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Abstract

We consider a class of bistable reaction-diffusion equations in the plane. First we introduce a partition of
the plane into infinitely many sectors and consider Dirichlet problems in these sectors. By establish some
a priori estimates for nontrivial solutions to these sub-systems, we obtain the existence and attractivity
of a heterogeneous steady state of the Dirichlet problem in each of the sectors and prove the existence
of a maximum positive steady state and describe the asymptotic behaviours of positive steady states at
the infinities. We also estimate w—limit sets at the vicinities of the boundaries of the sectors near origin
and at infinities. Further assuming the sub-linearity for the reaction term, we obtain the uniqueness and
attractivity of a heterogeneous steady state by applying the dynamical and sliding methods. These results
help us describe the multiplicity, shape and attractivity of the heterogeneous steady states for the equation.
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1. Introduction

Consider the following reaction-diffusion equation
au N
E(r,x)zAu(t,x)+f(u(t,x)), t>0, xeQCR (1.1)

where A is the Laplacian in RN and f : R — R is a continuously differentiable function. Nat-
urally, one would like to understand the global structure of the trajectories of equation (1.1) and
their asymptotic behaviours as t — co. However, with very few exceptions of special cases, this
problem is far too complicated to deal with as a whole. A basic question for (1.1) is the fol-
lowing: do globally defined and bounded solutions converge to a steady state as t — oo? This
question is, in general, mathematically challenging and still largely remains open. Depending on
the situations of spatial domains €2 and reaction terms f, different problems may arise.

When € is a bounded domain in R”, various boundary conditions can be posed depending
on the practical scenario of the problem, and accordingly, various topics would be the focus.
Among these boundary conditions are the typical homogeneous Dirichlet boundary value condi-
tion and Neumann boundary value condition, and corresponding major concerns are convergence
or quasi-convergence of bounded solutions. For example, under the homogeneous Neumann
boundary condition, (1.1) is gradient like with an energy function, and thus, by standard parabolic
regularity estimates, one can easily conclude that each bounded solution approaches a set of equi-
libria (see e.g., [3,28] for details). Moreover, by applying the zero number method, convergence
to equilibria has been proven on a bounded interval (N = 1) in [6,27,37] or in a circle in [5].
By the Lojasiewicz-Simon inequality, Jendoubil [23] showed and Simon [34] also confirmed
that each bounded solution converges to an equilibrium when the nonlinearity f is analytic. By
posing some strong restrictions on the linearization at any equilibrium or assuming a special
structure of the set of equilibria, other convergence results have also been obtained in [21,22,25].
A reader is referred to the nice survey [29] for more details on the methods and results in case
of bounded domains. On the other hand, it is known that if the equation is not spatially homoge-
neous, then on a multidimensional domain there may exist non-convergent bounded trajectories
(see, e.g., [31,32]).

When the spatial domain is unbounded, the asymptotic behaviours of the bounded solutions
of equations (1.1) become extremely complicated. It turns out that one usually has to impose
more restrictions on initial functions and reaction terms, and sometimes on the spatial domains
to obtain results for more elaborate systems. For systems with the domain being the whole space,
traveling wave solutions and asymptotic propagation are two important topics [1,18,24]. Travel-
ing wave solutions may quite often determine the long term behaviour of other solutions while
asymptotic propagation describes how other solutions converge to an equilibrium as ¢t — oo.
The study on traveling waves for R-D equation with monostable reaction terms can be traced
back to the celebrated papers of Fisher [18] and Kolmogorov et al. [24] while exploration of the
asymptotic spreading speeds was mathematically started by Aronson and Weinberger [1]. Re-
cently, Berestycki et al. [2] have outlined a theory of various asymptotic spreading speeds for
(1.1) in general non-periodic spatially unbounded domains under Neumann boundary conditions
and exhibited that spatial domains may affect the spreading speeds.

For bistable or more complicated reaction terms, traveling waves was initially studied in [17].
There are some essential differences between bistable and monostable nonlinearities. For exam-
ple, by the results in [9], it is seen that every bounded steady state of (1.1) is constant when f
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is monostable and €2 is the full Euclidean space. However, this shall not be case for a bistable
or general f since a bounded steady states of (1.1) may be a ground steady solution or other
heterogeneous steady state, see [4,30] and the references therein. As pointed out in [30], both
quasiconvergent and non-quasiconvergent solutions are possible even for 2 =R, pending on the
initial functions. Moreover, there are examples of spatially non-homogeneous equations on RN
with N > 3, which possess nontrivial recurrent orbits (see, e.g., [20]). The existence of hetero-
geneous steady states and recurrent orbits impede us to explore the idea of general solutions
tending to constant steady states in some sense. On the other hand, it is obvious that a traveling
front with the speed ¢ # 0 does not approach globally any equilibrium although it can locally
approach a constant. Therefore, the choice of the underlying topology becomes a trickier and
more important issue than in bounded domains.

Luckly, with some proper assumptions on the reaction term f, the results in [7,8,10-16,19,
30,38], roughly speaking, indicate that each bounded positive solution converges to a single
steady state solution if the initial value u¢ is a nonnegative function with compact support or

‘ llim up(x) exists, together with some extra assumption(s). Moreover, an involving steady state
X|— 00

solution is either a constant, or radially symmetric and radially decreasing about some xo € R

with | lirln uo(x) = Constant. These restrictions on the initial functions and involving steady
X —x0|—00

states do not seem to allow us to obtain information about other types of steady states and their
asymptotic behaviours. For example, when N = 1, there can be spatially periodic steady states
and spatially strictly increasing or decreasing steady states. For N > 2, more complicated steady
state solutions are also possible. As such, it is worthwhile to explore the existence and asymptotic
behaviour of other types of steady state solutions and this constitutes the goal of this paper.

In this paper, we focus on the following semilinear reaction-diffusion equation in R?, i.e.
N =2,

{%(r,x,y) = Agyult,x.y)+ fut.x.y).,  t>0, (x.y) R, 12

u(0,x,y) = ¢(x,y), (x,y) € R?,

where ¢ € L*°(R?) and f € C!'(R,R) with f(u) = — f(—u) for all u € R (implying f(0) = 0).

It is well-known that for a given ¢ € L>(R?), (1.2) has a unique mild solution on the maximal
time interval [0, n4) for some 74 € (0, 0o] in the sense of Lunardi [26]. Denote this solution by
u®(t, x, y). If the solution u® (¢, x, y) is bounded, that is, u? € L>([0, ) x R?), then its exis-
tence is global: 4 = 0o. Moreover, if ¢ is also continuous in R2, then u? € C12((0, ng) X R2))
and u®(t, -, ) € L¥(R?) for all r € (0, n¢), and thus, the solution u (@, x, y) is also a classical
solution of (1.2). This suggests that we only need to consider the initial functions belonging to
C(R?%) N L®(R?).

The remainder of the paper is organized as follows. In Section 2, we give some basic proper-
ties of (1.2). In Section 3, to further describe the complicated dynamics of this type of equations,
we shall identify some positively invariant sets (sectors) that can not be mutually transformed
under the translations and orthogonal transformations. These sets play a key role in obtaining the
multiplicity of steady states in this work. More precisely, in each of these sectors, we consider
the Dirichlet problem for (1.2) with (x, y) restricted to the sector, treating it as a sub-system of
(1.2). We show that some dynamical properties of these sub-systems remain valid for (1.2) as
well. Making use of these properties, we can obtain the multiplicity, shape and attractivity of het-
erogeneous steady states for the bistable reaction-diffusion equations in the plane. In Section 4,



T. Yi, X. Zou / J. Differential Equations 267 (2019) 40144046 4017

by developing some methods similar to those in [35,36] but with considerable modifications, we
establish some a priori estimates for the sub-systems. More specifically, we give some iteration
property of the diffusion, which turns out to be very useful for establishing a priori estimates for
nontrivial solutions. We establish such an a priori estimate for nontrivial solutions after describ-
ing the delicate asymptotic properties of the diffusion operator. These allow us to show that the
positive limit set of a positive solution is far away from zero at infinity locations away from the
boundary of the sector domain. This finding plays a key role in the proof of existence and at-
tractivity of heterogeneous steady states of (1.2). In Section 5, we shall establish the existence of
heterogeneous steady state of Dirichlet boundary problem by using the a priori estimate obtained
in the previous section, and we shall also establish the existence of a maximum positive steady
state and explore the asymptotic behaviours of the positive steady state at infinities. In Section 6,
by further assuming the sublinearity for the nonlinear term, we address the uniqueness and at-
tractivity of the maximal positive steady state obtained in Section 5, by using the dynamical and
sliding methods. Finally, Section 7 summarizes the main results about the multiplicity, shape and
attractivity of the heterogeneous steady states for the bistable reaction-diffusion equation in R?
from the previous sections.

2. Preliminary results

In this section, we shall introduce some notations and present some preliminary results on the
problem.

Let N, R, R, and R? be the sets of all positive integers, reals, nonnegative reals, and
2-dimension vectors, respectively. Denote the Euclidean norm of R? by || - ||.

Equip X = C(R?) N L>®(R?) with the usual supremum norm || - ||x = || - | oo(R2)- Then X
is a Banach space. Let X ={¢ € X : ¢(x, y) > 0 for all x, y € R}. For a given number r > 0,
define X, ={¢p € X :||§]Ix <r}.

For any functions & : R2 D Dom(£) — R, n : R* D Dom() — R, we write £ > n if
§(x,y) = n(x,y) for all (x,y) € Dom(§) N Dom(n), § >nif & >n and § #n, § > n if
E(x,y)>n(x,y) forall (x,y) € Int(Dom(§) N Dom(n)).

We will consider the mild solution of system (1.2), which solves the following integral equa-
tion with the given initial function,

{ u(t,) = TP+ [y T(t — $)[F (uls,))1ds, t>0,
2.1)
uy = ¢ €X,

where

TO)[Pl(x,y) = (x,y)

=\2 _ 52
) )exp(_(y y)

(x — -~ 2.2)
1 4 )]dxdy for ¢t >0

1
T(t)[¢](x,y)=R/Wif)[@ip(—
R2

for (x,y, @) ceR2xXand F: X — X is defined by

F@)(x,y)=f@(x,y)  for(x,y) e R*and ¢ € X.
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As stated in the introduction, for any given ¢ € X, (2.1) has a unique solution on a maximal in-
terval [0, y), denoted by u¢’(t, x, y), which is also the classical solution of (1.2) on (0, ny) with
[0,n4) 31— u®(t,-,-) € X being continuous and limsup ||u? (¢, x, y)||x = oo when ng < 0.

r— n+

Due to the non-compactness of the spatial domain, it¢is generally difficult and inconvenient to
describe the global asymptotic behaviour of solutions with respect to the L norm. To overcome
this difficulty, we shall introduce a weaker topology induced by the local L*-norm for ¢ €
X. For simplicity of notation, when there is no confusion about the spaces involved, we will
just write || - || L for the local L°°-norm. Moreover, we also denote the normed vector space
(X, [+ [lge ) still by X.

The following proposition establishes the monotonicity and global existence of the solution
to (2.1) (hence, (1.2)). It involves the following hypothesis:

(H1) There exists u™ > 0 such that f(£u*) =0 and uf (u) <O for all |u| > u™*.

Proposition 2.1. Let v, ¢ € X with ¢ < . Then u®(t, x, y) < u¥ (@, x, y) for all (t,x,y) €
[0, min{ng, ny}) x R2. Moreover, if (HI) holds, then ng = oo forall ¢ € X.

Proof. The monotonicity follows from the Phragmén-Lindelof type maximum principle in [33].

When v is a constant function in R2, by (HI), we easily see that —max{||y||x, u*} <
u¥(t,x,y) < max{||y||x,u*} for all (t,x,y) € R} x R2. For any ¢ € X, applying the mono-
tonicity to ¢ and ¥ = ||¢||x, one conclude that ny =oco. O

In the rest of the paper, we shall always assume (H1) holds so that 4 = oo for all ¢ € X. Thus,
we may define ® : R, x X — X by ®(t, ¢) = u®(z,-) for all (¢, ¢) € Ry x X. To emphasize
the dependence on the nonlinearity f, we sometimes write ® (¢, ¢, f) for O(z, ¢). It is obvious
that for any r > u*, ®|r, «x, is a continuous, compact and monotone semiflow on X,. Here, the
topology of X, is induced by the norm || - || Lee.- Accordingly, we always assume that the tacit
topology of X is induced by the L}> -norm in the sequel.

Definition 2.1. An element ¢ € X is called an equilibrium of ® if ®(¢,¢p) = ¢ forall r e Ry.
A subset A of X is said to be positively invariant under @ if ®(¢, ¢) € A for every ¢ € A and
1 e RJ,_.

We write O(¢) = {®(r,¢) : t € Ry} for the positive semi-orbit through the point ¢.
The w-limit set of O(¢) (or of ¢) is defined by w(¢) = mt€R+ Cl(O(®(t,¢))), where
Cl(O(P(t, ¢))) represents the closure of O (P(z, ¢)) with respect to the Lfooc—norm.

Definition 2.2. Let ¢ be an equilibrium and A be a positively invariant set of the semiflow ®.
We say that ¢ is globally attractive in A if w () = {¢} for all € A.

By the local parabolic estimates and the related discussions in [11], we may obtain a relation
between the topologies defined by the L7 (R?)-norm and the Clzoc(Rz)—norm for the positive
semi-orbits of uniformly bounded subsets, which shall be very useful for proving the existence

and attractivity of heterogeneous steady states for (1.2).
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Proposition 2.2.If t,y > 0 and K C X,, then ®(t, K) is precompact with C% (R%)-norm,

loc
and hence the LffC(Rz)-norm and C? (R?)-norm define the same topology (in the sense of

loc
equivalence) on ®(t, K). In particular, for any ¢ € X, O(¢) and w(¢) are precompact with
Clzo C(Rz)-norm, and hence the L (R?)-norm and C? (R?)-norm define the same topology in

CI(O)) as well as in w(@). foe

From this proposition, if i is globally attractive in .4 then tlim u®(@, ) — | L = 0 and
—00 oc
1 ¢ . —_— =
hence ll_l)ngoHu (3D W”C,ZOC(RZ) 0 for all ¢ € A.

Definition 2.3. We say that i is globally attractive in X with respect to the usual supremum
norm iftlim u®(t,-) —¥|lx =0forall ¢ € X.
—00

For the trivial steady state ¢ = 0, we have the following result.

Theorem 2.1. If uf (u) < 0 for all u # 0, then 0 is a globally attractive equilibrium of (2.1) in X
with respect to the L (R?)-norm.

Proof. Note that each solution u(r) of u'(r) = f(u(t)) tends to 0 as r — oco. By the comparison
principal, we know that for any ¢ € X, u~1?lIx(r,.) <u?(z,-) < ull®llx (¢, .) for all 1 € [0, 00).
Thus, ||u?(t, Lo w2y — 0 as t — 00, and the proof is complete. O

The condition on f in Theorem 2.1 implies that f/(0) < 0. If f'(0) > 0, then 0 is not a locally
attractive equilibrium. In the next sections, we tackle the global dynamics of the bistable form
for (2.1) under the condition f’(0) > 0 together with the following assumption for a bistable
scenario:

(H2) f'(0) > 0 and there is u* > 0 such that f(+u*) =0 and (u — u™) f(u) <O for all u €
(0,00) \ {u*}.

It is clear that (H2) implies (H1). The following result shows that every solution of (1.2) is
attracted to X+ under the above bistable condition.

Theorem 2.2. If (H2) holds, then limsup ||[u®(z,)||x < u* forall ¢ € X.
t—00

Proof. Proposition 2.1 implies that n4 = oo and u?-(t,-) <u®(t,-) <u®*+(,) for all (¢, ¢) €
R4 x X, where ¢4 (x, y) = max{u™, ¢ (x, y)} and ¢_(x, y) = min{—u™*, ¢ (x, y)} forall (x, y) €
R2. Hence, it suffices to prove limsup |[u®(z, -)||x = u* for all ¢ > u*. Now, let us suppose ¢ >
11— 00
u*. Again, Proposition 2.1 implies u? (¢, -) > u* forall t € R. Let u(t, x, y) = u®(t, x, y) — u*
and let f(u) =sign(u) f(Ju| + u*) for all u € (—o0,00). Then u(t,x,y) > 0 satisfies (2.1)
with f = f. By applying Theorem 2.1 with f = f, we have limsup ||u(z, -)||x = 0. Thus,
t—00

limsup |[u?(z, -)||x = u*, completing the proof. O
t—>00



4020 T. Yi, X. Zou/ J. Differential Equations 267 (2019) 4014-4046

3. Invariant sub-systems

In this section, we construct a sequence of domains in R? with which a sequence of positive
invariant sub-systems of (2.1) is associated. By studying the invariance of (2.1) under trans-
lations and orthogonal transformations, we identify those subsystems that cannot be mutually
transformed and use these subsystems to establish the multiplicity of steady states for (2.1).

Denote the orthogonal transformation group on R? by O(2). One can easily verify that the
solutions of (2.1) are invariant under translations and orthogonal transformations, that is, for any
¢peX, u®(t, ax + aipy + b1, ajpx + axy + by) satisfies the integral equation of (2.1) where
(aij)ax2 € 0(2) and b = (b1, by) € R2.

For a given non-negative integer m, set

2 s 2
_ 1 0 . 1 0 . COSW Slnﬁ
A‘(o —1)’ BO_(O 1)’ B'"—(_Sinz_n Cosz_n) for m > 1,
m

m

and accordingly define the following sets in R? depending on m:

R2, m=0,
Q. — R x Ry, m=1,
" Ri_, m=2,
{(x,y) €R3 :y <xtan(Z)}. m>3.

Denote by % the derivative in the outward normal direction of 9£2,, \ {(0, 0)}. Let

X = {¢p € C(2, R) N L®(Q, R) : plyg,, =0},

X ={¢peX, ¢d(x,y)>0forall (x,y) € Qp},
X ={peX ||pllx <r}, forr>0.

Forany ¢, v € A, wewrite p >y if g — v e Xy, o>y if >y and ¢ #¢, ¢ > ¢ if
¢(x,y) > Y(x,y) forall (x,y) € Int(2,).
Define the operator Py, : X,;, —> X such that

PuldllQ, =¢, (Puldl) o Alg, = —¢ and (Pnlp]) o By = Pulg] forall ¢ € X,
where (¢ o B)(x, y) = ¢((x, y)B) forall (x, y) € R%, ¢ € X and B € O(2). Also define

1

mrexp(— m =0,

)

\\(x,y)fw)nz)
4t

R = 110e,y) By =, )12 o) Bl A= — (7. 5)| 2
Z #[exp(— X,y - (x,y) ) — exp(— x.y)B,, - X,y N om>1

for (x, y), (x,y) € Q. For m > 0 define

Tn(O)[](x, y) = ¢ (x, y),
TnOP1x, ¥) = [ kem(x, ¥, %, D@, §)dTdy
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forall (¢, ¢) e Ry x X, and (x, y), (X, y) € Q.
The next lemma shows that for every m > 0, P,,[X,,] is a positively invariant set with respect
to d.

Proposition 3.1. For any positive integer m, Py,[X,,] is a positively invariant subset for ®, that
is, ®(t, PulXn]) S Pul&m] forallt e R,

Proof. It follows from the expression of 7'(¢) and (2.1) that for any (¢,¢) €e Ry x X and B €
0(2), we have

t

u(t,)o B=T(t)[¢]o B+ M/ Tt —s)[fw®(s,-) o B)lds
0
t

=T(t)[¢oB]+u/T(t—S)[f(u¢(s, )0 B)lds,

0

which implies that u®(z, -) o B satisfies (2.1) with the initial value ¢ o B. Note that ¢ 0 A = —¢
and ¢ o By, = ¢ for all ¢ € P,[A,,]. Thus, by the uniqueness of solution to (2.1), we conclude
that u?(t,) = —u®(t,) o A and u®(t,-) = u®(t,-) o By, for all (t, ¢) € Ry x P,,[X,,]. In other
words, u®(t, ) € Ppu[X,] for any (¢, ¢) € Ry x P, [A),]. This completes the proof. O

Now, we consider the following auxiliary problem for the nonlinear reaction-diffusion equa-
tion in £2,,:

W= Au+ fut,x,y), t>0,
u(t, x, ) =0, (t,x,y) € (0,00) x 3, (3.1)
u@©,x,y) =¢(x,y), ¢ € Q.

A mild solution of system (3.1) solves the following integral equation with the given initial
function,

u(t, ) = exp(—ut)Tn(t)[P] + fé exp(—u(t — )T (t — 5)[Fn (u(s, -))1ds, t >0,

(3.2)
where 1 > 0, and F,,, : X, — X, is defined by

Fm(@)(x,y) =pp(x,y) + f(@(x, ), (x,y) € Qy.

In what follows, we sometimes need to emphasize the parameter i > 0 and thus, will refer (3.2)
as (3.2),,, and simply denote (3.2)¢ by (3.2).

Proposition 3.2. For any positive integer m and ¢ € X,,, ut191(z, g, satisfies (3.2), for u >
0, and thus, satisfies (3.1). Moreover, utn191(¢, )|q € XF forall (t,¢) e Ry x Xf.
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Proof. By Proposition 3.1, we easily see that ubml®l(z, J)lg,, satisfies (3.2)g. Thus, a standard
argument shows that 1 [¢1(z, Jlg,, satisfies (3.2), for all u > 0.

Now, we prove ufnl?l(z, )|q € X for all (¢,¢) € Ry x X\ Indeed, for any ¢ € X, let
us denote v(t,x,y) = ufm(t, x,y) for all (t,x,y) € Ry x Q. It follows from (3.1) that v
satisfies the following equation

%(t,x,y) = Av+c(t,x,y)v(t, x,y), (t,x,y) € (0,00) x Q,
v(0,x,y) =0, (x,y) € Qm, (3.3)
v(t,x,y) > 0, (t,x,y) €[0,00) x 02,.

Here,

S, x,y))
ctox.yy=] varyn o VGO,

1(0) v(t,x,y)=0.

By the Phragmén-Lindelof type maximum principle in [33], we have v(¢,x,y) > 0 for all
(t,x,y) €[0,00) x 2, completing the proof. O

In the following, if there is no confusion, we will abuse the notation u®(z, -) for u™[91(z, )|q,,
for all (¢, ¢) € R4 x A,,. The actual meaning of u?(t, -) depends on whether ¢ is in X orin X},
which will be clear from the context.

The following proposition reveals a key relation between solutions of (2.1) and (3.2).

Proposition 3.3. For any non-negative integer m, Py, [u®(r, )] = ufml®l, ) for any (t,9) €
]R+ X Xm

Proof. Let m > 0 be given and ¢ € X,. It follows from (3.2), the definition of P, and
Lemma A.2-(iii) that for any € R, we have

t
Pulu®(t, )] = PulTn () [$1] + Pul f Tt — )Lf (u® (s, -))1ds]
0
t

— T()[Puld]] + f TGt = )LF Pulu (s, D)1ds.

0

This, together with the uniqueness of solutions of (2.1), implies P, [u®(t, )] = ufnl®l(z, ) for
all t € Ry. This completes the proof. 0O

To explore the dynamics of (2.1), we only focus on (3.2). In what follows, we always assume
that the tacit topology of X, is induced by LS ($2,)-norm.

According to Proposition 3.2, we may define ¥: Ry x X — X by W(t, ¢) = u®(t, ) for
all (1,¢) € Ry x X}, where the topology and the partial ordering of X, are induced by the
norm || - || £ |- || L5 (2) and X, respectively. To emphasize the nonlinearity f, we sometimes

write V(t, ¢; f) for W(z, ¢).
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Definition 3.1. An element ¢ € X} is called an equilibrium of W if W(¢, ¢) = ¢ for all r € R-.
A subset A of X, is said to be positively invariant under W if W(z, ¢) € A for every ¢ € A and
t e R+ .

We write O(¢) = {W(t,¢) : t € Ry} for the positive semi-orbit through the point ¢. The
w-limit set of ¢ is defined by w(¢) = ﬂ,e]& CI(O(¥(t, ¢))), where CI(O (V(t, ¢))) represents
the closure of O (\W(¢, ¢)) with respect to the L;’;’C(Qm)-norm.

Definition 3.2. Let ¢ be an equilibrium and A be a positively invariant set of the semiflow W.
We say that ¢ is globally attractive in A if w(¢) = {¢} for all ¢ € A.

To continue, we collect some basic properties of W as follows.

Proposition 3.4. For any r > u*, W|R_ xxr is a continuous, compact and monotone semiflow
on X, with respect to the topology of X, induced by the L} -norm and the partial ordering
induced by X}

Proof. By Propositions 2.1 and 3.3, we easily see that W|R_ xr is a continuous and compact
semiflow on X, . But these two Propositions can not directly give the monotonicity of W due
to the fact that P,[X,]\ X+ # @. Indeed, for any ¢, ¢ € X, with ¥ — ¢ € X}, by letting
v(t,x,y)=u¥(t, x,y) —u®(t,x,y) and

LY (tx, )= f @ (t,x,))
ct,x,y)=1 (i, x,y) vt x,y) #0,
f(0) v(t,x,y)=0,

we easily check that v(z, x, y) satisfies (3.3). By the Phragmén-Lindel6f type maximum principle
in [33], we have v (¢, x, y) = u¥ (@, x, y) —u®@, x, y) > 0forall (¢, x, y) € [0, 00) X L2,,. In other
words, W is monotone with respect to the ordering induced by X,". This completes the proof. O

Moreover, by the strong maximum principle and the Hopf boundary lemma, we can obtain
some further information about the monotonicity and boundary property of W, as stated in the
following proposition.

Proposition 3.5. [f Y, ¢ € X, with y < ¢, then W(t, V) (x,y) < W(t, ) (x,y) forall (t,x,y) €
(0, 00) x Int () and 22D (x, y) < 0 for all (t, x, y) € (0,00) x (32 \ {(0,0)}).

By Theorem 2.2 and Proposition 3.3, we have the following result.

Proposition 3.6. limsup || P, [u? (¢, )]1||x <u* forall ¢ € X,}.

—>00

In the following sections, we shall explore the existence, shape and attractivity of the hetero-
geneous steady states for (3.2) with the initial function ¢ € X,

4. Some priori estimates

To overcome the difficulty in showing that the trivial equilibrium expels nontrivial solutions
due to the lack of compactness and smoothness of the spatial domain €2,,, we establish an a
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priori estimate for nontrivial solutions after describing the delicate asymptotic properties of the
diffusion operator.

Let u =14+ max{|f'(w)|:u € [-1 —u*, 1 +u*]}. Define f, :R — R by f,(u) =u+ %
forall u € R. Then puu + f(u) = puf,(u) > 0and w+ f'(u) > 1forall u € (0, 1 +u*]. It suffices
to study (3.2) M with the initial function ¢ € X Ltu* according to Proposition 3.6.

Let l(x) = exp( \/ﬁ) and [(t,x) = exp(— ) for all t € (0, 00) and x € R. To
proceed further we define some new linear operators L', H[t, ], H[-], H; : X, — X, as be-
low:

L'Z1(x, y) = T (OIC1(x, ¥),
t
H[t,t1(x,y) = / wexp(—us)L*[¢](x, y)ds,
0

H[;“](x,y)=/MGXP(—MS)LS[C](x,y)ds,
Ry
H[¢1=H[¢]— HIt, ¢],

forall ¢ € A, t €0, 00) and (x, y) € Q.

It is easily seen that these operators can be extended from X}, to L°°(L2,,, R) and the exten-
sions are also order preserving in the sense of pointwise ordering due to the nonnegativity of
k¢ m, see Lemma A.2-(v) in the Appendix.

For given T>2T> 0, let

QLT = (-7, 7P,

er,f ={(x,y)eQ:x€ [—T, f"] and y € [T, f”]},

T = ((ry) eQixy elT. T]),

QZ,T = (T, Ttan(5)) +{(x,y), (x, Y)ABop : (x,y) € Qopy With T < x < T—T}), m=>3.

Note that for m > 3, QLT is a result of sliding the region D1 U D; along the direction of the
line y = x tan(r/2m) by T sec(swr/2m), where D1 = {(x,y) : (x,y) € Qo With T < x < T —

T}, Dy={(x,y)AByy :(x,y) € Qp withT <x < T — T}. It is easy to see that Q,E’f is a
hexagon with each angle > 7. See Flg 1 for an 111ustrat10n Define the function h Q= Ry
by hiyT (x,y) =1 forall (x, y) e @I T and kBT (x, y) = 0 forall (x, y) € 2, \ 57 Leth” T,

R2 — R be the extension of &, T.7 through P,, in the sense that BT (x, y) = Pulhl ](x y) for

all (x,y) eR2. Let ATT ={¢ € X : p(x,y) > hT (x, ) forall (x, y) € ).
For any n € N, (x,y) € R%, B € O(2) and D C R?, let us define B[(x,y)] = (x,y) o B =
(x,y)B, B[D]={d o B :d € D} and

n n
Ley(n: D) ={y=(F1.51,.... %0, 5u) ER™ : (x + Y X,y + Y _Fi) € D).
i=1 i=1
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y=x tan(mt/ m)

y=x tan(mt/ 2m)

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Fig. 1. Ilustration of the set Q,{,’T: the shaded region in R2 represents this hexagon.

Lemma 4.1.[f T >0, T > 4T, n € N and (x,y) € Q" then L. y(n; Q") 2 Ipo(n;
B[Q.1,,1) for some B € O(2) where Q. 1, = [0, %]z with Ty, = T for all m <2 and
Tn =T tan(s,.) for all m > 2.

Proof. Fix T >0, T >4T,ne N and (x,y) € Q},f Note that for m <2, Q,{,j is a rectangle
with lengths of the sides > T'; and for m > 2, QZ,;’T is a hexagon with each angle > % and length
ofaside >T tan(%). Thus, Q,E’T — (x, y) contains a square with (0, 0) being one of the four
vertices and length of the sides equaling to % In other words, there exists B € O(2) such that

Ley(n; Q") 2 Io.o(n; B[S24.7,,1). This completes the proof. O

Lemma 42.If T > 0, T > 4T, n € N and (x.y) € Q47, then L y(n; B,’nAf[Q,E’T])
D,Z,n for all nonnegative integers | <m — 1 and j <1 with (j,1) # (0,0), where D;’n

n
(G131 e By J) € RY 2 [ S[R2+ 571 > %} with Ty = T for all m <2 and T,
i=1

T tan(,) for all m > 2.

[I>1N

Proof. Suppqse that 7 > 0, T >4T, ne N, [ <m — 1, j <1 with (j,1) # (0,0), and

(x,y) € Q. Let T,, = T for all m <2 and T,, = Ttan(Z) for all m > 2. Note that

dist (@57, Bl AJ[QET)) > T, and hence dist((x, ), B, AT[Q57)) = T,,. By the definition

of Iy (n; B, AT[25TT), we have

D EP 1) 51 = dist((x. ), BLA QL) = T,,

i=1 i=1
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forall (X, y1,...,Xn, yn) € Iy y(n; Bl A[Q ;,’T]). This gives

for all (X1, 31, ..., %n, 9n) € Ly y(n; BLAT[QLT 1), and thus I Yy BLAI Q' e Dl . O

Lemma 4.3. For any n € N and é € (0, %), there exists Ty 5 > 0 such that H" [h,,T1’T] > (% —

S)h,{{Tfor allT > T, s and T > 4T, and hence H”[ATj] C (% - 5)Aij0r allT > T, s and
T > AT, where H" represents the nth-composition of H.

Proof. Fix n € N and 6 € (0, }T). It suffices to prove that there exists 7,, s > O such that

H' L T1> (4 —8)hl T forall T > T, 5 and T > 4T due to the monotonicity of H.
Define gy, : R" — R by

g (y) = 1‘[(1( E)U(- yl»—(f)"exp( f2[|x,|+|y,

i=1 i=1

where y = (X1, Y1, ..., Xn, ¥n) € R2", Actually, since fR+ [(t,x)dt =I(x) for all x € R due to
Lemma 2.1-(vi) in~[35], it follows from Fubini’s Theorem and the linear transformations of vari-
ables that for any T > 47T > 0 and (x, y) € €2,,, we have

H' W T (x, y) = / ntT (x +) Fy+ Z%) gn.pu(y)dy.

R2 i=1 i=1

This together with Lemmas 4.1 and 4.2, shows that for any T > 0, T > 4T and (x, y) € SZ

letting Jx y = Iy y(n; Bl [A/[Qm ]]) with given nonnegative integers j <1 andl <m — 1, we
know that there exists B € 0 (2) such that

H'TRLT1(0x, y) = / gnady+ Y (=1 / 8. (¥)dy

0,0 (¢, /)#(0,0) Jh
) Xy

> / gnu@)dy — 2m — 1) / gnp()Ay.
Io,0(n; B[22, 13, 1) DT

m,n

By the definition of g, , and the fact that fR [(y)dy =1, we easily see that

/gn,u.(y)dy =1
R~
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This together with the definition of DT . implies that

lim / gnu(y)dy =0.
T—o00
DT

m,n

Let V' = (B4)'[B[Sn,1,,11 fori =0,1,2,3. Then Tlim U?_, VI =R2, which implies that
—00

4
Z lim / gnu(Y)dy =1.
i T—o0

Ioo(m; Vi)

It follows from the definitions of B4 and g, , that for any i € {0, 1, 2, 3}, we have

/ gn,u(Y)dy = / &n,(y)dy.

Ioo(m; V1) Too(n; V)

By letting T — 00, we obtain Tlem flo,o(n;B[Q
O such that forall T > T, s,

) &n. w(Y)dy = %. Therefore, there exists 7, 5 >

m,Tim ]

1
gn,;,t(y)dy - (2m - 1) / gn,M(Y)dy = Z —34.
IO,O(n;B[Qm,Tm D DZ,; n
So, for any T > Ty 5, T > 4T and (x,y) € QZ,; we have H”[hm ](x y) > ;7 — &, that is,
H" [h,:,’T] > (% — 5)h;{T and hence the proof is completed. O

To continue our discussions, we give some iteration property of the diffusion, which shall be
very useful to prove a priori estimate for nontrivial solutions for (3.2),,.

Lemma 4.4. For any n € N and § € (0, 4) there exist Tn s >0 and s, 5 > 0 such that

HhD T > G- SRET and (H(s, )" [hET] > G- T forall T > T, 5, T > 4T and
§ > Sp.8, where H" and (H(s, -))" represent the nth- composmon of H and H (s, ), respectively.

Proof. Fix neN and § € (0, %) By Lemma 4.3, there exists 7, 5 > 0 such that H"[h,ﬁ’f] >
[L—31hy" forall T > T, 5 and T > 4T.

Let 5,5 = il (%). Now fix T > T, T > 4T and s > Sp.s. By the definitions of
H, Hg, H(s,-), we have Hy o H(s,-) = H(s,) o Hy, Hi[1] < ™", (HS)-"[h,{,j] <1 and
(H(s, )/ [h2T] <1 forall j € N. It follows that
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H' [T = Zc (o) (H(s, )" hET
Jj=0

= (H(s. )" W57+ Hyl ZCJ(H YT H s ) LT

j=1
< (H(s, N'IhET1+ @" — D H,[1]
< (H(s, )'"ThET] 42

< (H(s, )"0 T+ g

This, combined with the fact that H”[h,{, T] > [— — —]hT T implies that (H (s, ))”[ ] >

(% — S)h,E’T. This completes the proof. O

The following result gives a priori estimate for nontrivial solutions for (3.2),,, which plays a
key role in the proof of existence and attractivity for the heterogeneous steady states of (3.2),,.

Proposition 4.1. Suppose that M > u*. Then there exist &9 > 0, To > 0 and T* > 0 such that for
alle €[0,e9], T € [Ty, 00), T €[4T, 00) and a solution u : [0, 00) x Q,, — [0, M]of (3.2),, with

u(t,) > ehl:T forallt € [0, T*], we have u(t, ) > ehl:T forall t €10, 00) and u(t, ) > ehly T
forallt € [T*, 00).

Proof. Obviously, there existn e N and 8 € (1,1 + ﬁf’(O)) such that 8" > 10.

By the choices of 8 and u, one can easily see that there exists a €1 € (0, M) such that u +
%f(u) > Bu forall u € [0, &1] and u + if(u) > Be forall u € [e1, M].

By applying Lemma 4.4 with § = %, we know that there exists s, > 0 such that H” [h,{,’T] >

L™ and (H(s, ))"lhyy " 1= Ly " forall L > T > 5, and s > 5,,. )
Let g9 = %, To = s, and T* = ns,. Suppose that ¢ € [0, &9], T € [Ty, 00), T € [4T, 00)
and u : [0,00) x Q, — [0, M] is a solution of (3.2), such that u(t,-) > eh,ﬁ’T for all
t € [0,T*]. Let ¢ = u(0,-). Then u(t,x,y) = Iﬂ’(t,x,y) = VY(t,¢)(x,y) for all (t,gc,y) €
[0, 00) x 2,,. Due to Ehe choices of ¢ and 8, one can easily obtain ﬂj(H({, ~))f[8h;,’T] <&
and BI(H (t, ) [ehy "1+ £ (B (H (1, ) [shy " 1) = BV (H (1, ) [shy "] for all £ > 0 and
j=0,1,...,n )

Let n* =sup{j € {0,1,2,---,n} 1 u(t,) > ef! (H(sn, )/ [hy " 1 forall ¢ € [jsy, T*]}. We
claim n* = n; otherwise, n* € [0,n — 1] and u(z,-) > eﬁ”*(H(s,,,~))”*[h£,’T] forallt €
[n*s,, T*]. These, combined with (3.2),, and Fubini’s theorem imply that for any ¢ € [(1 +
n*)sn, T,

u(ts ) = M(Sn + (t - sn), )
= lIl(sl’la \Ij(t — Sn, ¢))()

= T T ()t = s, )]
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Sn
b [ HOTIT 5y = (s £ =500 Sl 1= 5,0 s
0

* * 7 1 * * 7
> H (sp, )[eB" (H(sn, )" [hDT1, -+ ;f(»sﬂ” (H (s5, D" [RLTD]
> ef"H (H (sp, )" AL T,

which yields a contradiction and thus means that u(r,-) > ef" (H (s, o))”[h,T,;’T] forall 7 €
[nsy, T*1. That s, u(T*, -) = 6" (H (s, )" lhay " 1) = B nJ T, and thus u(T*, ) > ehyy " Let
T** =sup{t > 0:u([0,¢],-) > ehz,;’T}. Then T** > T* due to the continuity of u(-, -) and the

fact that u(T*, ) > ehl'T . We claim that T** = co; otherwise, T** < c0. By applying the above
discussions with V@) (1) with t* € [0, T* — T*], we have u(t,-) = uVe=T0) (1* )
£h,,T;T for all t € [T*, T**]. In particular, u(T**, ) > sh,i’T, a contradiction with choice of T**.

Hence, T** = 0o, and the previous discussions also give u(t, -) > Sh;,’T forallz € [T*, 00). O

Given T > 0, let us define Q1> = lim QLT and hl;®(x, y) =1 forall (x, y) € 5> and
T—o00

R (x, y) =0 for all (x, y) € Qp \ 5.
The following theorem shows that the positive limit set of a positive solution of (3.2) is far
away from zero for locations away from the boundary of €2,,.

Theorem 4.1. Suppose that f'(0) > 0. If ¢ € X, \ {0}, then there exist £y > 0 and Ty > 0 such
that w(¢p) > 8¢,h,€’Tf0r allT > Ty and T > 4T. In other words, w(p) > 8¢h,7,;¢’oo.

Proof. By Propositions 3.5 and 3.6, we may assume that ¢ € Xn]ﬁ”* with ¢ (x,y) > 0 for all
(x,y) € Int(2,,), and hence u¢(t,x,y) € (0,1 4+ u*] for all (¢,x,y) € [0,00) x Int(2,).
Choose Tp, T*, and g9 as in Proposition 4.1. Let Ty = Tp, &1 = inf{ud’(t,x,y) c(t,x,y) €
[0, T*] x SZZ,;OATO} and &4 = min{ep, £1}. Then &1 > 0 and &4 > 0. By Proposition 4.1 and the
choices of Ty, T* and &y, we get u¢’(t, ) > 8¢h,7,;¢’4T¢ for all ¢+ > 0. This, combined with the
definition of w(¢), implies £ > e4hn’"*? for all & € w(g).

For any & € w(¢), let az =supla > Ty : §(x, y) > g4 forall (x,y) € QZ,;"’“}. Then ag > 4T
for all £ € w(¢). Let T? =inf{as : £ € w(¢)}. Then T? > 4Ty.

We claim that 7% = co. By way of contradiction, suppose that 7% < co. Take £* € w(¢).

* @ .
Then, the invariance of w(¢) implies that ué (t,) > e¢h,7,;¢’T for all r € [0, 00). Again,
* ¢

by Proposition 4.1 and the choices of Ty, T* and gy, we have ub () > £¢h,{1¢’T for all

t € [T*,00). In particular, there exists T > T? such that uS*(t, D> e¢h§f”T for all t €

[T*,2T*]. On the other hand, by the definition of w(¢), there exists a sequence {s,},cN such

that limy, o0 [|(u?)5, — &Iz = 0. Tt follows that lim (supf{|u®(s, + 1, x, y) — ub (1, x,y)|
oc n—o0

(t,x,y) € [T* 2T*] x Q;"”T}) = 0. Thus there exists n* > 1 such that u® (s, +1¢, -) > 8¢h:f’T
for all t € [T*,2T*]. It follows from Proposition 4.1 that u®(s,« +1,-) = u\I’(S"*+T*’¢)~(t -

T, ) > s¢h,€f”T for all + € [T*, 00). This and the definition of w(¢) produce & > 8¢h,7,;¢’T for
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all £ € w(¢). In view of T > T?, we have ag > T > T for all & € w(¢). Then T% = inf{ag :
Eecw(@)} > T> T9, a contradiction. This proves the claim, that is, T = co. By the definition
of T?, we conclude that w(¢) > 8¢h,7;,¢’oo, completing the proof. O

5. Existence and properties of heterogeneous steady states

In this section, we first establish the existence of heterogeneous steady state of (3.2) by using
the a priori estimate established in the previous section. Then we will discuss the asymptotic
behaviours of the positive steady state at infinities.

To proceed, we first explore some properties of the first derivatives of elements in the w-limit
set, which shall be very useful for proving the existence and attractivity of heterogeneous steady
state for (3.2).

Lemma 5.1. If y € X}, then

d¢ d¢
Sup{la(x, W+ Ig(x, W, y)€Qpandp e w(¥)} <Cy,
where Cy is a constant depending on f only.

Proof. By Proposition 3.6, () C X,Z*. Thus, the conclusion follows from the standard
parabolic estimates. O

Lemma 5.2. Assume that D is a convex, closed and nonempty subset of X, such that 0 ¢ D C
Xrﬁ;* and V(t, D) C D forall t € Ry. Then (3.2) has a positive steady state, located in D.

Proof. Let [ = {% :i=1,2,---}. Then forany T € I, ¥(T,-) : D — D is compact due to
Proposition 3.4. By the Schauder fixed point theorem, there is 7 € D such that (T, 1) = ¥r.
According to the compactness of W due to Proposition 3.4 and the fact that {y7 : T € [} C
(1, D), we know that {7 : T € I} is pre-compact in X, and thus there exist i € D and
a sequence {7} in I such that lim l/ka = 1. For any ¢ € (0, 00), there exist ry € [0, T;) and

nonnegative integer Ny such that t = Ny Ty + ri. Obviously, hm ri = 0. Hence, for all r > 0,
we have (¢, ) = hm W, yr,) = hrn Ve, vr) =, Wthh implies that v is as required,
completing the proof D

Proposition 5.1. Eq. (3.2) has at least on positive steady state, located in X*.

Proof. Take M = u* and ¢™* € Xn’f’ \ {0}. Let g4+, Ty~ be defined as in Theorem 4.1. Let

={p € X} :w(@*) <¢ < M}. Then 8¢*hT¢*’°° < w(¢*) < D, and hence D C X,/ and
¢(x,y) > 0 for all (x,y,¢) € Int(2,) x D. Clearly, D is a convex and closed subset of
X, and W(¢, D) C D for all t > 0. On the other hand, Lemma 5.1 ensures that there exists a
y > 1 such that [22822 1 | 22000 2 < )2 for all (x, y, ¢) € Q2 X w(¢*). Let £(,x,y) =
min{ydist((x,y), 0R,), M} for all (x,y) € ©,,. Then the choices of y and ¢ imply that
> w(@*)and ¢ < M. Thus ¢ € D and D # . Thus the result follows from Lemma 5.2, com-
pleting the proof. O




T. Yi, X. Zou / J. Differential Equations 267 (2019) 40144046 4031

In what follows, we denote by &,, the set of all positive steady states of (3.2). The following
result implies the existence of the maximum element of &,,.

Proposition 5.2. sup&,, € &, C Xn’z* \ {u*}, where sup &, (x, y) = sup{p(x,y) : ¢ € Ey} for all
(x,y) € QL.

Proof. Clearly, Proposition 3.6 implies &,, C X,Z* \ {#*}. By the Zorn’s lemma and the compact-
ness of W, we easily see that &,, has a maximal element ¢. We shall prove ¢ = sup &,,; otherwise,
thereis n € &, suchthat —n ¢ X+t Let D={p e X¥ :¢p — ¢, —n € X,"}. Then D is a con-
vex, closed and nonempty subset of X, such that 0 ¢ D C X,Z* and V(r, D) C D forallt e R,.
Thus Lemma 5.2 shows that (3.2) has a positive steady state v, located in D. Thus, ¥ € &,, and
¥ > ¢, a contradiction. Consequently, { = sup &, and hence the proof is completed. O

For ¢ € Xy, define [¢|r = inf{g(x, ) : (x, ) € 2™} and [¢|7 = sup{p(x,y) : (x,y) €

Q,{,’OO}. Clearly, |¢|7 (|¢|7) is nondecreasing (nonincreasing) in 7. Let ¢ = Tlim |¢|7 and ¢ =
- —00
Tlim |p|T for any ¢ € X,,,.
— 00

The next result gives some information about the asymptotic behaviour of positive steady
states at infinity location.
Proposition 5.3. If ¢ € &, then Tlim ol = Tlim |p|T = u* and ||Pulolllx = u*; in other

—> 00 — 00

words, for any € > 0 there exists T, > 0 such that |¢ (x, y) —u™| < e forall (x,y) € Q;{oo
Proof. Fix ¢ € &,. By Propgsition 3.6 and Theorem 4.1_, u*>¢ > eh,{;oo for some e and T €
(0, 00). Thus, we have u* > ¢ > ¢ > € and thus I £ [¢, $] C [e, u*].

We claim that ¢ < Ty (1)[¢] < Tin (1) [@] < ¢ forall (1, ) e Ry x X, Indeed, it follows from
the definitions of €2, and 7, (¢) that, for any (¢, ¢) € (0, 00) X X,f{ , we have

T ()[9]
=T1i_)moo|77n(t)[¢]lr

= Tlew IT @[ Pl T

(x =52+ (-3
4

1 m—1 . o o -
SHIXO:TIL‘“OO{SUP{ / Pul@](F, 5) exp(— )dxdy : (x, ) € €2, ™)
= BL, (2]

(x =02+ -7?

1
< — lim {SUP{/ Pulol(x, y) exp(— )dEdy : (x, y) € Q>N

T Amt T>o0 4t
Q"’l
(m — DI Pulolllx . / 3?2+§2 -y~
1 - dxd
+ 4t Ti>moo exp( 4¢ ydxdy
VI =Ty
(x =)+ (y—)?

)didy : (x, y) € QL)

dmt

| - -
= — Tll)moo{sup{/ ¢ (x,y)exp(— 41
Qp
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ey =2
< 4L lim {sup{ / (X, 5)exp(— =7+ =) )dEdy @ (x,y) € Q%N
Tt T 4t
omas ™
1 -2+ (-9
+Z—mumﬁ/¢uwam(xx)M@ ”mmewedﬁn
92 o

m

1 . S AP
= o7 1 Pal@lllx lim / exp(——,—)d¥dy

e
I . =+ -9* . . T.00
+ o lim (supl / b(E. ) exp( - JAEd5 : (x, y) € QL))
Qé’w
I r (x—?+G-9* . T
— - ; QI
< o fim (91Fsupl [ exp( T 05a7: (x, ) € Q)
Q%’c’o
/ )dxdy hm |q§|2
R2
<¢.

Here, T,, =T forallm <2 and T,, = Ttan(%) for all m > 2. Similarly, 7, (¢)[¢] > Q for all
(t,¢) e Ry x X,f.
Let f (x) =x + if(x) for all x € R. Since ¢ is a positive steady state of (3.2),,, we obtain

t
¢ = M T (D] + / eI T (1 — $)[1fu (¢))ds for any 1 € Ry
0

This, together with the above claim, implies that

t

8= M9+ [ eI T - 9L @M
0

>e M+ [ e f(p)ds

o _

t
ze Mg+ u / eI £, (9)ds
0

=e Mo+ (1—e ™) fu(®).
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Thus, ¢ > f.(¢). A similar argument yields ¢ < fu(@). Hence, I C f(I), which together
with the fact that f,(x) > x for all x € I\ {#*}, implies that I = {u*}. Hence, liTminf|¢|T =
—> 00

limsup |¢|7 = u* and || P, [¢]]|x = u*. This completes the proof. O

T—o0

6. Global attractivity of heterogeneous steady state

In this section, we shall investigate the uniqueness and attractivity of heterogeneous steady
states of (3.2). In the sequel, we denote by u™t the maximal positive steady states obtained in
Proposition 5.2. Then we have the following attractivity result for u™.

Proposition 6.1. () = {u™} for all y € X} \ {0} with ¢ > u™.

Proof. Otherwise, there exists ¥ € X\ {0} such that ¥ > u* and w () # {u™}. By the mono-
tonicity of W and Proposition 3.6, we have u™ <w(¥) <u*. Let D={¢p € X} 1w () <¢ <
u*}. Clearly, by the definition of D and Lemma 5.1, we know that ut < D and D is a convex,
closed and nonempty set in A},,. These together with W(R . x D) € D and Lemma 5.2, show that
(3.2) has a steady state in D, a contraction with the choice of # ™. This completes the proof. O

To address the attractiveness of ™ for (3.2), we further need the following sublinear condition
on the function f:

(H3) f(ax)>af(x) forall («, x) € [0, 1] x [0, u*].

Clearly, (H3) holds if and only if TACIEN nonincreasing on [0, u*]. For example, (H1)-(H3) hold

X

for f(x) = px(g — x?) for p,q > 0.

Theorem 6.1. Assume that (HI) and (H3) hold. Then for any nonnegative integer m, (3.2) has
a unique positive steady state u™ which attracts all solutions of (3.2) with the initial value v €
X \ {0}

Proof. The existence of u™ is already established in Proposition 5.1, and the uniqueness will be
a consequence of the global attractiveness of u™ in X} \ {0}. So, we only need to show that u™*
attracts all solutions of (3.2) with the initial value ¥ € X, \ {0}.

We claim that if [ > 0 and [u™ is a positive steady state of (3.2), then [ = 1. Otherwise [ # 1.
By using Proposition 5.3, we have || P, [Iu™*]||x = u* and thus [ = 1, a contradiction.

Let ¥ € X5\ {0}. To prove w(¥) = {u™}, we may assume that ¥ < u™ due to the mono-
tonicity of W and Proposition 6.1.

Suppose that w(¥) # {u™}. If m = 0, then by Proposition 3.6 and Theorem 4.1, we have
0<a*£inflp(x,y): (x,y,¢) € R? x w(¥)} < b* £ sup{p(x,y) : (x,y.¢) €eR? x w(Y)} <
u*. Clearly, a* < u*. Thus, there is § > 0 such that f,,(¢(x,y)) > a* 4§ for all (x,y,¢) €
R? x w(¥). It follows from (3.2), that we know that for all (x, y, ) € R2 x w(¥),

1

u")(l,x,y)=6XP(—M)T(1)[¢](x,y)+M/6XP(—M(1 — DT (1 =) fuw? (s, NI(x, y)ds
0
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1

> exp(—m)T ()[a*1(x, y) + M/GXP(—M(I —sNT (1 —s)[a* +8](x, y)ds
0

=a" + (1 —exp(—p)).

Hence the invariance of w (1) forces that ¢ (x, y) > a*+5(1 —exp(—u)) > a* for all (x, y, ¢) €
R? x w (), a contradiction to choice of a*. So, w(¥) = {u™}.

Suppose that m > 1. We now use the famous sliding method to finish the proof. Define
(@m, bp) : Ry — R? by

0, 7), m
(am(T), by (T)) = (T, T), m
(T, Ttan(s,)), m

)

1
27
3.

IVl

Let a(T; ¢) =sup{la > 0: ¢(t,x + an(T),y + by, (T)) = aut(x,y) forall (x, y) € Q,,} for
all T e Ry and ¢ € w(Y¥). Then 0 < a(T;¢) <1 and ¢(t,x + an(T),y + by (T)) >
a(T,p)u™(x,y) forall T e Ry, (x,y) € Qi and ¢ € w (V).

Now we shall prove «(T'; ¢) = 1 for all (T, ¢) € (0, 00) X () by two steps.

Step 1: Prove that for any T > 0, there is ¢ = &7,y > 0 such that «(T'; ¢) > & > 0 for all
p o).

Fix T > 0. By Theorem 4.1, there exist &1, 71 > 0 and ¢ € X,}l such that ¢ (- + a,,(T), - +
b (T)) > e1¢ > e1hT1> for all ¢ € w (). This together with ut < u* implies that

o, x+an(T),y+bu(T)) > %qu(x, y) forall (x,y,¢) € Q,{}’OO x (). 6.1)

It follows from (3.2),, and Lemma A.3-(ii) and (iv) that for any (¢, ¢) € (0, 00) x w () and
(X, 9) € Q@ \ Q1% with \/x2 + y2 > 1, we have

u®(t,x + an(T), y + by (T))
= exp(—ut) T (D[P1(x + am(T), y + by (T)) +

t

" f exp(—1(t — )Tt — ) f0 @® (5, NI + am(T). y + by (T))ds
0
> &1 exp(—ut) Ty (D[Z1(x. y)
+
> e1b(l. 1, Tl){exp<—mm<r>[‘;—*1<x, ¥+
t
M/eXP(—M(t — )T (t —s)[

0

fu(”Jr)

max £, (10, 4*]) 1Cx, y)ds}

e1b(1,t,T1)

_ +
> max{u*,maxfu([O,u*])}{eXp( u) T O™ 1(x, y) +
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t
M/exp(—ﬂ(t =N Tt = $)Lf@D(x, y)ds}
0

e1b(1,t,Ty)

— +
= max{u*, max £, ([0, «*])} " (x, 7)-

In particular, we have

e1b(1,1,Tr)
max{u*, max f,, ([0, u*])}

u®(1,x + au(T), y + bu(T)) > ut(x,y) & eout(x,y)

for all ¢ € (W) and (x,y) € Qp \ QI with \/x2 + y2 > 1. Note that &, > 0. Hence by the

invariance of (1), we may get that for all ¢ € w () and (x, y) € Q2 \ QL™ with /x2 + y2 >
1’

¢(x +am(T), y + bu(T)) = e2u™ (x, y). (6.2)
Let

~ min{¢(x +an(T), y +bu(T)) : (x, ,9) € R X @ () with x* + y* < 1)
- max{ut(x,y): (x,y) € Q, with x2 + y2 < 1} '

€3

Then €3 > 0 and ¢ (x + a,(T),y + by(T)) > e3ut(x,y) for all ¢ € w(y¥) and (x,y) €
Q,n with x2+y2 < 1. This together with (6.1) and (6.2), implies that ¢ (x +a,,(T), y + b,,(T)) >
min{i—i, &, e3luT (x,y) forall (x,y,d) € Qn x w(¥). So, by the definition of a(T’; ¢), we have
aT;p) >e=ery = min{£L, &5, £3} > 0 for all ¢ € w ().

Step 2: Prove that o(T; ¢) = 1 for all (T, ¢) € (0, 00) x w(¥).

Fix T > 0. Suppose that 0 < a(T;¢_>) < 1 for some ¢_5 € w(¥). Let o = inf{a(T; ¢) :
¢ € w(¥)}. Then by Step 1 and the definition of «*, we have 1 > «* > 0 and ¢ (- + a,,(T),
by (T)) > a*u™ forall ¢ € w(¥).

For any ¢ € w (), let us define v'-? : R, x Q,, — R by

v, x, ) =u? (t, x + am(T), y + bu(T)) —a*u™(x, y).

It follows from (3.1) and (H3) that v7-% satisfies the following equation

Wk ) 2 AV et VT X ), () € 0,00) X
vT’¢(01x7 y) 2 09 (-xyy)GQ}’ns (6'3)

UT’¢(t,X,Y) > 07 (I,X,Y)G[ano)xagm»
where

F@lt, x4+ an(T),y+bu(T)) — fla*u™(x,y))
vt x, y) '

c(t,x,y)=
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By the Phragmén-Lindel6f type maximum principle in [33] and the strong maximum principle,
we know that v7-?(¢, x, y) > 0 for all (¢, x, y) € (0, 00) X 2,,. Thus, by the invariance of w (V/),
we may obtain that

¢(x +an(T),y + by, (T)) > a*u+(x, y) for all (x, y, ®) € 2, X w(Y). (6.4)

By (6.4) and a contradict argument, we may show that there is y* > 0 such that

¢ +an(T),y +bu(T) = (@ +y ut(x,y), (x,y,¢) € x @(¥) with\/x2+y2 < 1.
(6.5)

Note that there exist € > 0 and § € (0, u*) such that f,, («*u) > o™ f, (1) + € for all u € [u* —
8,u*]. By applying Theorem 4.1 and Proposition 5.3, we know that there exist 7* > 0 and

g* € (0,8) such that ¢ (x, y) > e* and ut(x, y) > u* —&e* > u* — § forall (x, y, §) € Q,I,;*’OO X
 (¥). These, together with (H3) and the monotonicity of f,,, give f,,(¢ (- + (@ (T), by (T)))) —
o £, (T () > ehl > forall ¢ € w (V).

Applying Lemma 4.4 with n = 1 and § = %, we obtain that there exists 7** > max{T, T*}
such that H (s, hy ™) > Lhpy™ forall s, T > T*.

It follows from (3.2),, and Lemma A.3-(ii) that we know that for all (x, y, ¢) € 2, x @ ()
and t > T**,

v, x,9) =u®(t,x + an(T), y + by (T)) — a*u™ (x, y)
= exp(—ut) T (D[P1(x + am(T), y + b (T)) — exp(—ut) T (D[ uT1(x, y)

t
+u f exp(—u(t = ) Ton(t = )LfU? (s, NIx + am(T), y + by (T))ds
0
t

—Mfexp(—,u(t — )T (t = $)le* fu () + en™ ] (x, y)ds
0
t

+MfeXP(—M(t — ) T (t — $)[€hT ) (x, y)ds
0
t

> u/eXp(—u(t — )T (t — $)[ehT " ®](x, y)ds
0

>eH@t, )T ®)(x, y)
z EhT**vOO

g (x, ¥)-

Hence the invariance of w () forces that

¢(x +an(T),y +bu(T)) > a*ut(x,y) + % forall (x,y,¢) € QL " ® x w(¥).  (6.6)
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Again, from (3.2),, and Lemma A.3-(ii) and (iv) that we know that for all (x, y, ) € (2, \
QI %) x w(y) with X2 +y2 > 1,

v, x, ) =u® (1, x 4+ an(T), y + by (T)) —a*u™(x, y)
> exp(— ) T (DIP1(x + am(T), ¥ + by (T)) — exp(—p) T (D@ uT1(x, y)
> exp(—um(l)[%h“’““](x, »)

b(l,1, T** +
> %[exp(—mmn[z—*kx, )+

1

M/CXP(—M(I —sNTm(1 = 9)[
0

fu(u+)

e F (0. £000, 1) 1(x, y)ds]

- eb(1,1, T*)
~ 8max{u*, max f,, ([0, u*])}
1
M/exp(—u(l =N T (1 = $)[ fuH)](x, y)ds]

0

[exp(—) T (D[ 1(x, y) +

. eb(1,1,T*)
"~ 8max{u*, max f, ([0, u*])}

ut(x, ).

So, by the invariance of w (), we know that for all (x, y, ) € (2, \ Q,T*’OO) X w(Y¥) with

Var+y2=1,

eb(1,1, T*)

x4
B (). y o+ bu(T) Zout (. 3) + g

ut(x,y). (6.7)

It follows from (6.5)-(6.7) that there is §* > O such that ¢(x + an(T),y + by (T)) >
[a* + 8*lu™(x,y) for all (x,y,¢) € Qn x w(¥). Hence by the definition of «(T;¢), we
have a(T; ¢) > a* + §* > a™ for all ¢ € w(¥), a contradiction to choice of a*. Therefore,
a(T; ¢)=1forall (T, ¢) € (0,00) X w().

Thus, by Step 2, we easily see that w () > u™. This together with w () < u™, yields o (¢) =
{u™}. This completes the proof. O

Corollary 6.1. Assume that (Hl) and (H3) hold. Then for any nonnegative integer m, we have
the following results:

(i) (3.2) has a unique positive steady state u™ in an \ {0}.
() lim |ut|7r = lim |ut|T =u*
T—o00 T—o00
(iii) u™ is a symmetry function with respect to {y = tan(5-)x}. In other words, ut(x,y) =

ut((x, y)By,) ABuw) for all (x,y) € Q.
@iv) Forany (T,x,y) € (0, 00) X Q,,,, we have

ut(x +am(T), y +bn(T)) >ut(x,y), (6.8)
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where (a,(T), b, (T)) is defined in the proof of Theorem 6.1. Hence, ut(x,y) is strictly
increasing from (xo, yo) € 92 along the ray parallel to {y = tan(5,.)x}.

Proof. (i) and (ii) follow from Theorem 6.1 and Proposition 5.3, respectively.
(iii) Let B = BzmABz_n;. Then B € O(2), B[] = Q2 and u™ o B € X, \ {0}. Thus by the
proof of Proposition 3.1, we have

t
Pulut]1o B=T@)[Pu[uT]0 B] + u/ T(t —$)[f(Pulut]o B)lds foranyteR,.
0

This, together with the fact that P,,[u™] o B = P,[u™ o B], implies that

t
Pulut o Bl=T@)[Pulu™ o B]] + u/ T(t —$)[f(Ppu[u™ o B])]ds foranyteR,.
0

As aresult, Lemma A.2 gives

t
u*oB:ﬁn(t)[zﬁoB]—i—pL/'ﬁn(t—s)[f(u*oB)]ds foranyr e R .
0

So, u™ o B is a positive steady state of (3.2) in X \ {0}. By the uniqueness of the positive steady
states for (3.2), we have uT o B=u™.
(iv) By the proof of Theorem 6.1, we know that for any (7', x, y) € (0, 00) X Q,,

ut(x +am(T), y +bu(T)) = ut(x,y). (6.9)

This, together with the strong maximum principle, implies that for any (7, x, y) € (0, 00) X ,,,

ut(x +an(T), y +bu(T)) > u™(x, y). (6.10)

So, u™ (x, y) is strictly increasing from (xg, yo) € 92, along the ray parallel to {y = tan(5-)x}.
This completes the proof. O

Without assuming the sublinearity (H3), we have the following results.
Theorem 6.2. For any nonnegative integer m, we have the following results:

(i) If m =0, then (3.2) has a unique positive steady state u™ = u*, which attracts all solutions
of (3.2) with the initial value ¥ € X4 \ {0}.

(ii) There exist ur,ut € &, such that uy <u <u™ for every u € £,; moreover uy (u™) at-
tracts all solutions of (3.2) with the initial value in {¢ € X,;F \ {0} : ¢ <uy} ({¢p € X7\ {0}:
¢>ut})

(iii) (3.2) has a unique positive steady state u™ if and only if u™ attracts all solutions of (3.2)
with the initial value ¥ € X} \ {0}.
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Proof. (i) Clearly, u* = u*. By checking the proof of Theorem 6.1 for m = 0, we easily see that
(3.2) has a unique positive steady state u = u*, which attracts all solutions of (3.2) with the
initial value ¢ € X \ {0}.

(ii) By Propositions 5.2 and 6.1, there exist u™ € &, such that &, <u™, and u™ attracts all
solutions of (3.2) with the initial value {¢ € X} \ {0} : ¥ > u™}.

Clearly, there is g € C' (R, R) such that glio,u*1 < flo0,u*) satisfies (H1) and (H3). For exam-
ple, there is a large o > 0 such that gy |[0,4*] < fl[0,4*] satisfies (H1) and (H3) where go(x) =
@x[l — ax?] for all x € R. By applying Theorem 6.1 with f = g, there is u;‘ e X\ {0}
such that w(¥; g) = {u:,‘} for all ¥ € X \ {0}. By the choice of g and the monotonicity of
W, we have W(t, ) > W(t, ¥; g) for all r € Ry and ¢ € X, . Thus, the definition of w—limit
set, we have u; < w@) for all ¥ € X, \ {0}. In particular, uz,r < &, and thus w(u;) <&,
Let D={¢ € Xn’z* : u; <¢ < a)(u:,‘)}. Then D is a convex, closed and nonempty subset of

X, such that 0 ¢ D C X,’,‘,* and W(¢r, D) € D for all t € R;. Thus Lemma 5.2 shows that
(3.2) has a positive steady state u,, located in D. So, u;f <uy =inf&, < w(uz,‘). For any
e fp e X\ {0} : ¢ <uy}, we have w(¥) < uy < w(uy), and oY) > w(u]f) due to
() > uf, which imply o () = {u+}.

(iii) The sufficiency is clear. Now suppose that (3.2) has a unique positive steady state u™.
Thenuy = u™. Forany ¢ € X, \ {0}, by statement (ii) we have w (V1) = w (¢ ) = {u™}, where

Y (x, y) = min{y (x, y), u4 (x, )} and ¢F(x, y) = max{y (x, y), u™ (x, y)} for all (x,y) €
Q. By the monotonicity of W, we easily see that w () = {u™"} for all ¥ € X, \ {0}, that is, u™
attracts all solutions of (3.2) with the initial value ¢ € an \ {0}

This completes the proof. O

7. Main results

In this section, the following theorem summarizes the main results about the bistable reaction-
diffusion equation in R? by using Proposition 3.3 and Theorem 6.2.

Theorem 7.1. Assume that (H1) holds. Let | - |r,| - |T, Q;,’oo be defined as in Section 4.

Then for every nonnegative integer m, there exist uy u,u™" € X,, and &, C {¢p € X} :

¢ (x,y) > 0forall (x,y) € Int(Qu)} withu , =infEy, u™™ =sup&,y, € &, and Tlim lulr =
—>00

Tlim lu|" =u* for all u € &, such that the following hold:
—> 00

(1) PpnlEm] is the set of all nontrivial steady states of (1.2) in Py, [X,,J{];
(1) Pmlum,+] (resp. Py, [u™ %) attracts all solutions with initial functions in Py,[{¢ € X,jl' \ {0} :

¢ < upm ] (resp. Pul{d € X5\ {0} : ¢ = u™}]);
(1) If u,+ = u™™, then Pyluy +]1= P, [u™ ] is a globally attractive steady state of (1.2) in
Pl X1\ {0}, in other words, tgrgOH(D(t, ) — Pm["‘er]”Cf ®2) =0forall¢ Pl X1\

{0}.

We also have the following results about the multiplicity, shape and attractivity of the hetero-
geneous steady states for the bistable reaction-diffusion equation in R2.

Theorem 7.2. Assume that (HI) and (H3) hold. Then the following hold:
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(1) -Multiplicity: for every positive integer m, (1.2) has a unique nontrivial steady state u™ in
Pul X, 1.
(ii) -Shape: for the u™ in (i), we have u™ = P, [u™|g,, 1, moreover,
(ii)-1: there is the asymptotic property: lim |u™|7 = lim |u™|T = u*, where |u|; =
T— 00 T—o00

influ(x, y) 1 (v, ) € ™) and Jul" = sup{u(x., ) : (x, y) € 2 ™);
(ii)-2: there is the symmetry: u™ is a symmetric function with respect to {y = tan(,-)x};
(i1)-3: there is the monotonicity:
u™(x,y) is strictly increasing from (xg, yo) € 02y, along the ray parallel to {y =
tan(5)x}.
(iii) -Attractivity: u™ is a globally attractive steady state of (1.2) in Py X, 1\ {0}, in the sense
that tlggo [|D(t, ) — Mm”szoc(Rz) =0 forall ¢ € P X1\ {0}

Proof. (i) and (iii) follow from Proposition 3.3 and Theorem 6.1. (ii) follows from Proposi-
tion 3.3 and Corollary 6.1. This completes the proof. O

Appendix A. The linear operator semigroups

In this appendix, we give some basic properties of T'(¢) and T, (¢).
By the explicit expression of 7'(¢), we easily get the following results.

Lemma A.1. Let T (t) be defined in Section 2. Then the following statements are true.

(i) T(t): X — X is a linear operator such that ||T (t)[¢]l|x < ||¢p||x for all (t,¢) e Ry x X
and TR, xx, : Ry x X, — X, is continuous, where t € R, r € (0, 00), X, LipeX:
llpllx <r}and TR xx, (@, ¢) =T @)l

(i) TO)=Idx, T[T ($)[@ll=T(t +s)[¢p] forallt,s e Ry and ¢ € X.

Now, we give a lemma to establish some key properties of k; ,,, T (t) and 7y, (¢) for all positive
integers m.

Lemma A.2. For any positive integer m, we have the following results:

1) kim(x,y,%,3)=0forall (t,x,y,%,y) € Ry x 0Qy, x Qu, and hence T, (1)[Xn] S X
forallt e Ry ;

(i) poA=—¢, poBy=0¢, TM)[plo A=—-T@)¢] and T(t)[$] o By =T (t)[$] for all
(t,¢) € Ry x P, [X,]. Hence, P,[X,] is a positively invariant subset of T (t), that is,
T(Z)[Pm[Xm]] - Pm[Xm]for allt € R-H

(iii) T, ([Pl = (Pm)*] I[P 1,10 T (t) o Pyulol for all (¢, ¢) € Ry x Xy, in other words, Py, o
TPl =T (@) o Puldl forall (t,¢) € Ry x Xp;

(iv) Tm(2)(t = 0) is a linear operator semigroup such that Tu|R , xxr - Ry x Xy — X, is con-
tinuous, wheret e Ry, r € (0, 00), X, Lipe X[ Puldlllx <7} a”d7;n|]R+xX,;(f, ¢) =
Tn®1$];

V) TuOIX,}1 S X} and hence ki m(x,y,%,5) >0 for all (t,x,y,X,5) € Ry x Qy X Q.
Moreover, Tp,(t)[d](x, y) > 0 for all (t,x,y) € (0,00) x Int(2,) and ¢ € an \ {0} and
IO} (| y) < 0 for all (x, y) € 32 \ {(0,0)} and (¢, $) € (0,00) x (X;} \ {0)).

(vi) T(0)[p] € PulX,}] forall (t,¢) € Ry x PylX,F].



T. Yi, X. Zou/ J. Differential Equations 267 (2019) 40144046 4041

Proof. (i) Clearly, for any integers /, by some simple computations, we have

, cos 2T gip 4z
B — m m
m . N
m m

By the choice of 2,,,, (x, y) € 32, implies y = 0 or x = y. Note that (x, O)B,;l =(x, O)B,ln_’”A_1
and (x, x)B,;[ = (x, x)B,l,l_’”_lA_1 for all integers [ € [0, m — 1]. These together with the pre-
sentation of k; ,, and B, = B,?,, give (i).

(i1) Suppose that (¢, ¢) € Ry x P, [A,]. By the definitions of €2, and P,,, we easily verify
¢poA=—¢and ¢ o B,, =¢. Thus, T(t)[¢p] o A= —T(t)[¢] and T (¢)[¢] 0 B,y = T (¢)[¢p] when
t =0.1f t > 0, then for any (x, y) € R?, we have

l1Gx, A — (&, )2

1
TO90 A y) = 1 / o ) exp(— - s
R2
! Ry N —(x,y Al 2 o
=@/¢(x,y)e><p(_”(x y) S; DAP s
R2
1 o e
:4—m/¢((X,y)A)exp(—H(x Y) 4t(x Il Jdid5
R2
1 o G
Z_R/‘f’(x’y)exp(—”(x y) 4t(x DL, za5
RZ

=-T®)[P](x, ).

Similarly, by ¢ o B,,, = ¢ due to the definition of P,,, we also easily see T (¢)[¢] o B,,, = T (¢)[¢].
So, statement (ii) holds.

(iii) Fix ¢ in X, and let ¥ = P,[¢]. Suppose that (z,x,y) € Ry x ,,. Clearly, P, o
Tu@®[p]l =T () o Py[¢p] when t = 0. If ¢+ > 0, then it follows from the definition of i and
the linear transformations of variables that

1 ) =G DI L
T ) =+ t/w(f,i)exp(—”(x V) = I iza5

T 4t
]RZ

m—1 s a2
=ﬁ2[/ Gy exp( D EDIE oo

=0 4t

B, [Qun]

m

[1(x,y) — (&, 9I?
4¢

+ / ¥ (X, y)exp(— )dxdy]

B [A[Qm]]

1R o G, y) — GBI
—RZ[/I/f((X»)’)Bm)eXP(— 1 ydxdy

=0 &

m
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[|(x,y) — (&, §)BL Al
4t

+ / (&, 5) Bl A) exp(— dids]
Qn

m—1 1 _(z 3y12
1 ,V)B," — (%, .
Z[/ w(i,y)exp(—”(x B, — & )did§

4t =g 4t
. o, WATIB — G2
- / Y (X, §)exp(— m )dxdy]
Qm
:/w(i35])kl,m(-x’yvivi)d‘fd5}
Qn

=Tn(O[P](x, y).

This together with statement (ii) and the definitions of i and P,,, implies (iii).

(iv) follows from Lemma A.1-(i)-(ii), statements (ii) and (iii).

(v) By statements (i) and (iii), we know that for given ¢ € &}, T, (t)[¢]1(x, y) solves the
following initial-boundary problem,

u(t,x,y) = Ault,x,y),  (t,x,y) € (0,00) x Quy,
u(t,x,}’) =07 (xay)€R+Xan’ (Al)
u0,x,y) = ¢(x,y), x,y) € Q.

This together with the Phragmén-Lindel6f type maximum principle in [33], implies 7, (£)[¢](x,
y) >0 forall (t,x,y) € Ry x Q. Thatis, 7, (t)[X,] € X, forall r € R, and thus by continu-
ity of k; ,,, and the definition of 7, (¢), k; m (x, y, X, y) = 0forall (¢, x,y,%,5) € Ry X Qy X Qypy.

By the strong maximum principle, we easily see that 7,,(¢)[¢](x, y) > 0 for all (¢,x,y) €
(0, 00) x Int () and ¢ € X, \ {0}.

Finally, the Hopf boundary lemma implies that wu, y) <0 for all (x,y) € 02, \
{(0,0)} and (7, $) € (0, 00) x (X1 \ {0}).

(vi) follows from the definition of Pm[X;{ ] and statements (ii), (iii) and (v).

This completes the proof. O

For any L > 0, let X, = {¢ € C([0, L]*,R) : ¢(x,y) = 0 for all (x,y) € ([0, L)}, X} =
{p € Xp :¢p(x,y) = 0forall (x,y) €[0,L]*} and g (t,x,y,%,5) = é oi{[cos(%—@) —
n=1

cos(w)] X [cos("”(’L;y)) - COS(M)] X 6—2(%)21} forall L>0and (¢,x,y,%,y) €
(0, 00) x [0, L1*. Let us define S (0)[¢1(x, ) = ¢ (x, y) and SL([P1(x, ) = [l 1 p L., X, ¥,
%, )¢ (%, $)didy for all t € (0, 00) and (x,y,¢) € [0, L]* x X, Note that {SL(®)}>0 is an
analytic semigroup on X, generated by the X -realization Ax, of A. Moreover, for given ¢ €
X, Sp()[¢]1(x, y) solves the following initial-boundary problem for # > 0,

du — A

5 = Au, t>0,
u(t,x,y) =0, (x,y) €3([0, L), (A2)
u©,x,y) = ¢(x,y),  (x,y)€l0, L.
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According to the definitions of 7,,(¢) and Sy (¢), the operators T,,(t), S (¢) can be extended
to linear operators from L°°(£2,,), L*°([0, L1?%) into itself, respectively, which are also order
preserving in the sense of the pointwise order.

In addition to the basic properties for 7y, (¢) and Sy, (¢), these two operators enjoy some further
properties which are very useful for estimating the w—limit sets near 9€2,, in the vicinity of the
origin and at infinity locations.

Lemma A.3. For a given positive integer m, we have the following results:

(i) Tu®[P] < T D[ Pllg,,, where 0 <m* <m, (t,¢) € Ry x X;F and € X\, is defined

by p(x,y) = ¢ (x, ) forall (x,y) € Qp and $(x, y) =0 for all (x, y) € Qu+ \ p;

(ii) Let ¢, € X, and let (a,b) € R? with (a, b) + 2un C Q. If p(a+x,b+y) = ¥ (x, y) for
all (x,y) € Qum, then T (D@l(a+x,b+y) > TuOY]1(x, y) forall (¢, x,y) € Ry X Qp;

@ii) If xo > 0 and L > 0 such that L < xg tan(%) for all m >3 and L < xq for all m < 2,
then Ty ()P (xo.0)+10.L2 = SLO[P (- + X0, )0, L21C — X0, ) (xg.0)+10.12 for all (,¢) €
Ry x Xt

(iv) Let a(t,T,x,y) =supla > 0: Tu(O[E1(x,y) > aTu®n](x, y) + ap [y exp(is) Tm(t —
$)n](x, y)ds forall ¢, n € an1 with & > h,a’oo} and b(r,t,T) =inflat, T,x,y) : (x,y) €
Qi \ QL with /x2+y2 > r} for all (r,t,T) € (0,00)% and (x,y) € Q. Then b(r,
t,T) >0 forall (r,t,T) € (0, 00)3.

Proof. Clearly, (i), (ii) and (iii) follow from the Phragmén-Lindel6f type maximum principle in
[33].

(iv) Fix (r,t,T) € (0, 00)3. Note that a(z, T, -,-) is a continuous and positive function in
2\ {(0,0)} due to Lemma A.2-(v) in the Appendix.

By letting L = min{27, 27 tan({%.)}, we have (xo — £,0) + [0, L] x [, L] € 2, for all
xo > 5T. It follows from Lemma A.3-(iii) that for any ¢ € an1 with ¢ > h,{;oo and (x,y) €
(x0 — %, 0) + [0, L]* with xo > 5T, we have

L L
Tn@®[E1(x,¥) = SL@O[E(+x0 — 5 ~)|[0’L]2](x — X0+ bR y)

B L _ L o
= / C(x+xo—E,y)gL(t,x—xo+5,y,x,y)dxdy
[0,L1?
L . ...
> / gL(t,x—xo+5,y,x,y)dxdy.

[0.L]1x[%.L]

Thus, for any ¢ € X,ll with ¢ > hz,;’oo and (x,y) € [5T, o0) x (0, %], by taking xo = x — % and
applying the previous inequality, we have

L o
To®OIE1(x, y) = / QL0 5y, 5, $)dids

[0.L]x[%.L]
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41+ (1) )sin(PE) x sin(M) x ¢ 20

=Y ) }>0.

n>1

On the other hand, by applying Lemma 2.1-(iv) in [35], Lemma A.3-(i) and Fubini’s theorem,
it follows that for any n € X,,ll and (x,y) € [5T, 00) x (0, %], we have

t

Tu@®N1(x, y) + u/eXp(Ms)Tm(t —$)[nl(x, y)ds
0

t
sﬂ(t)[l](x,y)+M/6Xp(MS)Tl(t—s)[l](x,y)ds
0
1 _ =2 2 + 2
= — / exp(—%)[exp(—%) —exp(—-2 - OEI ) iva5

4t
RxR

N N ~\2
4 wexp(u) / (2R / exp(— 5 tep- U720 —exp- O pazagas
s 4s 4s
RxRy

52

HLD [ e p(—j—)d&ds
S

< J_/CXP(_ )dy+ue><p(m)/

-y

exp(——)d 4 SEEPED [ exp(—yfusas.

s

\/_

Define p : [0, %] — R by

2
401+ 1y Dysin("Eyxe 2L

g nLm
p0) = —

7= +Vexp(ur)

L
and for any y € (0, 51,

2
401 +(— 1y Dysin("E ) xsin(M2yxe 2T

g (n)?

n>1
, 20 ( = -~
= [ exp(—)dy + LD [V exp(—y/uiP)d

p(y)=

Clearly, p is a continuous and positive function, and thus there exist p* > 0 such that p(y) >
p* for all y € [0, %]. By the definitions of a(¢, T, x, y) and p(y), we have p* <a(t,T, x,y)
for all (x,y) € [5T, 0c0) x [0, %]}. Similarly, we have p* <a(t, T, (x, y)AByy) for all (x,y) €
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[5T, 00) x [O, %]}. Thus, a(t, T, x, y) > p* for all (x,y) € Qp \ QL™ with /x2+ y2 > 6T.
This together with the continuity and positivity of a(t, T, -, -), implies that b(r, ¢, T) > 0 for all
(r,1,T) € (0, 00)3. This completes the proof. 0O
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