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A four-dimensional mathematical model is formulated to explore the fear effect exerted
by large carnivore in the grassland ecosystem. The model depicts the interactions among
herbage, domestic herbivore, wild herbivore and large carnivore, which incorporates both
direct predation and anti-predator mechanisms. The dynamic properties of the model
are analytically investigated, including the dissipativity of solutions, and the existence
and stability of different equilibria. Some numerical simulations are also presented to
exhibit rich dynamical behaviors, such as various types of bistabilities, periodic oscilla-
tion and chaotic oscillation. The study reveals that the appropriate level of fear factors
can stabilize the system and increase the density of herbage and domestic herbivore. The
fear effect plays an important role in maintaining the balance of the grassland ecosystem
and promoting the economy of human society.

Keywords: Fear effect; grassland ecosystem; food chain model; bifurcation; chaotic
dynamics.
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1. Introduction

Grassland ecosystem is the main and important component of the terrestrial ecosys-
tems in China, which has a significant role and value in developing animal hus-
bandry, protecting biodiversity and maintaining ecological balance [14,[47]. In recent
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years, due to the combined impacts of human activities and global climate changes,
the desertification of grassland is very serious, causing great damage to the natural
environment, and directly affecting the human economy [I6]. Therefore, manage-
ment/control strategies are needed to protect the grassland ecosystem.

There is an increasing body of significant research on the impact of human
activities, climate change, abiotic/biotic factors on the dynamics of the grassland
ecosystem. In particular, many modeling studies have been conducted to improve
our understanding of this important ecosystem. For example, Sun and Mu [4§]
developed a theoretical model to investigate the impact of climate change on the
grassland ecosystem, Chen et al. [5] presented a model analysis of the grazing effect
on the above-ground biomass and net primary production of a Mongolian grassland
ecosystem, Zhao et al. [58] explored the spatial variability of soil properties affected
by the grazing intensity in Inner Mongolia grassland, Chen et al. [4] investigated
the impact of both climate change and anthropogenic activities on alpine grasslands
over the Qinghai-Tibet Plateau, Miller et al. [27] emphasized the significance of
large carnivore in maintaining healthy and balanced ecosystems, highlighting the
importance of conservation efforts aimed at safeguarding these critical species.

Large carnivore is an ecologically important group of species in the grass-
land ecosystem, e.g. coyotes Canis latrans in North America [56], mountain lions
Felis concolor ssp. in South America [26] and lions Panthera leo in Africa [33).
They often prey on livestock, especially, if the local wild prey population decreases,
then the intensity of predation on livestock by large carnivore will continue to
increase [].

The increasing economic losses lead to frequent conflicts between human and
carnivore [1l, [T5] 7], which stimulate humans to kill large carnivore to reduce their
population size [42]. However, the absence of large carnivore such as wolves can
lead to ecosystem simplification or degradation [41], [46] and may have further eco-
logical consequences. It is thus important to understand large carnivore’s impact
on vegetation communities to balance the biodiversity and human economy.

Predation, as a direct effect of the large carnivore, has received a lot of attention
because it is easily observed in many situations [24] 43]. It has been extensively
studied by many researchers from the perspective of dynamic modeling (see, e.g.
[13] and the references therein). However, more and more biologists have realized
that the relationship between predator and prey cannot be simply described only
as direct killing. When a predator is present, the prey can perceive the risk of
predation and thus alter their behavior, reproduction and foraging time/pattern
2, O 22, 34, 35, B8-4T] [50]. Therefore, these anti-predator behaviors may play a
considerably important role in predator-prey interaction [57].

There is also increasing evidence that indirect effects (e.g. fear effect) are more
potent than direct predation [12], 23, [49] [57]. Zanette et al. [57] conducted an experi-
ment during the entire reproduction period of the prey population. They prevented
direct predation by isolating the prey (song sparrow) with an electric fence and
manipulated the predation risk by using the playbacks of predator sounds. Their
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results suggested that the number of offspring of song sparrows dropped by about
40% per year due to the presence of predation risk. Suraci et al. [49] assessed pre-
dation risk by using month-long playbacks of large carnivore’s vocalizations. Their
results showed that the fear effect led to a reduction in the foraging activity of
raccoons even without direct predation, which was good for the prey of raccoons. It
indicated that the fear effect can cause a trophic cascade that affects the evolution
of system diversity and community structure. Therefore, the indirect effect should
not be ignored in predator—prey interactions.

The indirect effect has also attracted great attention from mathematical biolo-
gists and some mathematical models have been proposed to explore the fear effect
in predator—prey interactions. These models have been fully investigated from both
theoretical and numerical perspectives and rich results have been yielded. Wang
et al. [51] first formulated a mathematical model that incorporates the cost of fear
on prey reproduction and compared it with the classical predator—prey model. Their
results showed that the fear effect can alter the predator—prey system from popula-
tion oscillations to a stable state. Furthermore, the cost of fear not only affects the
existence of Hopf bifurcation but also alters the Hopf bifurcation’s direction from
supercritical to subcritical as the level of fear increases. Panday et al. [30] first con-
sidered the fear effect in a tri-trophic food chain model. They found that the fear
effect plays an important role in stabilizing the system, and the system patterns
changed from chaos to a stable state through periodic oscillations. In addition,
many different predator—prey systems also incorporate aspects of the fear effect
[6, [7, 1] 1T, 19, 20, 29, BT, 32} [44], 52H55]. To our knowledge, the mechanism of
the fear effect exerted by large carnivore on both vegetation communities and the
human economy has not been well investigated and documented. This motivates the
principal aim of this paper: to develop a mechanistic model to describe the interac-
tions between large carnivore, domestic herbivore, wild herbivore and herbage, and
then, explore the impact of the fear effect on the community structure of grassland
and the human economy.

The rest of the paper is organized as follows. In Sec. Bl a new four-species
food chain model [22]) is proposed to describe the fear effect on predation and
reproduction. In Sec. 3 the dynamics of the model are investigated, including the
dissipativity of solutions, the existence and stability of equilibria. The theoretical
results are illustrated by numerical simulations in Sec. [l The numerical analyses
show that the model admits many different dynamical behaviors compared to the
classical model. In Sec. Bl the impact of the fear effect is deliberately explored by
numerical studies. The paper ends with Sec. [6l where some conclusions and further
discussions are presented.

2. Model Formulation

Consider a grassland ecosystem consisting of four species: herbage, domestic her-
bivore, wild herbivore and large carnivore, whose biomass densities are denoted by
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Fig. 1. Schematic diagram of interactions in ecosystems consisting of four species.

H, D, W and C| respectively. The anti-predator response is assumed to manifest
itself in the form of the fear effect. The interactions including the fear effect among
the four species are shown in the schematic diagram in Fig.[Il In the absence of the
anti-predator response, the following model describes the interactions of the four
species

dH H
o —TH (1 - F) —91(H)D — g2(H)W,

dD
—_ = elgl(H)D - gg(D)O — dlD,

dt (2.1)

AW
— = e2g2(H)W — g4s(W)C — do W,
dC
o (c195(D) + cag4(W))C — dsC.

Here, K and r represent the environmental carrying capacity and the intrinsic
growth rate of herbage; e; and es denote the conversion efficiency from herbage
to domestic herbivore and wild herbivore, respectively; ¢; and co denote the con-
version efficiency from domestic herbivore and wild herbivore to large carnivore,
respectively; d;(i = 1,2,3) denote the natural death rate of domestic herbivore,
wild herbivore and large carnivore, respectively; g;(i = 1,2, 3,4) represent the prey-
dependent functional response.

In order to incorporate the anti-predator mechanism into the model properly,
we suppose that T is the total time spent by a domestic herbivore for gathering
food from the herbage. Then it can be divided into two main parts:
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e Ty is the time spent by a domestic herbivore for searching herbage;
e Tywc is the time wasted by a domestic herbivore for interfering with the large
carnivore due to the anti-predator response.

Let

® «agsh be the encounter rate between domestic herbivore and herbage;
® (e be the encounter rate between domestic herbivore and large carnivore.

Assume that the number of herbage consumed per domestic herbivore is pro-
portional to the searching time and the density of herbage. Then the total number
of herbage consumed by per domestic herbivore is described by

Nan = agsn HT gsh.

Similarly, assume the number of large carnivores encountered per domestic herbi-
vore be proportional to the searching time and the density of large carnivore. Thus,
the number of large carnivores encountered reads

Ndc = adccCTdsh-

When a domestic herbivore encounters a large carnivore, the wasted time due to the
interference is denoted by tgwe. Then Tyy. is given by the product of the number of
encounters between large carnivores Ngq. and the time wasted per encounter tgyec.
Suppose the domestic herbivore moves randomly, then Ty can be expressed as
follows:

wac = adcctdchTdsh-
Combining the above assumptions and analyses, one can conclude that
T = Tdsh + wac = Tdsh + adcctdwcCTdsh-
With this consideration, the prey-dependent only functional response g1 (H) in (21])
is replaced by ¢g1(H, C) with
N, s H H
7 (H, C) _ dh _ Qdsh —. ay 7
T 1+ adcctdwcc 1+ 610

where a1 = qqsh, 01 = Qdectdwe. Here, the factor 1/(1 4+ $1C) reflects the fear
effect exerted by the carnivore on the domestic herbivore’s preying behavior and
consequence. It represents a cost to the domestic herbivore since its predation rate

is decreased.
By a similar derivation under similar assumptions as above, second prey-
dependent only functional response go(D) is replaced by

(IQH
1+ 620’
where the factor 1/(1 4 32C) accounts for a cost to the wild herbivore caused by

the fear effect exerted by the carnivore on the wild herbivore’s preying behavior
and consequence.

gQ(H’ C)=
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In addition to the cost described above for the herbivores, their anti-predation
responses should also have some benefits. The main benefit is that the responses
would reduce the risk of predation by the carnivore [8]. Hence, the benefit should
be incorporated into the functional response gs(D) and g4(W). To avoid making
the model too complicated, we adopt linear functional responses gs3(D) = b1 D and
g4(W) = boW and incorporate only constant parameters mq, ma € (0, 1] to reflect
the benefits. Combining all the above preparation, we arrive at the following model
system:

dH H a1 DH asWH
e —rH(1=-Z=) = — =: H,. D W.C
dt ( K) T+ 1+ pe DO
dD _esalD 6D~ diD = fo(H, D, W,C),
dt 1+ 5C
(2.2)
aw - GQGQHW .
W = 1+/6’20 mngCW doW =: fg(H,D,VV,C),
dC

% = clmlleC + CQmeQWO - dgc = f4(H, D, VV, C),
where a1 and as denote the foraging rate of domestic herbivore and wild herbivore
on herbage, respectively; b; and by denote the predation rate of large carnivore
on domestic herbivore and wild herbivore, respectively; §; and (2 denote the fear
effect coefficient; my, mo € (0, 1] are the ratio of the searching efficiency due to fear
effect. This model is demonstrated in the schematic diagram in Fig. [l
Considering the biological background, we assume that all the parameters in
[22) are positive and the system is associated with the following positive initial
values in Ri:

H(0)>0, D()>0W(0) >0, C(0)>0.

3. Model Analysis

In this section, we investigate the existence and stability of boundary and positive
equilibria. We first introduce an important lemma.

Lemma 3.1. System ([2.2)) is dissipative with respect to the region
1
Q= {(H,D7W,C) eR} 0§u1H+D+W+EC§Q},

where

_ K@+ p)?

R

w1 = max{er,ea}, po =max{cy,co}, p=min{dy,ds,ds}.

Proof. It is clear that system (22 has a uniquely global solution for any initial
condition and the interior of Ri is a positive invariant with respect to the model
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[Z32). Note that

which implies that

limsup H(t) < K. (3.1)
t—o0
Let
1
M(t) = H(t)+ D)+ W(t) + M_C(t)'
2
A direct calculation gives
dM Huir dg
— < —H(K-H)—-diD—dyW — —=C
o = )= 2 112
uir 1
<—HK-H)+puH—-—p|lmH+D+W+ —C |,
K K2
then
dM r
S5 uM <M (r+p— —H)
a +pM < T+ K

o (AWK mK 4 p)? K+ p)?
. - + < :
2r 4r 4r

This leads to

M (t) , (1 —e H) + M(0)e M,
r
therefore,
K 2
limsup M (t) < w
t—o0o 4T
The proof is complete. O

The possible nonnegative equilibria of ([22)) are listed below. The extinction
equilibrium Ey = (0,0, 0, 0); herbage-only equilibrium E}, = (K, 0,0, 0); two-species
coexistence equilibria

o Eywa = (Hf,D;,0,0), where

d d
Hf =L, Dr:ail(l— : )

€e1ay elalK

are derived from

H*
7’<1 K}) —a1Dy =0, eja1H{ —dy =0;

2350058-7
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e Fny = (Hj,0,W5,0), where

do r ds
Hy = ——, Wj=—|[1-
2 62&2’ 2 a9 ( 62@2K>

are derived from

H*
T<1 K?)mW;O, esaoHy — do =0

three-species coexistence equilibria are

e the wild herbivore-free equilibrium FEnq. = (H3, D3,0,C%), where Hj, D3 and
C'5 satisty

Hx alD* elalH*
1—=2)-—2_ =0, —3 —mb)C}—d, =0,
T( K) 1+ /1Cj [T A (3.2)

clm1b1D§ — d3 = 0;

e the domestic herbivore-free equilibrium Eynw. = (Hj,0, W), CY), where H}, W
and C} satisfy

HI QQWI GQGQHI
1- — T2, 22 boCf —dy =0,
' ( K > 1+ 205 L+ 6,0 T (3.3)

CQmeQWI — d3 = 0;

the interior equilibrium Fhawe = (HZ, Di, WZ,C%), where HZ, D, Wi and CF
satisfy

H: alD* QQW* elalH*
rl1—-25) = 5  _ 2_—(0, — 5 b CE—dy =0,
( K) 1+ 3C: 1+ 6.0 1+pc; P
egagH* % * *
T,@’Qg’g — m2b205 —dy =0, clm1b1D5 + 02m2b2W5 —dz = 0.
(3.4)
Theorem 3.2.
(i) Eo always exists and is unstable;
(ii) En always exists. If
dy >e1a1 K and dy > esas K, (35)

then Ey, is globally asymptotically stable.

Proof. For Ey, one has

r 00 0
0 —d, 0 0
e P
— U2
0 0 0 —ds

which implies that Ejy is unstable.

2350058-8
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The Jacobian matrix at Ej, is

—r —a K —as KK 0
Iy = 0 e K—d; 0 0

0 0 esas K — do 0

0 0 0 —ds

If 33) holds, then the four eigenvalues of characteristic equation of J(E}) have
negative real parts. Whence, Ej, is locally asymptotically stable. From (B.1]), for
any € > 0, there exists a T' such that H(t) < K + ¢ when ¢ > T, then

dD elalDH

== bCD —dyD K —dy)D
o 11 5.0 m1bq 1D < (era1 (K +¢) 1)D,
dw esasW H

— = ffW — mabyCW — doW < (ega9(K +¢) — do)W.

It follows that D(t) — 0 and W(t) — 0 as t — oo if ([BH) holds. By the theory of
asymptotical autonomous systems [28], (Z2) reduces to a limiting system

dH H
E”{(lf)’

which means that H(t) — K as t — oo, then E}, is globally attractive. This means
that E}, is globally asymptotically stable. O

Theorem[3.2(i) implies that the extinction equilibrium Ej is always unstable and
the four species cannot become extinct at the same time; Theorem B.2)(ii) implies
that (2.2) can have the only herbage being stable at its carrying capacity K when
the death rates of domestic herbivore and wild herbivore are large.

Theorem 3.3. If

d d
e1a1 K (1 - (1173> < di < e1a1 min {—2,K}, (3.6)
clmlblr €202

then Eyng exists and is locally asymptotically stable. Furthermore, if
dy > egas K  and ds > 017’)711171627 (37)
then Fynq is globally asymptotically stable.

Proof. It is clear that E}q always exists if d; < eja; K. Note that
rHY

. wHD —aH] Bray DY H}
J(Ehd) p— elalDT 0 0 761(11,81HTDT 7m1b1DT 7

0 0 ezas HY — d 0

O O 0 Cﬂ’)’Lﬂ)lDi< — dg

which means that Fhq is locally asymptotically stable if ([3.6]) holds.
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We now prove the global stability of Fyq. From (B, for any & > 0, there exists
a T such that H(t) < K + ¢ when ¢ > T, then

dWw
g < (ega2(K +¢) — da)W.

If esa0 K < da, then W(t) — 0 as t — oo. For any &’ > 0, there exists a T” such
that D(t) < Q + ¢’ when t > T”. Hence

dC
E < (clmlbl(Q + 6/) — dg)c

If cymib1Q < ds, then C(t) — 0 as t — 0o. According to the theory of asymptotical
autonomous systems [28], (Z:2)) reduces to a limiting system

dH H
— =rH|l—-— | —-aDH =: F;(H, D),
dt K
(3.8)
dD
E = elalHD — dlD = FQ(H, D)

When 0) holds, let B(H, D) = 1/(HD). For any solution (H, D),
r

d(FiB) 8(F,B) ‘
+ =——— <.
oH oD |gm KD

Therefore, system ([B.8)) has no periodic orbit in (0, 00) x (0, 00) by using the Dulac—
Bendixson theorem [37]. Moreover, if d; < e1a1 K holds, then (Hf, D7) is the unique
interior equilibrium of ([B.8)), so every positive solution will tend to (Hj, D7). This
together with the condition for the local stability of (H;, D7) implies that (H;, D7)
is globally asymptotically stable with respect to ([B.8). Note that W(¢t) — 0 and
C(t) — 0 ast — oo if [B1) holds. Therefore, Eyq is globally asymptotically stable.
The proof is now complete. O

Theorem B3] provides sufficient conditions for the existence and stability of Eq,
which implies that both the herbage and the domestic herbivore can stably coexist
at the equilibrium FEyq if the death rate of domestic herbivore d; is intermediate
large while the death rates of wild herbivore (d2) and carnivore (ds) are properly
large.

By carrying out arguments similar to those of Theorem [3.3] one can explore the
existence and stability of Ey, and reaches the following conclusions.

Theorem 3.4. If

d d
eaa2 K <1 - £> < dz < ezaz min {—13K}7
Comabar ejay

then Eynw exists and is locally asymptotically stable. Furthermore, if
di >eia1 K and dz > 027’1712172627

then Fyy is globally asymptotically stable.
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Theorem [B.4] provides sufficient criteria for the existence and stability of El,
from which it follows that both the herbage and the wild herbivore can stably coexist
at the equilibrium FEy,, if the death rate of wild herbivore dy has intermediate values
while the death rates of domestic herbivore (d;) and carnivore (ds) are suitably
large.

For the wild herbivore-free equilibrium Eyq., by [B2]), a direct calculation gives

Ds = ds CH— (dr +m1b:C3)(1 + 510§)’
cymyby e1a
9 ela%dgK
(1 + ﬂlOg‘)(—mlblﬂlcg‘ — (d1,81 + m1b1)C’§ + (elalK - dl)) - = A
rclmlbl
Let
F(C) = (14 BLO)(=mib1 1C? = (i + mib)C + (e K — dy)),
then

f/(C) = =367m1b1C? — 261 (2miby + B1d1)C + (Brera1 K — 21dy — miby).

A sufficient and necessary condition for f(C) = 0 to have positive roots is d; <

era1 K. Moreover, if f1e1a1 K — 2081dqy — m1by > 0, then f/(0) > 0 and f'(C) =0

has a positive root C. Conversely, if fre1a1 K — 281dy — miby < 0, then f/(0) < 0.
Consider the parabola s and the straight line [ represented by

sty=f(C), l:y=A4,

then the key idea of the proof of the existence of Eyq. is to explore the number of
intersections of s and [ in Ri. We now obtain the following theorem by a detailed
analysis of the relative position relationship between s and [.

Theorem 3.5. Let v = (fre1a1 K —maby) /2061, f(0) = era1 K — dy. The following
statements hold.

(i) If di <~ and f(C) < A (see Fig. Aa)), or di > max{y,eja1 K — A}, then
FErge does not exist;
(ii) if dy <~y and f(0) < A < f(C), then @) has two wild-herbivore-free equilib-
ria Enae and B}y, (see Fig. (b)), in particular, if f(C) = A, then Enac = Ej4.;
(iil) if v < dy < era1 K— A or dy < min{~, eja1 K — A}, then the wild herbivore-free
equilibrium Fng. exists and is unique (see Figs. 2c) and2(d)).

Let Enae = (H3,D3%,0,C%) be a wild herbivore-free equilibrium of (2.2).

Theorem 3.6. If

elalﬂl(K — 2H§)

620,2[{;)<
do > ;
ma(1+ p1C3)?

T 1+ O

then Fngc is locally asymptotically stable.

—mabaC5  and by >

(3.9)

2350058-11
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Fig. 2. Schematic illustration of the relative position of parabola s and straight line I.

Proof. The Jacobian matrix of system (Z2)) at Enqc is

—a11 —aiz —a13 a14
as 0 0  —ag
J(Ehdc) = ’
0 0 asz3 0
0 a42 a43 0
where
THg a1H§ a2H§ 51a1D§H§
11 = —7=, Q12 = T~y Q3= T any Q14 = oo Ao
K 1+5103 1+5203 (1+,8103)
61(11D§ 610,1,81H§D§ «
-3 = - e7o b1D
a1 1+ 6.Cp Q24 1+ 51032 + m161 D3,
ass = 2023 mobaC5 —da,  asz = cimibiC5,  aa3 = camabaC5.
1+ ﬂgcg
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Then as3 is one of the eigenvalues of characteristic equation of J(Epq4.) and the
other three eigenvalues satisfy

N+ a1\ + (a12a21 + ag4a42) X\ + asa(ar1a24 — araas) = 0.
A simple calculation gives
a11(a12a21 + a24a42) > a42(a11a24 - a14a21).
By Routh—Hurwitz criterion, if a11a24 —a14a21 > 0 and azsz < 0, then Eyq. is locally
asymptotically stable. The proof is complete. O
Theorem 3.7. If

ie;m;b;C% b1 D3
di > evayHy — S90S Gy gy g Pup2mabDs g
M1 2 €1 03

(3.10)

where

. Dy v . a1 K D3 )2
— rHI — — (Hi+ K- )
e PN 4K( s r(1+QB)

and Q, p1 and po are defined in Lemma Bl then Enqe is globally asymptotically
stable.

Proof. Consider

H 1 D 1
Vs = (HH;H;ln >+—<DD§D;1H >+—W

Hj e D3 €2
1 C
+ C—-C;—-C5ln ) .
e fr2 < ’ ’ &
Differentiating V' along solutions of ([Z2l) with respect to ¢, one has
d‘/g « H alD GQW %
88 _(H-H 1-2) - - D-D
i 3)<T( K> 1+ 6.0 1+520)+( 3)
alH mq b1 d1 agHW m2b2 dg
—_— —C - — — - CW ——=W
(1+510 el 61> (1+520 €9 €9 )
b b d
(- (Clml 1D+ 213 2y 43 )
H1p2 H1p2 M2
H Hi;H b.D;C  diD
§TH<1—E>—TH§+T 3 4 a HID + apHIW + s O
€1 €1

e1 1+6Q e pipe a2 M pi2 1 fh2
r (H_ H; +Ka1KD§/r(1+Qﬁl)>2

d1D§ angH d2W . dgC + dgcék . Clmlblch . 02m2b20§W

<
- K 2
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| 7H; + K —a KDy /r(1+ QB

—rH; +a1H;D + ax HiW

4K
+ m1b1D§C’ _ dlD + d1D§ _ di _ dgc
el e1 €1 €2 12
+ dgc’f): . clmlbngD . CQmeQO;:W
12 H1p2 H1p2
- r(H} + K — a1 KD5/r(1 4+ Qph))? " <a1H§ _di C1m1b10§> D
4K €1 12
b1 D% d d boC3
+ (L s >C+ (a2H§—2702m2 2 3>W1"H§
e1 L1 b2 €2 M1 2
diD:  d3C%
Tt WE A B
€1 12

It is observed that if (BI0) holds, then dV3/dt < 0, and dV3/dt = 0 if and only if
(H,D,W,C) = (Hj,D3,0,C%). By using the Lyapunov-Lasalle’s invariance prin-
ciple [21], Enqc is globally asymptotically stable if (310) holds. O

Theorems present sufficient criteria for the existence and stability for
FEhdc, which implies that the herbage, domestic herbivore and carnivore can coexist
if the death rate of domestic herbivore d; satisfies the theorem condition.

When (22) has two wild-herbivore-free equilibria Enge = (Hj,D3,0,C%) and
Ely = (Hé*, D;,*,O, Cé*); since those two equilibria have similar expressions, the
proof is very similar and the details are omitted.

From ([B33)), for the domestic herbivore-free equilibrium Eynw. = (Hj,0, W), C}),
we have

ds3

comaba ’

g = (d2 +m2bCi) (A + 5>C)
4 — )

€202

Wi =

(1 + B2C)(—mabaBaCi? — (daffa + mabs)Ci + (e2a2K — da))

_ €2a§d3K _. A/.
TCgmgbg
The Jacobian matrix at Epye is J(Fhwe)=
7THZ B Cllf‘.’iK B G/QHZ ﬁQG/QWIHZ
K 1+516’jf 1+,BQOZ (1+5202f)2
elalHZ %
——— —m01C —d 0 0
1+ pcp e @
eaas W eaa2 o Hy W "
—_— 0 0 - — bW,
T+ W T+ mcy? o
O clmlblcjf CQmeQCI O
Let g(C) = (1 + ﬁgC)(—mgbgﬁng — (dgﬂg + mgbz)c + (egagK — dg)), ’}// =

(ﬂgezagK — mgbg)/2ﬁ2. If 5262@[( — 2ﬁ2d2 — maoby > 0, then gI(O) > 0 and
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¢'(C) = 0 has a positive root €. Similar to the proof of Theorems BBHZZ, the
following theorem can be derived.

Theorem 3.8.

i 2 <~ an Y < A, or dy > max{y, esas K — A}, then Fywe does no

(i) If d2 < 7' and g(C") < A’ d {v K — A'}, then Fyye d t
exist;

(i1) if doa <+ and g(0) < A" < g(C"), then Z2)) has two domestic herbivore-free
equilibria. Enwe and EY .. in particular, if g(C') = A’, then Enwe = Ef

(iii) if v/ < do < egasK — A’ or dy < min{y,esas K — A’}, then the domestic-
herbivore-free equilibrium . erists and is unique.

Theorem 3.9. If

elalij % €2a2ﬁ2(K - 2HZ)
dy > ————— —m1b1Cy; and by > , 3.11
Yaype; U 27 o (1 4 5C)2 (3.11)
then Fynwe 18 locally asymptotically stable.
Theorem 3.10. If
ieimibCp bWy /
d; > e;a;Hy — GiCimidit (i=1,2) and Hip2in202 g <ds < muzp ,
M pe €2 i
(3.12)
where
AWy v asKW; \?
/ — H* _ 4 o H* + K _ 74) ,
T 4K( ! r(1+Qp)

and Q, p1 and ps are defined in Lemma Bl then Eynwe is globally asymptotically
stable.

Theorems characterize the existence and stability of FEjwe, which
implies that the herbage, the wild herbivore and large carnivore can coexist if the
death rate of wild herbivore dy satisfies some suitable conditions.

For the interior equilibrium Fhawe = (HZ, D, W, C¥), from B4), HZ, Df, W
and Cf are given by

o — (1 =+ ﬂlOg)(dl =+ mlbng‘) _ (1 + ﬂzcg)(dg + mgbgcg)
5 €147 €202 7
Dg _ d3 — CQmeQWg7
cimiby (3.13)
(1 + ﬂgC’g)(clmlblr(l =+ ,810;)([(61(11 — (1 + 616’;‘)
W X (dl + mlbng‘)) — Kela%dg)
5 K61a1 (a201m1b1(1 + 51(}’;) — a102m2b2(1 + 520;;)) '
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Let

h(C) = (ezaamibi B1 — era1mabeBe)C? + (e2as(di B + miby)
—e1a1(d2f2 + mab2))C + ezazdi — eraids,
A = (egas(diB1 +mib1) — eray(dafBa + mabz))? — 4(egagmibi B — era;mabafs)
X (egagdy — era1da),

(1 + ﬂgC)(ClmlblT(l + ,810)([(610,1 - (1 + ,810)
B X (dl + mlblC)) — Kela%dg)
o Kelal(agclmlbl(l + 510) — a102m2b2(1 + 520)) ’

w(C)

solving the first and third equations of BI3) leads to h(C%) = 0 and w(CZ) = Wi
Lemma 3.11. For h(C) = 0, the following claims hold.
(i) If

(e2a2dy — e1ards)(ezagmibi 1 — exaimabafl2) < 0,

then h(C) = 0 has a unique positive root Cy;
(i) if

(e2a2dy — erarda)(ezaamibi B1 — exarmabafa) >0, A >0,
(e2az(d1B1 + mib1) — e1a1(dzf2 + mabz))(e2azmibi 1 — eraimabafF2) < 0,
then h(C) = 0 has two positive roots Cy and Cs.

Lemma [B1T] gives the conditions for the existence of CZ. Then the following
theorem shows the existence of the interior equilibrium.

Theorem 3.12. (i) If (i) in Lemma BIT holds and 0 < w(Cy) < d3/camabs, then
[232) has a unique interior equilibrium;

(ii) if (ii) in Lemma BT holds and 0 < w(C;) < ds/camabse(i = 1,2), then ([2.2)
has two interior equilibria.

Let Enawe = (HE, DE, W2, C¥) be an interior equilibrium of ([2.2]).
Theorem 3.13. If
09,03 >0 and Nyi0109 > O’% + ]\71210'37 (314)

where o;(i = 1,2,3) and Ny are defined in BIH) and BIG), then Engwe is locally
asymptotically stable.
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Proof. The Jacobian matrix at Eyqwe reads

—Ni1 —Nia2 —Niz Nu
Nay 0 0 —Noy
J(Ehdwc) == )
N3y 0 0 —N3y
0 Ny Ny 0
where
rHZ a1 H? asH?
Ny = =2, N12=175*7 132275*7
K 1+ B.C; 1+ 32C%
N14 _ ﬂlangHg ﬂQQQW;H; = elang
(1+ﬁ10§)2 (1-‘1-520;)2’ 1+51C§’
era1 61 H; D3 . eza2 Wy (3.15)
Noy=———->2> b1 D N3z = ——>
24 11 5.00)° + m101 D5, 31 1+ 5oCr’
exa2 B2 Hs W5 .
Ngy = ———— >~ bW,
M wemege
Nag = c1mibiC5,  Niz = camaboC5.
The characteristic equation of J(Epdwe) is
A\ + Nu)\g + 0'1)\2 + oo A+ 03 =0,
where
01 = N12Na1 + N13N3i + NogNyo + N34 Nyg > 0,
02 = N11(N2aNaz + N34 Ny3) — N14(N31 Nag + Noy Na2), (3.16)

03 = No1 N34 (N12Nag — N13Naz) + Noa N3 (N13Nag — N12Nas).

By Routh-Hurwitz criterion and ([B.14)), Endw. is locally asymptotically stable. O

Theorem 3.14. If

imibiC5 . .
Gimibits (’L = 1,2), ug(m1b1D5 + m2b2W5) <ds < C'u*27
K2 Cs

(3.17)

d; > ulang —

where ¢ = pyrHE — par(HE + K — P)?JAK — d1Di — doaWE, then Enawe is globally
asymptotically stable.

Proof. Let

- K ( elang

62a2W§‘>
pir \1+ 4@ ’

14 32Q
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where ) is defined in Lemma [3.Il Consider the Lyapunov function defined by

Vs = (H—H5—H5lnH§>+(D—D5—D51nﬁ>

w 1 C
+ (W -W—=W:ln +—C—-C:—-Ciln— ).
( T W;) uz( T 0;)

Differentiating V along solutions of ([222]) with respect to ¢ leads to

(% — by C — d1> (W — W) (% — mabyC — dz)
+ (Ouizcg)(clmlle + comaboa W — d3)
oo (i) (1) 22 )
—dy(D — D) — D} (% - mlb1C> — do(W = Wy)
- Wy (% - m2b20> - %(C —-C?) — if (c1m1b1 D + comaba W)

o _far H7H§+K—P 2+/L17’(H§+K7P)2
2 1K

b C2 byCt
+ (M1G1H§ —dy — m> D+ (,ulagHg —dy — %) W
M2 M2
d dsC
+ (mlle; + maby W5 — u_3> C — parHE + dy D} + dy Wi + i; 5.
2 2

It is observed that if (BI7) holds, then dV;/dt < 0, and dVs/dt = 0 if and only if
(H,D,W,C) = (Hf, D, Wg,C#). By Lyapunov-Lasalle’s invariance principle [21],
Ehawe is globally asymptotically stable if ([BI7) holds. O

Theorems explore the existence and stability of the interior equilib-
rium Epqwe. It reveals that all species (the herbage, the domestic and wild herbivore
and large carnivore) can coexist if some sufficient conditions hold.

In order to clarify the relationship between the existence and stability of different
equilibria, the sufficient criteria for the existence, uniqueness and stability of the
equilibria are summarized in Table [l It is observed in Table [l that if d; > eja1 K
and do > esas K, then Ej is globally asymptotically stable; if d; < eja1 K or
dy < esae K, then Ej, loses its stability and Eyng or Fhy uniquely exists.
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Table 1. Existence, uniqueness and stability of equilibria of (2Z2]).

Equilibria Existence and Local stability Globally stable
uniqueness

Ey Always Unstable Unstable

E;, Always d1 > eja1 K,ds > ecas K dy > eja1 K,do > egaa K
Fhna di < eia1l K eta1 K — A <dy do > egasK,d3s > c1m1b1Q

. d
< ejal mm{%,[(}
Ehw dy < ezasK e2a2K — A’ < da di > e1a1K,d3 > comabaQ

. dy
< egag min {E’K}

Fhae y<d <elaK—Aor dy> fﬁ;;é% — mabaCy, d; > eja;Hy—
. _ era1B1(K—2HY) cie;mib;C5 (. _
dq < min{y,e1a1 K — A} b1 > (L1 B1CT)° TS (i=1,2),
pipgmiby D3 H1p2p
BT < dg < Mg2e
, ’ era1 Hj " 5
Ehwe v <dp <eparK — A, di > ypgex —mibiCf, di > ejaiHj—
sy Y exanfBa(K—2HJ) cieimibiCy . _
dz < min{v/, ezas K — A’} by > 2 (L1 B2 0T )2 T (i=1,2),
p1pomoba Wy pipap’
- R
Ehdwe (e2azmibifi —eraimabaf2)x 02,03 >0, di > pra; i —
m b, CF .
(e2azd1 — ejaidsz) < 0, Niioio2 > 03 + N2 o3 %(Z:L?)»
0 < w(Co) < d3g/camaba, p2(mi1b1 DE + moba W)

(975}
<ds < cr

4. Numerical Analyses

The theorems established in the previous section reveal the complex dynamics of
the system (Z2). In this section, some numerical simulations are carried out to
well illustrate and supplement the previous theoretical analyses. More biologically
interesting findings will be presented below.

Theorem [B.2] indicates that all four species will never be simultaneously extinct
because Ej is unstable. When d; and dy are large enough, Ej, is globally asymp-
totically stable, and the herbage tends to its carrying capacity when there are no
species D, W and C (see Fig. B(a)). By Theorem B3], when dz and ds are large
enough and d; is within an appropriate range, Fyq is globally asymptotically sta-
ble. This means that species W and C' eventually become extinct, and the other
two species coexist stably (see Fig. Bi(b)). Figure Bl(c) verifies the existence and
stability of Fhy (Theorem [B4]) and shows that species D and C' eventually tend
to become extinct and the other two species coexist stably. Figure Bl(d) verifies the
conditions of Theorems BSH3 7 here Eygc is an attractor, which implies species
H,D and C coexist at this equilibrium, only the species W becomes extinct. As
shown in Fig. Ble), Enwc is an attractor, where species H, W and C' coexist at this
equilibrium, and only one species D becomes extinct. Theorems B I2H3.T4] provide
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time time time

0 200 400 600 800 1000 0 100 200 300 400 0 50 100 150 200
time time time

(d) (e) ()

Fig. 3. Possible attractors of system (Z2). (a) Ep, (b) Eng, (¢) Ehw, (d) Ende, (¢) Ehwe and (f)
Epqwe- Parameter values are listed in Table 2 and all the solutions start at (2, 1, 1, 0.8).

sufficient criteria for the global coexistence of four species, here interior equilibrium
Ehawe is an attractor, four species coexist together at Epqwe (see Fig. B(f)).

In addition to the above equilibrium dynamics, the existence of periodic
solutions to ([Z2) can be seen in Fig. M while the four species coexist cyclically.

3 . : T 1.5
1
[a)
0.5
. . . 0 . . .
0 100 200 300 400 0 100 200 300 400
time time
(a) (b)

Fig. 4. Cyclic coexistence of H, D, W and C. Here, K = 3,r = 1,a1 = 0.9,e1 = 0.7,b1 = 1,
c1 = 0.9,d; = 0.1,ds = 0.8,e2 = 0.9,a2 = 2,da = 0.8,ca = 0.8,b = 0.2,81 = 16,832 = 10,
m1 =1,ma2 = 1.
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0.8

0 100 200 300 400 0 100 200 300 400

time time
(c) (d)

Fig. 4. (Continued)

2 1.5

0 50 100 150 200 0 50 100 150 200

time time
(a) (b)

(©)

Fig. 5. Bistable scenarios of system (Z2)). (a) and (b) Different solutions are attracted by Epqc
and FEyq, respectively. (¢) Phase space diagram for the system excluding species W, the solution
trajectories originating from six different initial conditions converge to E}qc or Eyng. Here, K = 2,
r=1l,a1 = 1.9,e1 = 0.9,b4 = 0.1,¢1 = 0.8,d1 = 0.2,d3 = 0.1,e2 = 0.6,a2 = 0.4,d2 = 0.4,
c2 = 0.67 bz = 0.1,ﬂ1 = 15,[32 = 207 m] = 1,m2 =1.
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20 30 40 50
time

(a) (b)

Fig. 6. Bistable scenario of system (2.2)). Different solutions are attracted by Epqwe and FEly,
respectively. Here, K = 8.6,7 = 4.8,a1 = 0.5,e1 = 0.4,b1 = 0.5,¢1 = 0.8,d1 =0.4,d3 =0.8,31 =
9.8,82 = 20.7,e2 = 0.8,a2 = 0.8,d2 = 0.9,c2 = 0.6,b2 = 0.1,m; = 1,m2 = 1.

Bistability means that, for a fixed set of parameter values, multiple attractors
coexist in a given system. By further analyzing the conditions for the existence
and stability of equilibria, we find that ([2.2]) may admit different kinds of bistable
scenarios. For example, Figs. B(a) and 5(b) show a bistability between Epq. and
Eng. In Fig. Blc), we draw three-dimensional phase portraits of the model (2.2))
excluding species W, it can also be seen that the system has two different attrac-
tors corresponding to different initial values. Similarly, Fig. [6] shows the bistable
phenomena between Fygwe and Ehy, where Fhgwe and Ey are both stable attrac-
tors. In short, with different values of system parameters and initial population
size, system (22 shows stable and oscillating coexistence of the populations and
bistable phenomena.

5. Fear Effect

The anti-predator mechanism plays some important roles in predation. The effect of
fear is twofold: one is to interfere with the foraging of domestic and wild herbivores,
while the other is to prevent predation of the herbivore by the large carnivore, these
are represented as the cost and benefit of the fear effect, respectively. In this section,
we expound the twofold of fear effect exerted by the large carnivore in a grassland
ecosystem through numerical simulations. In the formulation of the model [2.2)),
the cost of fear effect is denoted by (3; and (2, and the benefit of fear effect is
represented by mq and mso.

In the grassland ecosystem, the level of defense of herbivores may change due
to altered predation risk. 81, B2, m1 and ms also characterize the anti-predator
response level, thus those parameters may strongly influence the dynamical behav-
iors of our model.
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Table 2. Parameter values for attractors of (22) presented in Fig.

Figures Parameters Attractors

Fig.Bla) K=1,r=1,a1 =0.5,e1 =0.5,b1 =0.1,¢1 = 0.8, FEy, is an attractor,
d1 =0.3,ds =0.1,81 = 10,82 = 15,e2 = 0.6, where D, W, C' become
ag = 0.4,do = 0.25,¢c0 = 0.6,b2o =0.1,m; =1,mg =1 extinct.

Fig. Bl(b) =1,r=1,a1 =0.5,e1 =0.9,b1 =0.1,¢1 =0.8, FEhq is an attractor,
d1 =0.4,ds =0.1,81 = 10,82 = 15,e2 = 0.6, where W, C' become
ag = 0.4,do = 0.25,¢c0 = 0.6,b2o =0.1,m; =1,mg =1 extinct.

Fig. Blc) =1,r=1,a1 =0.5,e1 =0.6,b1 =0.1,¢1 =0.9, FEh is an attractor,
d1 =0.1,ds =0.1,81 = 10,82 = 15,e2 = 0.8, where D, C' become
a2 = 1.5,d2 =0.3,c2 =0.9,b0 =0.1,m; =1,m2 =1 extinct.

Fig.Bld) K=1,r=1,a1 =2,e1 =0.9,b1 =0.1,¢; = 0.9, Fhac is an attractor,
diy =0.1,ds = 0.03,31 = 10,82 = 15,e2 = 0.6, where H, D, C coexist
a2 =0.4,da =0.4,c2 =0.6,b0 =0.1,m; =1,m2 =1 at equilibrium.

Fig. Blle) =1,r=1,a1 =2,e1 =0.6,b1 =0.1,¢1 = 0.9, FEhwe is an attractor,
dy =0.1,ds =0.1,81 = 10,82 = 10,e2 = 0.9, where H, W, C' coexist
a2 =2,d2 =0.15,¢c2 =0.9,b0 =0.1,m; =1,ma2 =1 at equilibrium.

Fig. B(f) K=8r=2a1 =09,e1 =0.7,b1 =1.3,c1 =0.9, The interior equilibrium
d1 =0.1,ds = 0.8,31 = 20,82 = 16,e2 = 0.9, Fhdwe 18 an attractor,
az =1,dy =0.8,c0 = 0.8,bg =0.2,m1 = 1,ma =1 the solution of (22

tends to a steady state.

Numerical simulations are carried out to explore the dynamic behavior by vary-
ing the four fear parameters. These simulations are implemented by the ode45 and
ode23 functions in MATLAB. In the following numerical simulations, the initial
values are set to be H(0) = 2, D(0) = 1, W(0) = 1, C(0) = 0.8, and parameter
values are selected as

a; = 0.97 as = 1.37 K= 8.6, r= 1, €1 = 0.7, b1 = 1, b2 = 0.27

(5.1)
c1 = 0.97 Co = 0.87 d1 = 0.1, dg = 0.87 d3 = 0.8, €y = 0.9.

5.1. Cost of fear effect on herbivore (31 and 32)

Now we investigate the impact of the cost of fear effect, here the benefit of fear
effect on herbivore is not considered (i.e. m; = mg = 1). We consider two cases:
(i) the domestic herbivore has no anti-predator response (i.e. 8; = 0) and (ii) the
domestic herbivore has the anti-predator response (i.e. $; = 20). In order to do
this, we draw the bifurcation diagrams with (> being the bifurcation parameter
(see Fig. [0).

First, we consider the case (i). From Figs.[[l(a), 7(c), 7(e) and 7(g), it is observed
that, when the value of the fear coefficient 35 is small, the solution of the system
[22) converges to an interior equilibrium. As the value of 32 increases further, the
densities of species H, D and C increase, the density of wild herbivore decreases,
and eventually species W becomes extinct and the remaining three species coexist.
In conclusion, when species D has no anti-predator response, the solutions of system
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[22) shift from the interior equilibrium to the wild herbivore-free equilibrium as
the value of 35 increases.

Next, we consider the case (ii). We investigate the bifurcation dynamics of the
system by varying the fear coefficient (. Figures [((b), 7(d), 7(f) and 7(h) show
that when the fear coefficient (55 is small, system (22]) shows chaotic behavior. As
the value of (35 increases, the system experiences a bifurcation path of chaotic —
periodic — equilibrium. When [, is mediate large, the solution of the system con-
verges to a coexistence equilibrium, where the four species coexist at some steady
states. When 5 continues to increase, the densities of species H, D and C' increase

B,=
2 T T T T T T T T T
151 .
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Fig. 7. Bifurcation diagrams of ([Z2) with 82 being the bifurcation parameter for different ;.
Here m1 = ma = 1, other parameters are defined in (51J).
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and the three species eventually coexist. Note that the density of the wild herbivore
decreases and eventually becomes extinct.

For case (ii), in order to better visualize the solutions of system (Z2]), we draw
the time-series solutions of the system by choosing four different values of 35 (see
Fig. {), which demonstrate different dynamical behaviors. Figures B(a)-8(d) cor-
respond to the case that wild herbivore has no anti-predator response (i.e. 32=0),
and shows the chaotic oscillations. Figures[B|(e)-8(h) exhibit limit cycle oscillations
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Fig. 8. Time-series solutions of system (22)) for different values of (2. Here 1 = 20,
m1 = mg = 1 and other parameter values are defined in (5J). (a)-(d) show the chaotic behavior
for B2 = 0, (e)—(h) show the limit cycle oscillation for B2 = 15, (i)—(1) and (m)—(p) show the
equilibrium for B2 = 22 and [B2 = 23, respectively.
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Fig. 9. Bifurcation surfaces of (Z2) with 81 and (B2 being the bifurcation parameters. Here
m1 = mg = 1, other parameters are defined in (G1)).

at By = 15, while four species H, D, W and C cyclically coexist. From Figs. B(i)—
8(1), the system has a stable interior equilibrium when [y = 22. Figures [§(m)-8(p)
depict the solution of system (22)) is transferred from an interior equilibrium to a
wild herbivore-free equilibrium (i.e. B2 = 23).

To better investigate the joint effect of the two fear factors 81 and s, the
bifurcation surfaces of system (2.2) for varying 31 and /35 are given. From Fig.[0 one
observes that, for small values of G5 and large values of 31, the system shows chaotic
dynamics. Then as the values of 35 increase, we observe that the system regains
stability from periodic oscillations. Given the above analysis, it is observed that
the large fear effect level on wild herbivore can transform system ([2:2]) from chaotic
dynamics to stable dynamics. It also indicates that the presence of fear effect does
contribute to the recovery of grazing and the increase of the domestic herbivore’s
density, but excessive fear levels are sometimes detrimental to the diversity of the
system because they can cause wild herbivore to become extinct.

5.2. Benefit of fear effect on herbivore (m1 and ma)

In addition to the cost in the foraging of herbivore, it is also interesting to examine
the role that the benefit of the fear effect plays in dynamics evolution of the model.
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Fig. 10. Bifurcation diagrams of (22) with m; being the bifurcation parameter. Here, 81 = 20,
B2 = 16, ma = 1 and other parameters are defined in (51J).

In this subsection, we explore the effect of different levels of the parameters m;
and mso, which represent the decrease in predation efficiency of domestic and wild
herbivores by the large carnivore due to the fear effect.

First, the bifurcation diagrams with mj being the bifurcation parameter are
helpful to our observation (see Fig.[I0)). From Fig. LT, one can see that if the species
W has no benefit of fear effect (i.e. mg = 1), when m; € (0,0.21], (Z2) converges to
the boundary equilibrium Eyq; when mq € (0.21,0.55), as m; increases, the density
of H increases and the densities of D and C decrease, W is still extinct; when
my € [0.55, 1], with the increase of my, the density of W begins to increase and the
densities of other three species decrease. Therefore, in mathematics, m; = 0.21 and
my = 0.55 are the thresholds where the system experiences a bifurcation path from
the boundary equilibrium FEynq to the boundary equilibrium FEyq. and then to the
internal equilibrium as m; increases; in ecology, it is revealed that the predation of
C on D is much more difficult when the benefit of the fear effect is larger (i.e. my
is smaller), which is detrimental to the coexistence of the species in ([2.2).

2350058-27



Int. J. Biomath. Downloaded from www.worldscientific.com
by SHANDONG UNIVERSITY on 10/23/23. Re-use and distribution is strictly not permitted, except for Open Access articles.

P. Cong, M. Fan & X. Zou

4.1 T T T T 0.9
4 .
08r
39r
T 3.8 0 0.7r¢
3.7r
061
361
35 0.5 :
0 0.2 0.4 0.6 0.8 1
m, m,
(a) (b)
0.285
0.28
0.275
o o027
0.265 |
0.26 |
0.255 . . . .
0 0.2 0.4 0.6 0.8 1
my My
(c) (d)

Fig. 11. Bifurcation diagrams of (2.2)) with ms being the bifurcation parameter. Here 31 = 20,
B2 = 16, m1 = 1 and other parameters are defined in (51J).
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Fig. 12. Bifurcation surfaces of (22) with m; and ms being the bifurcation parameters. Here,
31 = 20, B2 = 16 and other parameters are defined in (G1).
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Fig. 12. (Continued)

We now consider the case that species D has no benefit of fear effect (i.e.
my = 1). In Fig.[ITl the bifurcation diagrams with ms being the bifurcation parame-
ter reveals that H, W and C all show a significant positive response as my increases,
while D has a significant negative response. In this case, (2.2]) always has an interior
equilibrium. We also draw the bifurcation surfaces with m; and ms being bifurca-
tion parameters to explore the joint effect (see Fig.[I2). One observes the dynamic
evolution of system (2:2)) and the density variation of species H, D,W and C. If
the fear factor m; is small enough, then the species W and C are extinct and the
species H and D coexist. In this case, it can be seen that the change of msy has
no perceptible effect on the system. On the contrary, when the fear factor ms is in
the appropriate range (0 < mz < 1) and m, is large, the change of m; will have a
significant impact on the population dynamics of all four species. Given the above
analysis, we conclude that the parameters m; and ms play a significant role in the
variation of population density.

6. Conclusion and Discussion

In the grassland ecosystem, the impact of the fear effect is a new and debatable
topic. Herbivore will perceive predation risk and adopt the anti-predator strategy in
the presence of large carnivore. The anti-predator strategy is an important obstacle
factor for the foraging of herbivore while it plays a positive role in reducing the
predation risk. This phenomenon, combined with recent studies on the fear effect,
prompts us to theoretically explore the mechanisms of how the anti-predator strat-
egy affects the structure and function of the grassland ecosystem. In this study,
we develop a four-dimensional model ([22)) to investigate the fear effect. The model
describes the interactions among herbage, domestic herbivore, wild herbivore and
large carnivore. Both the cost and benefit of the fear effect are explicitly incorpo-
rated into the model, and four parameters 1, B2, m; and msy are introduced to
characterize the fear effect.
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Theoretical and numerical results show that model (2.2) displays rich and com-
plex dynamic behaviors, such as stable coexistence, cyclic phenomenon, bistable
scenarios and chaotic dynamics. The numerical study reveals that the fear effect
plays an important role in determining the long-term population dynamics in the
grassland ecosystem. For example, with the fear factor 1 being constant, the fear
factor (B2 can control the chaotic dynamics. As (5 increases, species H, D and C
show a significant positive response and W shows a negative response, and when (3,
exceeds a certain value, W becomes extinct. It is worth noting that the fear factor
does not always transform the ecosystem from a chaotic state to a stable state,
such as (1 in this paper. The benefit of the anti-predator response is also impor-
tant and we explore this effect by drawing the bifurcation diagrams/surfaces. These
findings demonstrate that the fear effect coefficients m; and mo have an important
contribution to the changes in population densities of species H, D, W and C.

Our results provide some beneficial management/control strategies for main-
taining biodiversity. Previous studies have focused on the harm of predation on
livestock by the large carnivore. But the retaliatory persecution of large carnivore
by humans presents a grave threat to the grassland system. An interesting appli-
cation of this study is to simulate the illusion of the presence of large carnivore
by imitating their sounds in the areas where wild herbivore exists. Even if there
is no direct predation, the fear effect can alleviate the pressure on the grassland
ecosystem. In addition, it can promote an increase in domestic herbivore density
and enhance the economic benefits for people. In summary, although large carnivore
has been reintroduced in some areas [41 [45], applying fear effects in the grassland
ecosystem is another possible protection strategy.

It can be seen from the above discussion that, if fear level exceeds a certain
value, then species W will become extinct. This means that, in the application,
the fear should be kept at some appropriate level. Here, we attempt to explore the
impact of fear effect on the grassland ecosystem and obtain some interesting results.
But there are still some problems to be solved. For example, in the derivation of the
functional response for herbivore (D /W), we only consider the time wasted by each
herbivore due to the disturbance by large carnivore in the process of predation (i.e.
£1C/B2C), but ignore the wasted time due to interference between herbivores (i.e.
v1 D+~ W). It is expected to possibly produce more complex population dynamics,
and it is also very interesting but challenging in mathematics.

Finally, one thing that should be pointed out is that the modeling idea and the
model can be applied to other ecosystems. For example, consider the system con-
sisting of one phytoplankton species, two zooplankton species and one fish species
in aquatic ecosystems [3, [I8 [36], the cascade effect of fear on phytoplankton is
significant in the ecological environment because of the frequent outbreaks of phy-
toplankton bloom; in coral reef ecosystems, the most important measure to save
the coral reef is to control the overgrowth rate of algae, when predator species is
present, the prey can sense some vibrations and hide in the reef [25].
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