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Abstract

In this paper, we consider a single species population model over patches with delay and non-
local interactions, for which no symmetry for the dispersion (connection) matrix is assumed.
We show that there exists a positive equilibrium when the dispersal rate is large. We also
discuss the stability/instability of this positive equilibrium, establish the threshold dynam-
ics and explore the associated Hopf bifurcation. Moreover, we demonstrate our theoretical
results by a nonlocal logistic population model and by the Nicholson’s blowflies model.
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1 Introduction

The mutual effect of diffusion and time delay has been investigated extensively in continuous
space settings by reaction-diffusion equation models. For example, for the following classical
delayed logistic (Pearl-Verhulst) model

du(x,t)

at

the stability/instability of the positive steady state and the associated Hopf bifurcation were
analyzed for the homogeneous Neumann boundary condition [7,18,20,32] and the homo-
geneuos Dirichlet boundary condition [2,3,13,15,22,23,28,29]. Here the intrinsic growth rate

m(x) can be spatially dependent and change sign, and b(x) > O represents the intraspecific
competition. Considering the effect of nonlocal competition, Britton [1] improved model

=dAu+u(x,t)(mx) —b(x)u(x,t —1)), x€ 2, t>0, (1.1)
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(1.1) and proposed the following nonlocal model:

aa—b:szu—i-u[l—i-au—(l—i-a)g*u], xe, t>0, (1.2)
where o denotes the local aggregation, and g * u represents the intraspecific competition
and has different forms, e.g. g x u = fQ g(x, y)u(y,t — tv)dy which represents a purely
spatial average. For the unbounded domain, the existence of periodic traveling wave solu-
tions was shown in [1], and we also refer to [5,9,10,12] and the references therein for the
Hopf bifurcation of model (1.2) on the bounded domain. Another classical delayed single
population model is the following Nicholson’s blowflies model:

au _ _

5, = dBut poutx,t = e A=) _ s(u(x, 1), x€Q, 1>0, (1.3)
where p(x) > 0 is the maximum per capita egg production rate, 1/a(x) > 0 is the size
at which the population reproduces at its maximum rate, §(x) is the per capita daily death
rate. We refer to [30,31] and the references therein for the stability/instability of the positive
steady state.

When the spatial environment is regarded as a discrete variable, the above mentioned
models (1.1)-(1.3) have the associated patch forms. Actually, they are all included by the
following general form:

du~ n n

—'/:dZajkuk-l—fj uj,Zﬂjkuk(t—r) , t>0, j=1,...,n,

di k=1 k=1 (1.4)
u@) =y >0, te[—1,0].

where n > 2 is the number of patches, u; represents the population density in patch j,
andu = (uy,..., u,,)T; fj(, ) is the growth rate function; d > 0 is the dispersal rate of
the population; and time delay T > O represents the maturation time of the population. Here
A = (ajx)nxn is the connection matrix, where o j; (j # k) > 0 denotes the rate of movement

from patch k to patch j, «; denotes the rate of leaving patch j, and orj; = — > kst j Ok for
Jj =1,...,n;and the matrix B := (Bx)uxn 7 Onxn represents the nonlocal effects if it is
not a diagonal matrix.
If
fi,y)=x(m;j—y), j=1,...,n, (1.5)

and B = diag(b;), then model (1.4) is a patch form of (1.1), and the stability of the pos-
itive equilibrium and the associated Hopf bifurcation were investigated in [4,16] when the
connection matrix A is symmetric; if

fi,y)=x(mj+ajx — (A +aj)y), j=1,...,n, (1.6)

then model (1.4) is a patch form of (1.2), and the Hopf bifurcation was also considered in
[14,17] when A and B are symmetric by virtue of the symmetric Hopf bifurcation theory
[27]. The symmetric Hopf bifurcation theory was also used to analyze the Hopf bifurcation
for coupled neural network models with some symmetric assumptions, see e.g. [11,34]. If

f/'(-xay):pjyeiajy_ijv jzl,...,l’l, (17)

and B is an identity matrix, then model (1.4) is a patch form of (1.3), the existence and global
stability of the positive equilibrium was analyzed in [8], and there exists no results on Hopf
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bifurcations to our knowledge. Moreover, we remark that a delay induced Hopf bifurcations
were also investigated in [25,33] for two or three patches with other forms of nonlocal delay.

A natural question is whether Hopf bifurcations can occur for model (1.4) when A and B
are asymmetric. In this paper, we give an affirmative answer to this question for the case of
a large dispersal rate d. Throughout the paper, we assume that:

(H1) The connection matrix A := (cjx)nxn 18 irreducible and quasi-positive.

Here we remark that real matrices with nonnegative off-diagonal elements are referred
to as quasi-positive matrices (or respectively, essentially nonnegative matrices). Denote the
spectral bound of A by

s(A) := max{Repu : u is an eignvalue of A}. (1.8)

It follows directly from the Perron-Frobenius theorem that, under assumption (H1), s(A) is
a simple eigenvalue of A with an eigenvector 5 > 0, where

n
n=(n.....n)". n;j >0 forall j=12....n and Y 5;=1. (1.9)
j=1

Moreover, there exists no other eigenvalue with a nonnegative eigenvector. This, together
with the fact that 2;21 ajr =0fork =1,...,n, implies s(A) = 0. We note that while
a symmetric dispersion matrix A in (H1) may mimic random diffusion of the species, an
asymmetric A could reflect advective movements of the species.

On the reaction part, based on the existing studies on various special cases of (1.4), we
impose the following assumption:

(H2) Forall j =1,...,n, fj(x,y) € C*R x R, R). Define

g(w) == 2”: fj(wnjv w ZZ:] ﬂjknk)!

j=1 v
where n = (91, ..., 1,)7 is defined in (1.9), and then g(w) is strictly decreasing in
w € (0,00),and M = lim g(w) and N = lim g(w) exist, where 0 < M < oo and
w—0 w— 00
—o00 <N <.

We would also like to point out that assumption (H2) can actually accommodate all those
reaction terms in the aforementioned works (and most, if not all, in the literature). For
example, assumption (H2) is satisfied for (1.5) when Z?:l mjn; > 0, and (1.6) and (1.7)
are illustrated in Sect. 3. As will be seen in Sect. 2, (H2) will play a crucial role in guaranteeing
the existence of a positive equilibrium for a large dispersal rate d.

To analyze the Hopf bifurcation for network or patch models, a common used assumption
is that the dispersion matrix A is symmetric. Then the symmetric Hopf bifurcation theory or
some other methods can be used, see [4,19,27] and references therein. In [4], we showed that
the perturbation method in [2] can also be used for Hopf bifurcations of patch models. Here
we do not assume symmetry for the dispersion matrix A, and it brings some more technical
hurdles. We overcome these difficulties via constructing an equivalent system (see (2.26))
for the eigenvalue problem, which is different from [2,4].

Now, we denote the following notations. For u© € C, we define the real and imaginary
parts by Reu and Zm ., respectively. We denote complexification of a linear space Z to be
Zc = Z ®iZ = {x1 + ixa|x1, xo € Z}, and define the domain of a linear operator T by
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2(T), the kernel of T by .4 (T), and the range of T by Z(T). For the complex-valued space
C", we choose the standard inner product (u, v) = Z;:] ujvj, and for u € C", we define

1/2
" /

N DT (1.10)

=1

.....

The rest of the paper is organized as follows. In Sect. 2, we study the existence of the
positive equilibrium u; and the associated Hopf bifurcation when the dispersal rate d is
sufficiently large. In Sect. 3, we apply the obtained theoretical results to a nonlocal logistic
population model and a Nicholson’s blowflies model, and also give some numerical simula-
tions.

2 Positive Equilibrium and Hopf Bifurcation
In this section, we will consider the Hopf bifurcation of model (1.4) when the dispersal rate

d is sufficiently large. Let A = 1/d throughout the paper, and consequently, the existence of
a Hopf bifurcation for a large d is equivalent to that for a small A.

2.1 Existence of Positive Equilibrium

In this subsection, we show the existence of the positive equilibrium uy = (44 1, - . ., ud,,,)T
(or equivalently u)) of Eq. (1.4), and u) = (uy 1, ..., uM,)T satisfies
n n
> ajiur +Afj (uﬂ,,Zﬂjkuk) =0, j=1,...,n, Q2.1
k=1 k=1
where A = 1/d. It is well known that, for every x = (x1, ..., x,)” € R",

y=x—-ynelX,
where 7 is asin (1.9), y = 37, x; € Rand

n
Xi={Cr....x)" €R": Y x;=0¢. (2.2)
j=1

From assumption (H2), we give the following result for further application.

Lemma 2.1 Denote
n n
Gw) =) fj (wnj,wZﬂjknk>, 2.3)
j=1 k=1
where n = (1, ..., n,)7 is defined in (1.9). Then G(w) = 0 has a unique positive solution
w = ¢o and G'(cg) < 0.

Proof Clearly, G(w) = wg(w), where g(w) is defined in (H2). Since g (w) is strictly decreas-
ing, and

lim g(w) € (0,00) and lim g(w) € [—o0,0),
w—0 w—00
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we see that g(w) = 0 has a unique positive solution w = c¢g, which implies that G(w) = 0
has a unique positive solution w = cg. A direct computation yields

G'(co) = cog'(co) < 0.
This complete the proof. O

Now we show the existence of the positive equilibrium u; near A = 0.

Lemma 2.2 There exists &1 > 0 and a continuously differentiable mapping A +— u, from
[0, A1] to R"™ such that u, is a positive solution of Eq. (2.1) for A € (0, A1]. Moreover,

limy ,ou, =ug = (140,1, o uo,n)T, where ug = con, and co and n are defined in Lemma
2.1 and Eq. (1.9), respectively.

Proof Defineh : R x R x X| — R" by
h(h,c,w) = (hi(h,c,w), ... ha(h,c,w)T
where
n n

hj(cw) =Y ajpwy + A f (m;,- +wj, Y Birlen + wk)> =0 for j=1,...,n.

k=1 k=1
Letting

u=cn+w, 2.4)

where 7 is defined in (1.9), c € R, w € X and X is defined in (2.2). Plugging (2.4) into
(2.1), we see that (A, u) solves (2.1), where > > O and u € R", ifand only if h(A, c, w) =0
is solvable for some value of . > 0, ¢ € Rand w € X;.

Obviously, k(0, ¢, 0) = 0 for all ¢ € R. One can easily check that

Shoianve + o fi (eni, e Yy Buknk)
> h—i @2k + 0 fa (ema. e Y _y Bark)

. s

D, wyh(0, ¢, 0)[o, v] =

D et @k Uk + 0 fu (Chns € X p—y Bukik)

where v = (v, ..., v,)T € X and D wyh(0, ¢, 0) is the Fréchet derivative of (A, ¢, w)
with respect to (A, w) at (0, ¢, 0). It follows from Lemma 2.1 that

1 (cont,co Y_p—y Biknk)
12 (coma. co Y_j—y Bokmik)
. € X;.
Fn (comn, co Yy Bukik)
Then we see that there exists a unique v* € X such that
D wyh(0, co, 0)[1, v*] =0,
which yields

N (Dgwyh(0, co, 0)) = {(s,5v%) 1 s € R}.
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A direct computation shows that

mal + > 5_; Brenib?
. mas + Y iy Bunih)
DD, wyh(0, co, 0)[1, v*] = : ,

ﬂn112 + ZZ;] ﬂnkr/kbg

where DD )k (0, co, 0) is the Fréchet derivative of D, ,)h(A, ¢, w) with respect to ¢ at
0, ¢p, 0), and

af; af;
0 YJI 0 YJI .
45 = 53 lanasia siny 2= 55 lanasis guny =1 @9
We claim that
DeDayh(0. 0. 0) [1.v°] ¢ % (D h 0. c0. 0)). 2.6)

If it is not true, then there exists (¢, ¥) such that

n n n
Za,‘kﬁk +o6f; (Conj, CoZﬁ;‘kW) = nja? + Zﬂ;knkb?, j=1....n.
k=1 k=1 k=1
This implies that

ma + > 3_y Bunb?
may + Y r_y Baunib)

€ X1,
nnd,(,) + ZZ=1 Buk nkbg

which contradicts the fact in Lemma 2.1 that

G'(co) = Zn,a +ZZ,3,kﬁkb <0. 2.7)

j=1k=1
Therefore, (2.6) holds, and we see from the Crandall-Rabinowitz bifurcation theorem [6] that
the solutions of (A, ¢, w) = 0 near (0, co, 0) defines a curve
{(A(s), c(s), w(s)) : 5 € (—€, €)},

where A(s), c(s), w(s) are smooth, A(0) = 0, ¢(0) = ¢y, w(0) = 0, w'(0) = v* and
2/(0) = 1. Noticing that1’(0) = 1 > 0, we see that A (s) has a inverse function s () for a small
s. Then there exists A1 > 0 such that (2.1) has a positive solution u; = c(s(1))n + w(s(X))
for A € (0, A{], and limy ¢ u) = ug, where

up = c(s(0)n + w(s(0)) = c(0)n + w(0) = con.
This completes the proof. O

Note that A = 1/d throughout the paper. Then we have shown the existence of the positive
equilibrium with respect to the parameter d, as stated in the following lemma.

Lemma 2.3 Assume thatd € [d, 00), where dis sufficiently large. Then there exists a continu-
ously differentiable mapping d +— uq4 from [c? , 00) to R such that ug is a positive equilibrium
of model (1.4) ford € [c?, 00). Moreover, limy_, oo g = Uy = (Mo,l, A uo,n)T, where ug
is defined in Lemma 2.2.
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2.2 The Eigenvalue Problem

In this subsection, we consider the eigenvalue problem associated with the positive equilib-
rium u, obtained in Lemma 2.2 (or equivalently, u#; obtained in Lemma 2.3). Linearizing
system (1.4) at u, , we have

dv N
= 2.8
I dAv+d1ag( )v+d1ag (b )Bv(t 7), (2.8)
where d = 1/X, and
8f 8f
r_9)j r_ 9Jj
aj |("A jo k=t Bjkux, k)’ bj |(“A J» k=l Bjkux, k)’ (2.9)

Then a* = ¢ and b* = b(} for A = 0, where ¢ and bQ are defined in (2.5).
It follows from [26] that the solution semigroup of (2.8) has the infinitesimal generator
A (L) satisfying

AW = W, (2.10)
with the domain
2 (A:(V) = {¥ e CcNCE : ¥(0) e C",
W(0) = dAW(0) + diag (a}) W(0) + diag (b)) BY(-T),
where Cc = C ([—1, 0], C") and C(E: = C! ([—1, 0], C"). Then, we see that u € C is an
eigenvalue of A, (1), if and only if there exists ¥ = (V1. ..., ¥,)T (£ 0) € C" such that
A, w, )Y = [A + Adiag(a ( ) + Ae M diag (b)‘> B — Apc[] v

=AY + . diag (a}) o + 2o diag () BY — hiup = 0. @1

where A = 1/d.
Firstly, we obtain a priori estimates for solutions of Eq. (2.11), which is crucial for the
analysis of the Hopf bifurcation.

Lemma 2.4 Assume that (u,\, T, VI)\) solves Eq. (2.11) for A € (0, A1], where A1 is defined
in Lemma 2.2, Repy, tn = 0, and ¥, = (Y1, -. ., 1//;\,,1)T(7é 0) € C" satisfies ||10;\||% =
||11||§. Then there exists ):1 € (0, A1] such that || is bounded for ) € (0, ):1].

Proof Substituting (1., 71, ¥, ) into (2.11), we have
n n
> ek + Adl . j + e D (Z ﬂjm,k> — My =0, j=1...n

k=1 k=1
(2.12)

Multiplying (2.12) by JA. ; and summing these over all j yield

ZZa,km,mkHZa 17 +xe—“m22ﬁ]kb Vi ¥k

j=1k=1 j=1k=1

= A, Z W jI? =
=1
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Note that [|¥; 13 = [[9]|3. Then for A € (0, A1], we have

Apal <2 max_Jaf|+Ain max Bl
1<j,k<n

D51 +n max |ajl,
re[0,A1],1<j<n J 1<jk<n

max
re[0A]1<j<n
which implies that |[Au; | is bounded for A € (0, A1].

Then we claim thatlim; ¢ |A;.| = 0. Note that [|§, [|3 = [|7]|3. We see that if the claim is
not true, then there exists a sequence {1;}7°, and a constant ¥ # 0 such that lim; oo ; =0,
lim/— o M3, = k with Rex > 0, and limj— o ¥, = ¥, with [¥,[I3 = [In]l3. Then it
follows from (2.11) that

AV, — k¥, =0,

which implies that x (# s(A)) is an eigenvalue of A. If follows from [21, Corollary 4.3.2]
that Rex < 0, which is a contradiction. Therefore, lim) .o |Au,| = 0.

Finally, we show there exists A; € (0, A1] such that |u;| is bounded for A € (0, ;).
If it is not true, then there exists a sequence, which we still denote by {A;}72,, such that
lim;— 00 Ay = 0, and lim;_, |03, | = 00. Ignoring a scalar factor, 1/};\1 can be represented as

]/I)L[ :r;\lr]—i—w;\l, wy, € (Xl)(Ca 'y 207 (213)
where X is defined in (2.2). Plugging (2.13) into (2.12), we have, for j =1, ..., n,

n n

A A —
E kWi k + Ma; (raynj + wi, ) + b E Bk (ra i + wy, ke Hrm
k=1 =1

—Aps, (rynj +wsy,, ;) =0. (2.14)

Summing (2.14) over all j yields

n n
Wt = [“7 (1 + w3y, 1)+ B Bty i+ wy e W] SCAL)

j=1 k=1
Noticing that ||1/f,\||% = IIWII%, we see that there exists a subsequence {kzq }ZO=1 (we still use
{M}2, for convenience) and Y* = (¥, ..., ¥;) € C"(|y*[13 = lInll3) such that
lim ¥,, = lim (ryn+w;,) = ¥* (2.16)
[— 00 [— 00

Since lim; _, ¢ |Au;| = 0, taking the limit of (2.14) as [ — oo, we see that AY™* = 0. This,
combined with the fact that ||¢* ||% = ||n||%, implies that ¥* = «;n with |«1| = 1. It follows
from (2.16) that

n

n
]1_1)%10 3 (rumj+wy,j) = 11—1>To Iy = X;W,* =K1, (2.17)
J= J=

which yields k1 > 0, and consequently x; = 1. Therefore,

lim ry, =1, lim wy, = 0. (2.18)
[—00 [—o00

This, combined with (2.15), implies that {|u, |}72, is bounded, which is a contradiction. This
completes the proof. o

From Lemma 2.4, we have the following result.
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Theorem 2.5 Let

n n n
=Y a%; and 7= Bibnk. (2.19)
j=1

j=1k=1
where a? and b? are defined in (2.5), and assume that 7y — 72 < 0. Then there exists »p > 0,
where )y is sufficiently small, such that
oc(A;(V) C{x+iy:x,yeR,x <0} for A € (0,1] and © > 0.

Proof If the conclusion is not true, then there exists a positive sequence {A;};°, such
that lim;,oo Ay = 0, and, for I > 1, A (A&7, u, T) ¥ = O is solvable for some value of
(;LM, Ths 1/1)\1) withReu;,, Imp;, > 0, 75, = 0and 0 # ¥, € C". Noticing that {|uy, |}72,
is bounded from Lemma 2.4, we see that there exists a subsequence {Alq };’O:l (we still use
{Al}fil for convenience) such that lim;_, oo 3, = 1™, and

) o i ok
111m (e Ty (Rem,)7 e ity (Imm,)) _ (0*, e i6 ),
— 00

where
o*€0,1], 6" €[0,2n), pu* e C(Ren*, Imu* = 0). (2.20)

As is proved in Lemma 2.4 (see the proof between (2.13) and (2.18)), ¥, can be represented
as
¥y, =run+wy, wy € (X, my >0,

n
_ (2.21)
195,113 = 3 15 42y Y mjQoag j + W) + 1w, 15 = lImll3,

j=1
where {r;,};°, and {w;, }72, satisfy

lim ry = 1, lim wy, = 0,
[—00 [—o00

and (2.15) holds. Taking the limits of (2.15) on the both sides as / — oo, we have
n n .
> (a8 Y e ) =
j=1 k=1

which implies that

[71 + 0¥ cos 0* = Reu*, (2.22)

Imp* + o*7, sin6* = 0.
In fact, it follows from Lemma 2.1 and (2.7) that
G'(co) =71 +72 < 0. (2.23)
Noticing that 7] — 7, < 0, we have
71 <min{rh, =7} <0and —1 < =7 /f < 1.
Then, we see from the first equation of (2.22) that
)

——cosf*c* > 1,
1

which is a contradiction. O

@ Springer



Journal of Dynamics and Differential Equations

From Theorem 2.5, we see that if 7] — 7> < 0, then all the eigenvalues of A;()) have
negative real parts for A € (0, A2], where A, is sufficiently small. In the following, we show
that Hopf bifurcations can occur in the case 71 —7, > 0. Clearly, A; (1) has a purely imaginary
eigenvalue u = iv(v > 0) for some t > 0, if and only if

AV + A diag (aj.) ¥ + 2 diag (b?) Bye ¥ — iy =0 (2.24)

is solvable for some value of v > 0,0 € [0, 2) and ¥ (# 0) € C". Ignoring a scalar factor,
¥ (# 0) € C" in (2.24) can be represented as

Y=rp+w, we X)c, r=0,
n
o (2.25)
1915 =r2Iml3 +r Y njw; + ;) + w3 = I3
j=1

Plugging (2.25) into (2.24), we see that (v, 0, ¥) is a solution of (2.24), where v > 0,
0 €[0,2r)and ¢ € (C"(||¢||% = ||77||§), if and only if the following system:

Fl,j(w,r, V,H,)L)

n n
= Za}-kwk +2 |:aj-‘(r11j +wj) +bi¥ Zﬂjk(”?k + wp)e 0 — iv(rn; + wj)j|
k=1 k=1

PRy 5w Zie . } .
- - a;(rnj +w;j) + b5 Bik(rnk +wr)e™ —ivirnj +w;) [ =0, j=1,...,n
n;[; J J JZ J J J (2.26)

k=1

n n
Fa(w,r,v,6,2) =) [a;unj +w) + b5 Y Bkt + wi)e ¥ —ivirn; + wp] =0
j=1 k=1

n
F3(w,r,v,0,) := (> = DIz +7 Y ne(wg + %) + [[w])3 =0
k=1

is solvable for some value of w = (wq, ..., wy)! € (X1)g,v>0,r>0and @ € [0, 27).
Set Fi = (F1.1,..., F1.,)T, and define F : (X{)c x R* = (X;)¢c x CxRby F =
(Fi1,..., Fin, F2, F3)T.

We first obtain that F(w, r, v, 8, A) = 0 has a unique solution for A = 0.

Lemma 2.6 Assume thatti—7, > 0, where 7| and ) are defined in (2.19). Then the following
equation

F(w,r,v,6,00=0
{we(xl)c, r>0,v>0,0¢€l0,27] (2.27)
has a unique solution (wo, rg, vo, o), where
wy=0, ro=1, 6y =arccos(—71/7), vo= ';% _ 712 (2.28)

Proof From (2.26), we see that F{(w,r,v,0,0) = 0 if and only if w = wy = 0. This,
combined with F3(w, r, v, 0, 0) = 0, implies that r = ry = 1.
Substituting w = wg and » = rg into F>(w, r, v, 6, 0) = 0, we have

n n
> |:a?nj +59>  Bjxmke ™ — ivnji| =0. (2.29)

j=1 k=1
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Then (2.29) has a solution (6, v), where 6 € [0, 2], v > 0, if and only if

71 +;f2(?0s9 =0, (2.30)
V+rrsinfd =0,
where 71 and 75 are defined in (2.19).
Since 71 — 7 > 0and 7] + 7 < 0 from (2.23), we have
7 <min{r], -7} <0and —1 < -7 /r < 1.
This, combined with (2.30), implies
0 = 6y = arccos (—71/72), V=)= ?% —?’12.
This completes the proof. O

Now, we solve F = 0 for a small A.

Theorem 2.7 Assume that 71 — 7 > 0 and A € (0, A2], where Ay is sufficiently small.
Then there exists a continuously differentiable mapping A — (wy, ry, vy, 6;) from [0, 2] to
(XD x R such that (w;, s, vy, 05) is the unique solution of the following problem

F 6,1) =0
(w,r,v,0,2) @31)
we X))c, r=0,v>0, 0e][0,21)
for & € (0, Az].
Proof Let T(x,«,€,9) = (T1.1,.... T1.n. T2, T3)T : (X1)c x R? = (X1)c x C x R be

the Fréchet derivative of F with respect to (w, r, v, 8) at (wo, 79, Vo, 60, 0). Thus, we have

T

n n
Ti(x k6, 0) =Y anjxg D ewixs |
=1 j=1

n n n n
Bt 600 = 3ty + e 33 B — i 30 — e — e,
Jj=1 j=1k=1 j=1

n
Ty(X. k. €, 9) =Y _n;(xj + %)+ 2clnl3,
j=1
(2.32)

where x = (x1, ..., xx:)T € (X1)c. A direct computation implies that T is a bijection from
(X1c x R3to (X1)¢ x C x R. It follows from the implicit function theorem that there
exists Ao > 0 and a continuously differentiable mapping A — (w;, 3, v;, ;) from [0, A>]
to (X1)c x R3 such that (w,, ry, vy, 6;) satisfies (2.31).

Next, we prove the uniqueness of the solution of (2.31). Actually, we only need to
verify that if (w*, r*, v*, 6%) satisfies (2.31), then (w*, r*,v*, 0*) — (wo, r0, vo, o) =
0,1, vo, 6p) as . — 0. Note that 9, € [0, 2], and |v,| is also bounded for A € (O, Al
from Lemma 2.4. Then we see that, for any sequence {};};°, satisfying lim; o0 A; = O,
there exists a subsequence {A/q };O:I (we still use {4;}72, for convenience), 6% € [0, 27r] and

@ Springer



Journal of Dynamics and Differential Equations

0 > 0 such that lim;_, o 0% = 0° and lim;_, oo V¥ = 10. As is proved in Lemma 2.4 (see

the proof between (2.13) and (2.18)), we see that

lim ™ =rp =1, lim w" = wy=0.
[—00 =00

Taking the limits of Fg(wkl, MM M A = 0in (2.26) as | — oo, we have
n n 0
j=1 k=1

which yields 90 = 6p and W = vo, Therefore, (w}‘, r* vt 0}‘) — (wo, ro, vo, 6p) as A — 0.
This completes the proof. O

The following result is derived directly from Theorem 2.7.

Theorem 2.8 Assume that 7\ — 72 > 0 and ) € (0, Ay], where Ay is sufficiently small. Then
the following equation

A, iv, )Yy =0
v>0,7t>0, ¥(£0) eC"
has a solution (v, t, ¥), if and only if

0 21
Vv b=k, T=nu= 2T 10,12, 2.33)
Vi

where ¥, = ryn + w;, k is a nonzero constant, and w;,, r», 0)., v, are defined in Theorem
2.7.

At the end of this subsection, we consider the adjoint eigenvalue problem of (2.11), which
is used in the next subsection for Hopf bifurcation analysis. For ¢, ¥ € C", we have

(W, AGiv, DY) = (AR iv, DY, ), (2.34)
where
R, iv, 1) = AT + A diag (aj.) +1B7 diag(®¥h)e”" + ihv,
A iv, )7 = ATF + A diag (a}) ¥ +2.B" diag)) e +irvy.

Here Z(A, iv, 7) is the conjugate transpose of A(X, iv, ). Similar to the study of (2.24), we
can conclude that if the corresponding adjoint equation

ATY + 2 diag <a}) ¥ + BT diagbh)Fe” +ixTY =0, FF0) eC' (235
is solvable for some value of vV > 0, e [0, 277), then

-~ ~ 0+2
RG.i.7) % =0, where T = 2 1 0.1,2,.-- .
v

SNimilar to Theorem 2.7, we can show that there is a unique solution (V, i} , 1;) of (2.35) with
¥ (# 0) € C" when X is small.
Forallx = (x1,...,x,)T e R",

x=71,1,....,DT +7,
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where

n
Z jxj € R and yeXl (xl,...,x,,)Te]R”:anszo
j=1 j=1

Ignoring a scalar factor, we see that 1; in (2.35) can be represented as

v=F11L....D" +, e (X)), 720
n

TP RPN SR (2.36)

1915 =7n+F7> (i, +@,) + |®]5 = n.

j=1

Plugging (2.36) into Eq. (2.35), we obtain that the following system is equivalent to (2.35),

n
Fij(@,7,7,0, %) _Zakjﬁkﬂ |:a}‘(7+ W)+ Y Bbp G+ e +ivF + wj)}
k=1

_)\Zﬂ] |:a 7+ w,)+Zﬂkjbk(+wk)e‘9+1v('+ w,):| =0,
k=1

(2.37)
F(®,7,7,0, 1) := 2’7/ [@(ﬂ W)+ Zﬂkjbz(rwr B +ivG + wj)}

k=1

n
F3(,7,7,6, 1) —(~2—1)n+r2(w,+w,)+||w||2_0
Jj=1

where W = (@,..., w7 € ()N(l)(c,? > 0,7 > 0and § e [0,27). Set F| =
(Fi1..... F1,)T, and define F : (X})c x R* > (X])c x C x R by

F=(Fi1,....,Fi. B F)'.
A direct calculation implies that
F (W0, 7. V. 60, 0) = 0,
where

~ ~ ~ i~ ~ AQ_;Q

wo=0, ro=1, 6y =arccos(—r1/r2), Vo =./T; 1 (2.38)

and 7] and 75 are defined in (2.19).
Therefore, we obtain the following result similar to Theorem 2.7 and Theorem 2.8, and
here we omit the proof.

Theorem 2.9 Assume that 7\ — 72 > 0 and ) € [0, A2), where A is sufficiently small. Then
the following two statements hold.

(i) There exists a continuously dlﬁ‘erentlable mapping A (W, 75, Vi, 9)\) Sfrom [0, A2]
10 (Xl)(c x B3 such that F(®;.7,.%.6,,1) = 0. Moreover, for i € [0,4],
(W), T, Vo, 0y) is the unique solution of the following problem

F@,7.%,6,1) =0,
e (X))c. F=0, V>0, € [0,27).

@ Springer



Journal of Dynamics and Differential Equations

(ii) Foreach A € (0, A3], the following equation

ARV, DY =0
T>0 7T>0, ¥(£0) eC"

has a solution (v, T, ¥), if and only if

~ o~ = 9)\ + 2l
V=1 W_K'ﬁ)\a ‘Cl ) l:()vlazv"'v
A
where ¥, = 7. (1,1,..., DT + Wy, K is a nonzero constant, and W, 7, 03, Dy are

defined in (i).

Remark 2.10 It follows from Theorem 2.8 that 0 is an elgenvalue of A ( Jivp, Ty ;) where v;,
and 7, ; are also defined in Theorem 2.8. Noticing that A (%, iv, 7) is the conjugate transpose of
A(A,iv, T), we see that O is also an elgenvalue of A(k iv, 7). From the uniqueness of (vx, 9,\)
in Theorem 2.9, we obtain that v;, = v, and 8 = OA, and consequently T, ; = 1, ;. We remark
that the corresponding eigenfunction ¥, of A (A, v, 1')\,1) with respect to eigenvalue O is
possibly different from 1/7)L for A ()L, vy, ‘L')LJ).

2.3 Stability and Hopf Bifurcation

In this subsection, we first consider the stability of the positive equilibrium u 4 (or equivalently,
u, ) of model (1.4) when v = 0. Note that we denote A = 1/d throughout the paper, and then
the stability/instability of u, for a large d is equivalent to that of u, for a small A

Theorem 2.11 Assume that d € [d, o), where d is sufficiently large. Then the positive
equilibrium ug of model (1.4) (obtained in Lemma 2.3) is locally asymptotically stable when
T =0.

Proof Note that A = 1/d. To the contrary, there exists a positive sequence {;}7°, such that
lim;—, 00 A7 = 0, and, for / > 1, the corresponding eigenvalue problem

AV + 1, diag (a;‘[) ¥ + A diag ( ) BY = (2.39)

has an eigenvalue p;, with Reuy, > 0, where a* ; ! and b are defined in (2.9). Ignoring a
scalar factor, the associated eigenfunction ¥, can be represented as
¥y, =run+wy, wy € (Xi)c, rmy, >0,

- (2.40)
195,15 = 3 5 4 72, D mjiCway j + Wy ) + llwy 15 = I3, '

j=1
Noticing that {| 13, }72, is bounded from Lemma 2.4, we see that there exists a subsequence
{Mq} (we still use {;}72, for convenience) such that lim;_, o 3, = p* with Repu™ > 0.
As in the proof of Lemma 2.4 (see the proof between (2.13) and (2.18)), we have

n n

HigToy = Z [a?’ (raynj 4wy, j) + bﬁ’ Zﬂjk(m Nk + w/\,,k):| : (2.41)
j=1 k=1

and

lim rp, =1, lim wy, = 0.
[—00 [—00
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Taking the limits of (2.41) on the both sides as [ — oo, we have

n

n
> (“9’7/ + b5 Z/-‘%‘kﬂk) =pu.
k=1

j=1
It follows from (2.7) and (2.19) that
wr =71+ <0,

which contradicts the fact that Reu™ > 0. This completes the proof. O

In the following, we will prove that iv; (obtained in Theorem 2.8) is simple, and the
transversality condition holds.

Lemma 2.12 Assume that 7y — 72 > 0 and A € (0, Ay], where A, is sufficiently small. Let
n . n n
S10) = Y jWaj + 1ae Y N B jva kbt (2.42)
j=1 j=1k=I

where 1/7,\, ¥,, T and 6, are defined in Theorems 2.8 and 2.9, respectively. Then
limy—o S (X)) #0forl =0,1,2,---.

. 6o + 2l
Proof From Theorems 2.7-2.9, we obtain that b)/? — b(;, 0, — 60, T — M,
. . Vo

¥, — nand 1;)\ — (I,...., DT as A — 0, where 6y and vy are defined in (2.28). This,
combined with (2.30), implies that

" B +2Im) _. &
}Lnlosz(x>=ZnJ+Te—‘9° DO Bibine |

j=1 j=1k=1
Oo + 2lm) _ip ~
=4 G2 g, (2.43)
Vo
7 .
=14+0G+2n)| ————=+1| #0.
2 _7
2 1
This completes the proof. O

Theorem 2.13 Assume that 71 — 75 > 0 and A € (0, Ay], where A is sufficiently small. Then
W1 = 1ivy, is a simple eigenvalue of A, ,(A) forl =0,1,2,---.

Proof Firstly, from Theorem 2.8, we have .4/ [ATM()\) - iv;h] = Span [ei”w WA]’ where
0 € [—75.1, 0] and ¥, is defined in Theorem 2.8. Then, we show that

N A, 00 —in ] = A [Ag, (1) —iva].
If ¢ € N [Ag, (V) — i, ], then

[ATU()L) - iv}‘] e [Aru A) — ivl] = Span [eivﬁwk] s
and consequently, there is a constant « such that

[Ag,, () —iv] b = ke,
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which yields

$(©0) = ivid(0) + k" 9,, 0 €[-1:,.0],

. . N ) N (2.44)
$(0) =dA$(0) + diag (a} ) $(0) + diag(t}) B(—..).
From the first equation of Eq. (2.44), we deduce that
9 — 0 eil))\e + Keeil))\@ ,
$(6) = ¢(0) Vi (2.45)

$(0) = 11,6(0) + V.
Then, Eqs. (2.44) and (2.45) imply that
dA (. 3, T2.1) $(0) =d A (0) + diag (a}) $(0) + diag(b)) BEO)e ™™ — iv; $(0)
. (2.46)
—« (n/fA + 1y e diag(b?)Bt//A) .

It follows from Remark 2.10 that dA (A, iy, %}\,1) 1},\ = dA (A, vy, fA,l) 1;,\ = 0. Then,
multiplying (2.46) by (1%,1, RN 1%,\,,,), we have

0= (dA (h, iva, Tt) ¥z, D)) = (¥5, dA (. iva, 1) $(0)

n n n
=K Z U W, + Tge 0 Z Zﬂjk%,/%,kb}\- =S (M.

j=l j=1k=I

Asaconsequence of Lemma2.12, we get« = Ofor A € (0, A2], where X, is sufficiently small.
This leads to ¢ € A" [ATM ) — iv,\], and consequently, A = iy, is a simple eigenvalue of
A, forl=0,1,2,---. O

Note that = iv; is a simple eigenvalue of A, ;, and by using the implicit function
theorem we can show that there exists a neighborhood O, x D,, x H, of (r,\,l, v, ¥ ,\) and
a continuously differentiable function (u(7), ¥ (7)) : O, — D, x H, such that for each
T € Oy, the only eigenvalue of A;(A) in D, is u(t), and

dAh, n(7), DY (7)

247
= dAp () + diag () ¥(0) + dingBH BY (e — (e =0,

where 1 (TU) =iy, and ¥ (r,\,l) = ¥,. Then, we show that the following transversality
condition holds.

Theorem 2.14 Assume that Ty — 7, > 0 and A € (0, A2, where )y is sufficiently small. Then

dRe [[,L (1')\,1)]

>0, [=0,1,2,---.
dt

Proof Differentiating Eq. (2.47) with respect to T at T = 7, ;, we obtain
_du (t21)

dt
+dA ()», iv;\, T)\,[)

(.1 diag®) BYre % + v,
dy (TA,Z)
dt

(2.48)
— v diag(h}) By e % = 0.
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Note that
<%, dA (A, v, 7)) d'p;:”)> = <dZ (d,ivi, 1) Vs, d"'(”")> =0. (249)

Then, multiplying Eq. (2.48) by (1;;\,1, ey 1%,"), we have

du(na) —ivy Yoy Yo i, ja kbhe ™
dr Y UiV + T X Yiey Bk, Y abie %
1 (N NN e T A
Zm —ivye lef/\,ﬂh,j ZZﬂjk%,ﬂh.kbj (2.50)
=1 j=1k=1

n n 2
: i A
=it |y ) Bik¥a jVaib}

j=1k=1

(6o + 2I7)

It follows from Theorems 2.7-2.9 that b? — b(]?, 0, — 6o, 101 — ¥, =7
~ Yo

and ¢, — (1,..., DT as A — 0, where 6y and vy are defined in (2.28). Then we see from
(2.30) that

arelp(m)] _ 77

im = =

=0 dt limy o IS; )P limyo [0
This completes the proof. O

Note that A = 1/d throughout the paper. Then, from Theorems 2.5, 2.8, 2.11, 2.13 and
2.14, we have the following result on the threshold dynamics of model (1.4).

Theorem 2.15 Assume that d > d, where d is sufficiently large. Let ug be the positive
equilibrium of model (1.4) obtained in Lemma 2.3. Then the following statements hold.

(i) If 7\ =7 <0, where 7| and 7, are defined in (2.19), then the positive equilibrium u, is
locally asymptotically stable for T € [0, 00).
(ii) If 71 — 72 > 0, then there exists 1:61 > 0 such that the positive equilibrium ug of (1.4)
is locally asymptotically stable when t € [0, rod ) , and unstable when t € (tg, oo) .
Moreover, when t = r(‘)i , system (1.4) undergoes a Hopf bifurcation at ug.

3 Applications

In this section, we apply the obtained results in Sect. 2 to two concrete examples and give
some numerical simulations to illustrate the theoretical results.
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3.1 Examplel

In this subsection, we consider model (1.4), where the nonlinearities f;(u«, v) is defined in

(1.6):

dl,t . n n

sz =d Y ajiu+uj [m,- —ajuj— (1 —aj)Zﬂjkuk(f_T):| s >0, j=1....n,
k=1 k=1

u(t) =y >0, t €[-r,0],

3.1)
where the connection matrix (o jx),xn is irreducible and quasi-positive (or respectively,
essentially nonnegative). Here for simplicity, we assume that a; > O for j = 1,...,n,
which implies that the local aggregation has negative effect. If

ZZ(I—aj)ﬂjknjnk+Zajnj>O and Zm]n]>0 (3.2)
j=lk=1
then
n n n
fiwn;, w) y_; Biknk)
gw) =Yy — E" L Z j—ajwn; —(1 —a,)wZﬂ]knk
j=1 j=1 k=1

is strictly decreasing in w € (0, 00), and

n
j:
Therefore, assumptions (H1) and (H2) are satisfied. Then, from Lemma 2.3 and Theorem
2.15, we have the following result.

Proposition 3.1 Assume that (aji)nxn is irreducible and quasi-positive, (3.2) holds, and

d > d, where d is sufficiently large. Then there exists a positive equilibrium ug of (3.1)
satisfying limgy_, oo ug = con, where 1 is defined in (1.9) and

dGimjn;
Yo e (U= apBjnjme+ Xy ajn;
Moreover, the following two statements hold.

@ If

> 0.

co) =

n n
~ o~ 2
r—r = ijr;_, — 2c¢o Za_,nj < 0,
j=1 j=1

then the positive equilibrium ug is locally asymptotically stable for T € [0, 00).

@0 If
n n
71 —?2 = ijnj —ZCOZ(IJ'T)? > 0,
j=1 j=1

then there exists fo > 0 such that the positive equilibrium ug of (3.1) is locally asymp-

toncally stable when t € [O To) and unstable when t € (161 R ) Moreover, when

T = 7.'0 , system (3.1) undergoes a Hopf bifurcation at ug.
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Fig.1 A sample water network @
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0 05 1 15 2 25 3 0 100 200 300 400 500 600
Time t Time t
Fig. 2 The case 7] — 7> < 0. Here we only plot two patches for simplicity, d = 7, (ay,...,as) =

(1.68, 0.84, 1.12, 0.56, 1.40, 0.84), and 7| — 75 = —39.956. (Left): t = 0.01; (Right): = 20

Now we give some numerical simulations to support our theoretical results for model (3.1).
We consider the communities in a landscape, connected by a water network, see Fig. 1, and
more explanation for this network can be found in [24].

Then we choose the asymmetric connection matrix A = (o), B = (Bx) and (m ;) as
follows:

31100 0 222000
2100 0 0 420000
1 0-42 0 0 202400
A=l 0o 0391 2| B=loo6224]| 3.3)
00 0 4 -51 000822
000 3 4 -3 000682
and
(my.....me) = (35.15.30. —15, 10, 15). (3.4)

It follows from Proposition 3.1 that when 7] — 7, < 0, the positive equilibrium is locally
asymptotically stable for all ¢ > 0. Here we numerically illustrate this phenomenon for a
large and a small delay, and show that the solution converges to the positive equilibrium, see
Fig. 2.
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Fig. 3 The case 7| — 75 > 0. Here we only plot two patches for simplicity, d = 7, (ajy,...,a6) =

(0.2,0.2,0.4,0.2,0.1,0.3), and 7| — 72 = 16.472. (Left): T = 0.01; (Right): 7 = 0.2

Moreover, we also numerically show that a large delay T can make the positive equilibrium
unstable through a Hopf bifurcation, and the solution converges to a positive periodic solution
when 7] — 75 > 0, see Fig. 3.

3.2 Examplell

Now, we consider model (1.4), where the nonlinearities f;(u, v) is defined in (1.7):

duj "
—L =d ; it —)e 90T s 1>0,j=1,...,n,
di ];a_/kuk + pjuj( Je JUj =Y n (3.5)
u) =9y >0, te[-7,0],
where pj,8j,a; > Ofor j = 1,...,n, and the connection matrix (o k), xn is irreducible

and quasi-positive. If
n n
Y b= Y 8 (3.6)
j=1 j=1
then
= filwnj,wn) $
gw) =) = = Y (pymje " = 8j115)
j=1 j=1
is strictly decreasing in w € (0, 00), and
n n
M = lim g(w) = Zl(pjnj —8n)) >0, N= lim g(w)= —Z:(sjnj <0.
j= j=

Therefore, assumptions (H1) and (H2) are satisfied.
Then from Lemma 2.2 and Theorem 2.15, we have the following result.

Proposition 3.2 Assume that the positive parameters p;j,8j,a;(j = 1,..., n) satisfy (3.6),
(@jx)nxn is irreducible and quasi-positive, and d > d, where d is sufficiently large. Then
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1] <= 2 6 - 7
4 4 4 4
v v v v

Fig.4 Network schematic of two 2 x 2 grids, connected by a single “ bridge” patch

there exists a positive equilibrium ug of (3.5) satisfying limgy_, oo ug = con, where 3 is defined
in (1.9), and cg satisfies

n n
ijnjef""“/”/ = Z(Sjnj. (3.7)
j=1 j=1

Moreover; the following two statements hold.

@ If

n n
Fi=Ta==2) 0t o) ajpinie N <0,
= =

then the positive equilibrium ug is locally asymptotically stable for T € [0, 00).

@0 If

n n
1 —r=-2 E 8]'77]'4—00 E ajP,iT)_/e coajn; >0,
Jj=1 Jj=1

then exists ‘cg > 0 such that the positive equilibrium ug of (3.5) is locally asymptotically
stable when t € [0, Téi) , and unstable when © € (t(‘)j, oo) . Moreover, when 1 = rg,
system (3.5) undergoes a Hopf bifurcation at ug,.

Finally, we give some numerical simulations to demonstrate our theoretical results for
model (3.5). Here we consider a network of two 2 x 2 grids, connected by a single “ bridge”
patch, see Fig. 4.

Then we choose the asymmetric connection matrix A = («jx) and (a;) as follows:

Q) =13 = 04 = 03] = A4y = Q45 = asg = 1,
Q67 = g = (76 = 086 = Ag9 = algg = 1,

Q] = @34 =ogs = g7 =2, o43 = a9 =3,
asqy =4, other aj(j #k) =0,

(ap,...,a9) =(2,2,2,2,2,2,2,2,2).

For the case 7] — 72 < 0, we also choose a large and a small delay to numerically show that
the positive equilibrium is stable for all 7 > 0, see Fig. 5.
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Fig. 5 The case 7] — 7 < 0. Here we only plot two patches for simplicity, d = 5, (py, ..., pg) = (210,

214.2,218.4,222.6,226.8,231,235.2,239.4,243.6), (61, ..., 89) = (20.8,23.4, 26, 28.6, 31.2, 33.8,36.4,
39,41.6), and 7] — 7 = —0.51011. (Left): T = 0.01; (Right): T = 20

16
— Patch 2|
—Palch7L

14
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3 12 ]
c c
Q Q
=] [=]
c 1 c
S S
B B
E E
808 &
a o

06

04

0 0.05 0.1 0.15 02
Time t

Fig. 6 The case 7| — 7 > 0. Here we only plot two patches for simplicity, d = 5, (py,..., p9) =

(450, 459, 468, 477, 486, 495, 504, 513, 522), (81, . . ., 89) is the same as that in Fig. 5, and 7] —7) = 23.269.
(Left): = 0.01; (Right): T = 0.1

Moreover, for 7| —7, > 0, we numerically show that a large delay t can make the positive
equilibrium unstable through a Hopf bifurcation, and the solution converges to a positive
periodic solution, see Fig. 6.

Funding This research is supported by the National Natural Science Foundation of China (Nos. 12171117,
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