2, we give the main results. In §3,
we establish some preliminary lemmas, which address the persistence and dissipativity
of system (1.8) and therefore, are of some interest and importance themselves. In §4, by
combing these lemmas with the ‘sandwiching’ technique and using some subtle techniques
of integration and inequality, we give the proofs of the main theorems.

2. Main results

Theorem 2.1. Assume that (A1) and (DD) hold, and that

Clcg(blbg — 0102)
2(b1b2 —+ 0162)

Then the positive equilibrium N* = (N7, N3) of (1.10) is a global attractor.

bl(albg + agcl)T < %(blbg — 0102) + (21)

It is easily seen that, by letting ¢; = 0, Theorem 2.1 reproduces Wright’s 3/2 result for
the autonomous delayed logistic equation (1.3). Note that the above 3/2-type condition
(2.1) is established for (1.10), where only one diagonal delay is present. In the case when
both diagonal delays are present, i.e. system (1.1), we are unable to obtain a similar
result by our method. The main difficulty is that in the case 7 # 0 we cannot determine
the two important inequalities (4.6) and (4.7) from (4.4), but these play a key role in
the proof of Theorem 2.1. However, the following theorem allows small 7o > 0, which is
along the lines of Theorem 1.2.

Theorem 2.2. Let

Ml = %exp(alﬁ + e_alﬁ — ].), (22)
1
— M
My = T2l —[: 2 exp[(—ag + coMy)0 + e~ (TaztexMyr _ 1], (2.3)
2

and
2 — (M;b;7;)?

[

]
") 13— 2(Mbi)] 24
- i0iTq .
[1 + Q(Mibﬂ'i)] ! T
for i = 1,2. Assume that (A1) and (DD) hold, and that

C1C2
—= < B1Bs. 2.5
b1bo < Db1b2 (2.5)

Then the positive equilibrium N* for (1.1) is a global attractor.
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When 7 = 0, By = 1, and we thereby have the following result for (1.10).

Corollary 2.3. Assume that (A1) and (DD) hold and that

2 (rMib)?] |
L)L e < 1,
ae _JRr@ELnP T 26)
b1ba [3—2(TMiby)] . '
— % ifTM 1
[T 2(rdhbyy oMb > 1,

where M is defined by (2.2). Then the positive equilibrium N* for (1.10) is a global
attractor.

Remark 2.4. In view of the proof of [7, Theorem 1.1], if the M; and M in (1.6)
and (1.7) are replaced by (2.2) and (2.3), respectively, the conclusion in Theorem 1.1 still
holds.

Remark 2.5. Theorems 2.2 and 1.1 are complementary. In Theorem 1.1, the condition
(DD) on the coefficients of (1.1) is not needed, but the restrictions on the off-diagonal
delays are added, whereas Theorem 2.2 is contrary to Theorem 1.1.

Remark 2.6. When 71 = 7 = 0, By = Bz = 0 and (2.5) reduces to (DD). Thus, in
such a special case of n = 2 and in the predator—prey context, Theorem 1.2 is slightly
less restrictive than Theorem 2.2, with the difference being between the use of ‘non-
negative’ and ‘positive’ for the term b1bs — cico. However, as stated in the title and
in §1, dealing with positive diagonal delays 71 and 75 is the primary goal of this work,
which Theorem 1.2 fails to acheive.

Remark 2.7. In condition (2.6),

TMiby = agTexp(aiT+e 47 —1) < alre(a”)z/Q.

Hence, condition (2.6) improves on (1.11) greatly.

3. Preliminary lemmas

In this section, we give some lemmas which will be used in §4 in the proofs of the main
theorems. The first one is from [29].

Lemma 3.1. Let a > 0 and 0 < pu < 1. Then the system of inequalities

1-— 1—p)%(1+42
yg (aJr,ua:)exp{ HJI’*( H’) ( + M)I2:| —a,
a

6a2(1 4 p) (3.1)
T—p (1= p)2(1+2u) 4 |
g;ga—(a—uy)exp[— a U7 6a?(1+p) ]

has a unique solution: (z,y) = (0,0) in the region D = {(z,y) : 0 < z < a, 0 < y < a/u}.
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Lemma 3.2. Assume that (A1) holds and let (N1(t), N2(t)) be the solution of (1.1)
and (1.2). Then eventually

0< N;(t) < M;, i=1,2, (3.2)
where M, and My are defined by (2.2) and (2.3), respectively.

Proof. From (1.1) and (1.2), it is easy to see that N;(¢) > 0 for t > 0 and ¢ = 1,2.
Hence,
Nl(t) <N1(t)[a1—b1N1(t—T1)] <a1N1(t), t>0. (33)

If N1(t) < a1/b; eventually, then the first inequality in (3.2) holds naturally for large t and
1 = 1. If N1(t) > a1/b; eventually, then it follows from (3.3) that lim; . N1 (t) = a1/b1,
and so (3.2) holds for large ¢ and ¢ = 1. In what follows, we consider only the case
when Ny (t) oscillates on a;/by. Let t* be an arbitrary local left maximum point of Ny (t)
such that Ny(t*) > ay/b;. Then Nj(t*) > 0, and it follows from (3.3) that there exists
& € [t* — 71, t*] such that N1(§) = a1/b1. For t € [€,t*], integrating (3.3) from ¢ — 71 to &,
we get

Nl(t—Tl)
i (1), <t
N ©) (E+m—1), ¢
Thus,
Nl(t—ﬁ)>%exp[—al(f—kﬁ—t)], <<
1

Substituting this into the first inequality in (3.3), we obtain

Ni(t)
Ni(t)

<a{l —exp[-ai1({+m —t)]}, {<t<tm (3.4)

Integrating (3.4) from & to t*, we have

by Ny (*
o 2MN@E)

) "
| <a 1 —exp|l—a; T — d
< /5 { pl-ai(§+m —t)]}dt

ai
=a1(t* — &) +e M —exp[—a(§+ 7 — t7)]
=ai(t" —§) —exp[-a1(E+ 7 —t")] +e M7

<aimp—1+e @7,

Here we have used the fact that the function f(z) = z — %™ is increasing in the
interval [0, a7] and hence f(x) < f(am) = ar — 1 for « € [0,a7y]. The above inequality
implies that
Ny (t") < %exp(alﬁ +e T — 1),
1

It follows that, for large ¢,

Ny(t) € % exp(aym +e” M7 — 1) = M.
1
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Choose T > 0 such that Ny (¢t) < M; for t > T. Then from (1.1), we have

Nz(t) < Ng(t)[—az + 02M1 - bQNQ(t - 7'2)}, t > T + A. (35)
Note that
— aob
oMy —ag = CQ% exp(aim +e ™ —1) —ag > % > 0.
1 1

Hence, similarly, from (3.5) we eventually have

—ag + coM
Ng(t) < % exp[(—a2 + CQMl)’TQ + exp(—(—ag + CQMl)TQ) - 1] = MQ.
The proof is complete. O

The following lemma is a corollary of [30, Theorem 2.1].

Lemma 3.3. Assume that (A1) holds and let (N;(t), N2(t)) be the solution of (1.1)
and (1.2). Then

0< litmiani(t) < limsup N;(t) < oo, i=1,2. (3.6)
— 00

t—o0

4. Proofs of the main results

Proof of Theorem 2.1. By the transformation

i=1,2,

system (1.10) becomes

£1(t) = (NT +21()[=biz1(t — 7) — crza(t — ”1)]’} (4.1)

i‘g(t) = (N; + .Z‘Q(t))[CQ.Il (t — 0'2) — b2x2(t)}.

Clearly, the global attractivity of N* of system (1.10) is equivalent to that of (0,0)
for (4.1), meaning that
lim x;(t) =0, i=1,2, (4.2)

t—o0

for all solutions z(t) = (x1(t), z2(t)) with x1(¢t) > —N; and x2(t) > —Nj for t > 0. We
have two cases to consider in order to prove (4.2).

Case 1. biz1(t — 7) + c1zo(t — 01) or cox1(t — 02) — bawa(t) is non-oscillatory. It is
harmless to assume that b2 (¢ — 7) + c122(t — 01) is non-oscillatory. Then, #1(t) is sign-
definite eventually, which implies that x1(¢) is monotonous eventually. By Lemma 3.3, we
have 1 (t) — a; ast — oo and Ny +a; > 0. On the other hand, using the boundedness of
x1(t) and z2(t), we can conclude from (4.1) that both @4 (¢) and &2 (t) are also bounded on
[0, 00), which implies that x;(t) and x2(t) are uniformly continuous on [0, c0). It follows
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immediately that #;(t) and @2(t) are also uniformly continuous on [0, 00). Therefore,
by [4, Lemma 1.2.3], &1(t) — 0 as ¢t — co. Hence, from (4.1), we obtain

biag + c1za(t —o1) - 0 ast — oo,

which implies that the limit ap = lim;—, o 22(t) exists. Analogously to the above proof,
we have @2(t) = 0 as t — co. Hence, from (4.1) and Lemma 3.3, we have

by + cran =0, cory — boas = 0,
which imply that o = as =0, i.e. (4.2) holds.

Case 2. Both byz1(t — 7) + c1z2(t — 01) and cox1(t — 02) — baxa(t) are oscillatory.
Then there exist two infinity sequences {s, } and {t¢,} such that

b1z (sn — T) + c1w2(sn —01) =0,  cox1(ty — 02) — bawa(t,) =0, n=1,2,..., (43)
Zo(ton—1) < z2(t) < wa(ten) for top_1 <t <top, n=1,2,...,
and
liminf x5 (t2n—1) = liminf 9 (t) < limsup z2(t) = lim sup za(tay). (4.5)
n—oo t—o0 t—o00 n—o00
Set

—v =liminfz,(¢) and w = limsupx;(t).
t—o0 t—o00

Then from (4.3)—(4.5), we have

lim sup x2(t) = lim sup x(te,) = 2 lim sup x1(tan — 02) < 2 (4.6)
t—o0 n— 00 b2 n—00 b2
and
liminf 2o (t) = liminf 2 (tan_1) = 2 liminf 2, (fan_1 — 09) > — -2 (4.7)
iminf z,(t) = liminf z(ton 1) = p, minf 2 (f2n—1 = 02) > =3 0. .
Hence,

0= lim [byz1(sp — 7) + c122(sn — 01)] < bru + ¢1 limsup za(t) < (b1 + ClCQ)u
n—o0 PR b2

and

: . c1cC
0= lim [byai(sp — 7) + crwa(sn — 01)] 2 —brv + e1 liminf v, (t) > — <b1 + 11)22)1),

Thus, in view of Lemma 3.3 and the above results, we have
—N/ < —-v<0<u<oo. (4.8)

Set p = c¢1¢9/b1by. Then 0 < p < 1. In what follows, we show that v and u satisfy the
inequalities
L—p (L= p)*(1+2p) ,

N +u < (Nf + pw) exp e U N (11 10 v (4.9)
1 1
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and
L—p (A =p)P(1+2u) ,

Nf —v > (N{ —pu)exp | — ——u— u’|. 4.10
1 (NT — pw) N; 6N1*2(1+u) ( )

For the sake of simplicity, we set

3(1—p) p(l—p) (1 —p)B+5u)

TaNT(L+p) | Nf(L+p? T 2N;(L+ p)?

Then (2.1) implies by7 < A. Let € > 0 be sufficiently small such that v; = v 4+ e < Ny.
Choose T' > 0 such that

—vny <z(t) <u+e=wu; and — Z—zvl < as(t) < Zjuh t>T— A. (4.11)
2 2
Set v = (1 + p)vr and ug = (1 4 p)ug. Then, from (4.1), we have
oy (t)
Y by (t - <bwa, t=T 4.12
Nt 1(0) =21t = 7) + por] < brvo (4.12)
and
7‘%17(0 gbl[xl(t77)+uu1] <b1U2, t}T (413)
Nl* +.Z'1(t)

First, we prove that (4.9) holds. If u < pw, then (4.9) obviously holds. Therefore, we will
prove (4.9) only in the case when u > pv. For simplicity, it is harmless to assume that
u > pwq. Thus, we cannot have x4 (t) < pv; eventually. On the other hand, if 21 (¢) > pvy
eventually, then it follows from the first inequality in (4.12) that x1(¢) is non-increasing
and that v = limy_, o, 21 (¢t) = pvy. This is also impossible. Therefore, it follows that 21 ()
oscillates about pwv;.

Let {p,} be an increasing sequence such that p, > T + A, &1(pn) =0, z1(pn) > po1,
lim,, o0 P = 00 and lim,, o x1(pp) = u. By (4.12), there exists &, € [pn, — 7, pn] such
that z1(&,) = pv1. For t € [&,, ps], integrating (4.12) from ¢t — 7 to &, we get

Ny +21(t—71)

—1In
Nl* + xl(gn)

<b11}2(§n+7_t>7 fngtgpn

Thus,
z1(t —7) 2 =Ni + (N + por) exp[=brv2(§n + 7 = 1)], & S E< P

Substituting this into the first inequality in (4.12), we obtain

a1 (1) .
o SV bi[l — —b n =), &St pn
Nt ar( S WV Fro)bil—exp(=bioa(&n +7 =) & p
Combining this with (4.12), we have
r1(t
]\/;_'l_(x)l(t) < min{byvg, (N7 +pv1)b[1—exp(—b1v2(&n+7—1))]}, & <t < pp. (4.14)

Analogously to the proof in [29], we can prove (4.9) by (4.14) and the fact that b7 < A.
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Next, we will prove that (4.10) holds as well. If v = 0, then (4.10) holds naturally. In
what follows, we assume that v > 0. Then, from (4.9), we have

u < Nf(1+p)e!™" — Ny < 2N7,

pu < ,u{(Nl* + pv) exp <(1]_Vf)v> — Nl*] < v < NY. (4.15)
1

Thus we may assume, without loss of generality, that v > pu;. In view of this and (4.13),
we can show that neither x1(t) > —puu; eventually nor x1(¢) < —pu; eventually. There-
fore, x1(t) oscillates about —puy.

Let {¢,} be an increasing sequence such that ¢, > T+ A, #1(g,) =0, z1(qn) < —puq,
lim,, 00 gn, = 00 and lim,, o z1(g,) = —v. By (4.13), there exists 7, € [¢, — T, gn] such
that z1(n,) = —pug. For t € [Ny, ¢n], by (4.13), we have

21(t —7) < (Nf — pua) explbrug(nn + 7 —8)] = Ni, 7o <t < gn-
Substituting this into the first inequality in (4.13), we obtain

()

Combining this with (4.13), we have

G
Ni + 21(t)

< (N = pug )by [exp(brug(nn +7 — 1)) = 1], 70 <t < gy

< min{byug, (N7 —pup)bi[exp(brus(n,+7—1))—1]},  1n <t < ¢p. (4.16)

Analogously to the proof in [29], we can prove (4.10) by (4.16) and the fact that b7 < A.
In view of Lemma 3.1, it follows from (4.9) and (4.10) that v = v = 0. Thus, (4.2) holds.
The proof is complete. O

Proof of Theorem 2.2. By the transformation

xi(t) = Ni(t) - Ni*a

i=1,2,
system (1.1) becomes
j?l(t) = (Nik + !L‘l(t»[—bl.’)?l(t — 7’1) — Cll'g(t — 0’1)}7} (417)
l‘g(t) = (]V;< + l‘g(t))[CQIl(t - 0'2) - bgl‘g(t - 7'2)].

Let (x1(t), z2(t)) be any solution of (4.17) with N +x,;(t) >0 fort > 0 and ¢ = 1,2. By
Lemma 3.2, there exists T' > 0 such that

N+ () <M;, t>T, i=1,2. (4.18)

We have two cases to consider in order to prove (4.2).

Case 1. biz1(t — 71) + c1a2(t — 01) or cox1(t — 02) — bexa(t — 72) is non-oscillatory.
In this case, by a similar proof to that of case 1 in Theorem 2.1, we can show that (4.2)
holds.
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Case 2. Both byz1(t — 1) + c1z2(t —01) and caz1 (t — 02) — baxa(t — 72) are oscillatory.
Set
U; = limsup |2;(t)], i=1,2.

t—o0

By Lemma 3.2, 0 < U; < o0, i = 1,2,...,n. It suffices to prove that U; = Uy = 0. To
this end, assume that U; > 0 and Uy > 0. Hence, by (4.17), for any given sufficiently
small € > 0, there exist two sequences {t;,}, ¢ = 1,2 with ¢;, — A > T such that

tin = 00, |zi(tin)] = Ui asn— o0, |x;(tin)|>U; — ¢,
|Ti(tin)| = 0, |zi(t)| <Ui+e fort>ty,

} i=1,2. (4.19)

where t; = min{t;; : ¢ = 1,2}. We can assume that |z;(tin)| = zi(tin) (if necessary, we
use —z;(t) instead of x;(t) and —b;, —¢; instead of b;, ¢; for ¢ = 1,2). Then, by (4.17),
we have 0 = byzq(t1, — 1) + c122(t1n — 01), which yields

c
z1(t1, — 1) < bfl(UQ +e)=ph.
1
Set
2+ (Mibi7)?er .
f M <1,
b — J 27 (Mibima)?]by AT
12 =
[1 +2(M1b17’1)]01 .
f Myb 1
[3 — 2(M1b17’1)]b1 ! im > ’
and
2+ (MabaTa)?ca .
f Msb <1,
D NER T
21 =
[1 +2(M2b27’2)]02 .
if Mabore > 1.
[3 — Q(MQbQTQ)]bQ 20272

Then, by (2.5), biaba; < 1. In what follows, we show that

2e(Miby1y)?
2 = (Mybi71)?]
2e(2M1bym — 1)
3—2Mibim

lf M1b1T1 g ].7
z1(tin) < b12(Uz2 +¢) + (4.20)

if Myibym > 1.

If 21 (t1n) < f1, then (4.20) obviously holds. If x1(t1,) > (51, then there exists &1, €
[t1n — T1,t1n] such that z1(&1,) = B1. From (4.17) we have

(NY + 21 (8)b1 [—21(t — 1) + 1]

Z1(t) <
g Mlbl[(Ul + E) + ,81], t 2 T2 = tl + A. (421)

By (4.21), we have

Br—x1(t —11) < Mibi[(Ur +¢) 4+ Bi](§in +11 — 1), &in << tig.
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Substituting this into the first inequality in (4.21), we obtain
a1 (t) < (Mib)?[(Ur +€) + Bi](6in + 71 — 1), &1n <t < i
Combining this and (4.21), we have
21(t) < Myby[(Uy +¢) + By min{l, Miby (€1 + 711 — 1), },  E1n <t < tin. (4.22)

We consider the following three subcases.

Case 2.1. Myb;7; < 1. In this case, by (4.23) we have

z1(tin) — 21(&1n) < [(Ur +€) + 51](M1bl)2/ M(&n +7 —t)dt

in

[(Ul + E) + 61](M1b1)2[7-1(t1n - gln) - %(tln - gln)z]
L(M1bym)?[(Uy + €) + 1]
5 (Myby71)2 (1 (t1n) + B1 + 2.

<
<

Case 2.2. M1by1n > 1 and M1b1(t1, — 1) < 1. In this case, by (4.23) we have

21 (tin) — 21(§1n) < [(Ur +¢) + 51](M1b1)2/ " (b1 +11 —t)dt

in

[(Uy +€) + B1](M1b1)?[1i(t1n — &1n) — 2 (tin — &10)?]
(2M1b1’7’1 — 1)[(U1 + 5) + ,81]
(2M1b1’7'1 — 1)[%1(151“) + 51 + 25]

1
2
1
2

NN

Case 2.3. Mybymy > 1 and Myby(t1n, — &1n) > 1. In this case, let n1, € [€1n, t1n] be
such that M;b;(t1, — mn) = 1. Then by (4.23) we have

tin

z1(t1n) — 21(&1n) < (U1 + €) + B1]Maby | mipn — &1n + Maby / (in+m—t)dt

= [(Uy + ) + B][(M1b1) 71 (trn — 11n) — %(Mlbl)Q(tln —M1n)?]
(2M1b17’1 — 1)[(U1 =+ E) + ﬁl}
(2Mlbl7’1 — 1)[{,61@1”) + ﬂl + 25].

= N|—

<
Combining Cases 2.1-2.3, we have
28(M1b17’1)2
2 — (M1b1T1)2

26(2M1b17’1 — 1)
3 - 2(M1b17’1)

(U2+€)+ if M1b1T1 < 17

(U2+€)+ if Mibym > 1.

This shows that (4.21) is true. Letting n — oo and € — 0 in (4.21), we obtain

Uy < b12Ua. (4.23)
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Similarly, we have
Us < b21Us. (4.24)

By (4.23) and (4.24), we have
Up <b12b1Uy <U; and Uz < biabo1Us < Us.
This is a contradiction. The proof is complete. 0
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