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Abstract

We consider a competitive system with nonlocal dispersals in a 1-dimensional environment that is wors-
ening with a constant speed, reflected by two shifting growth functions. By analyzing the spatial-temporal
dynamics of the model system, we are able to identify certain ranges for the worsening speed c, respectively
for (i) extinction of both species; (ii) extinction of one species but persistence of the other; (iii) persistence
of both species. In the case of persistence of a species, it is achieved through spreading to the direction
of favorable environment with certain speed(s), and some estimates of these speeds are also obtained. We
also present some numeric simulation results which confirm our theoretical results, and in the mean time,
motivate some challenging problems for future work.
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1. Introduction

In the real world, the habitat for a biological species is often temporally non-autonomous and
spatially heterogeneous [39]. In addition to the seasonality and geographical differences, climate
changes caused by global warming, industrialization and overdevelopment are also responsible
for such a temporal-spatial heterogeneity. Climate changes naturally leads to changes of habitats
for biological species. One may naturally wonder what impacts climate changes can have on the
populations of various species, either when considering a single species, or when considering
interacting species. There have been some field studies on such topics, for example, see [16,1,2,
34,40] and the references therein.

There have also been some recent quantitative studies by mathematical models on the popu-
lation dynamics of species, focusing on a special pattern of environment change, that is, shifting
with constant speed. For example, to understand how species transfer their distribution over time
and to predict whether the species can keep pace with the climate-induced range shifts in fu-
ture, [6,17,43,20,28] adopted a practical approach of characterizing the habitats “on the move”
by considering the growth rate r (¢, x) of population to be dependent on time ¢ and location x in
the special form (¢, x) = r (x — ct), reflecting the feature of environment shifting with constant
speed ¢ > 0 toward the right direction. To explore the issue of species’ range distribution and
spread with the varying habitat in response to the climate change, Li et al. [27] incorporated
the aforementioned shifting pattern into the diffusive logistic equation, leading to the following
equation

ou(t,x) =doyxu(t,x) +ult,x)[r(x —ct) —u(t,x)], (¢ x)eRy xR, (D
where the growth function r(-) is assumed to satisfy

(A) r(-) is continuous, nondecreasing, piecewise continuously differentiable with r(£00) finite
and r(—o0) < 0 < r(00).

Assumption (A) combined with ¢ > 0 indicate that the region or habitat suitable for species
growth is pushing to the right. The authors of [27] explored conditions for extinction and persis-
tence of the species and the rightward spreading speed of the model (1) in the case of persistence.
In recent work Hu et al. [23] investigated the spatial-temporal dynamics of (1) under the criti-
cal no-sign-change situation for the growth function: 0 < r(—o00) < r(00). For slightly different
content, Fang et al. [18] also derived a scalar equation of the form (1) from the classical SIS
epidemic model to describe a pathogen’s population spread with the shifting host population.

For a model of the form (1), in addition to the species’ spreading speed in comparison with
the speed of the environment shift, the feature of “shifting with given forced speed” represented
by the moving frame allows one to explore the traveling wave solutions of the form u(z, x) =
U(x —ct) = U (&) governed by a second order non-autonomous ODE with the moving coordinate
& = x — ct as the independent variable. For the topic of traveling waves to (1) with assumption
(A), the recent work from Hu and Zou [22] established its existence of forced extinction waves.
By allowing different signs of ¢, Fang et al. [18] considered two scenarios: the favorable habitat
is contracting (¢ > 0) or expanding (c < 0), and established the forced traveling waves for any
¢ € R for the model (1). A more general version relative to (1) is the following reaction-diffusion
equation



4892 C. Wu et al. / J. Differential Equations 267 (2019) 4890-4921

oru(t, x) =doy u(t,x)+ g(x — ct, u(t,x)), (t,x) e Ry xR. 2)

The much earlier work [6] studied the traveling waves of (2) for the nonlinearity term g having
support only on a finite interval, meaning that the environment was unfavorable outside a com-
pact set and favorable inside. Later, Berestycki and Rossi [7] extended the results of [6] to higher
dimensional space with more general type of g. Vo [35] removed the condition that the favorable
zone has compact support in [6,7] and obtained similar results. More recently, Berestycki and
Fang [9] have also investigated the forced waves of (2) when the nonlinearity reaction g(s, u)
was asymptotically KPP type as s — —oo. The KPP type assumption means that there is no
Allee effect. For models that consider the joint influences of Allee effect and climate change, we
refer the reader to [32,10] and the references therein.

When studying phenotypical traits, Alfaro et al. [3] extended (1) to a more general equation
by incorporating a nonlocal intra-species competition term and adopting the two dimensional
spatial domain, leading to the following equation

ou(t,x,y)=Au(t,x,y) + r(x—ct,y)—/K(t,x,y,z)u(t,x,z)dz

R 3)
xu(t,x,y), (tx,y)eRyx Rz,

u(0, x, y) = uo(x, y), (x,y) e R%,

The authors determined a critical climate change speed such that the population could survive,
spread or go to extinction under three scenarios of the growth function.

On the other hand, there are often more than one biological species sharing the same habitat
and they typically compete for resources in the habitat. When the habitat experiences a shift in
quality (due to, e.g., climate change), one would naturally wonder how such a shift with constant
speed would interplay with the diffusions of the species and the competition between species
to affect the population dynamics. In this regard, Potapov and Lewis [31] considered a Lotka-
Volterra competition model in a domain with a moving range boundary, by which they obtained
a critical patch size for each species to persist and spread. Later, Berestycki et al. [5] investigated
the Lotka-Volterra competition model with both growth functions being “on the move” reflected
by the form r; (t, x) =ri(x — ct), i =1, 2, i.e., the following model system

Qu(t,x) =di0xyur(t,x) +uy [r1(x —ct) —uy —aguz], @
dua(t, x) = drdyus(t, x) + us[ra(x — ct) —up — azuy .

They found that if the speed of the habitat edge exceeded the Fisher invasion speed of the ad-
vancing species, an expanding gap would occur. More recently, Zhang et al. [42] and Yuan et al.
[41] also studied the spreading dynamics of such a Lotka-Volterra competition system with shift-
ing growth functions, from different motivations and viewpoints, under the assumption that the
growth functions r(-) and r(-) satisfied (A). The former focused on the persistence and extinc-
tion for two species, while the latter aimed at comparing the effect of different dispersal rates
on the spatial-temporal dynamics for the two species when the habitat worsened with a constant
speed.
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As far as dispersion is concerned, in addition to random diffusion represented by the Lapla-
cianin (1), (2), (3) and (4), for some species and under some circumstances, nonlocal dispersion
is more plausible [25]. Since a population’s vulnerability to climate change manifests an intricate
relationship to its dispersal behavior, a nonlocal dispersal strategy can accommodate the intrinsic
variability in individuals’ capacity throughout a long range dispersion. Thus, under the worsen-
ing environment induced by climate change or global warming, among the key factors are how
far individual animals or plant seeds can move, and how a species would evolve with a nonlocal
dispersion strategy [26]. The long-range dispersion or nonlocal internal interactions widely ex-
ist in ecology and numerous data currently available have demonstrated these phenomena (e.g.,
see [13,11,24,12,4,15,14,33,19,21,8] and the references therein). Under a shifting effect in the
growth rate, the recent work of Li et al. [29], Wang and Zhao [36] studied the persistence crite-
rion and existence, uniqueness as well as stability of extinction wave for the following nonlocal
dispersal population model in a shifting environment

du(t,x)= d[(J xu)(t,x) —ul(t, x)] +u(t,x)[r(x —ct) —u(t,x)], 4

where r(-) was also assumed to satisfy (A) and (J * u)(t,x) = ]]R J(x — y)u(t, y)dy with the
kernel J (-) satisfying the normative condition fR J(s)ds = 1. Hence (5) is a result of replacing
the random diffusion term doy,u(z, x) in (1) by the nonlocal dispersion term d[(J * u) (¢, x) —
u(t, x)] with d being the jumping rate.

Motivated by the aforementioned works, in this paper, we are interested in the spreading
population dynamics of two competing species that adopt nonlocal dispersion strategy and face
a shifting habitat. More precisely, we will consider the following Lotka-Volterra competition
system

dur(t, x) =di[(Jy % ur)(t,x) —uy(t, x)] +ui [ri(x —ct) —uy — ajua],

(6)
dua(t, x) = da[(Jr % u2)(t, x) —ua(t, x)] + uz[r2(x — ct) — uz — azuy |,
where (J; % u;)(t,x) = fR Ji(x —y)u;(t,y)dy and a;,d; > 0,i =1, 2. Keeping in the same line
asin [27,42,41,29], we will assume, throughout the paper, the following conditions on the growth
functions r; () and the kernel functions J;(-) fori =1, 2:

(A1) ri(x) is continuous and nondecreasing with —oo < r; (—00) < 0 < r; (00) < 00;
(A2) J; € C(R,R") is even with [ Ji(y)dy =1, and each fooo Ji(y)e"’dy converges for
u>0.

However, here we remove the common assumption that the nonlocal dispersal kernel is com-
pactly supported (e.g., see [29]), and the resulting difficulty can be tackled by introducing a
proper truncation function later.

The rest of this paper is organized as follows. In Section 2, we study the well-posedness
including the existence and uniqueness of solution of (6), and establish a comparison principle
for (6). In Section 3, we investigate criteria for extinction, persistence and displacement for the
two competing species. In Section 4, we present some simulations to illustrate analytical results.
We conclude the paper by Section 5 where we summarize our main results and discuss some
possible future relevant project.
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2. Existence, uniqueness and comparison principle

Consider the homogeneous kinetic system of the model system (6):

uy (1) =u [r1(00) —uy —ajuz],
@)

uy (1) = uz[ra(00) — uz — azuy].
To ensure the existence of co-existence state to the system (7), we impose the following condition
r1(00) > ajrz(00) and r2(00) > azri(00), ®)

which implies ajas < 1. If (8) holds, then the co-existence equilibrium (u’l‘, uj) exists and is
stable, where

« _ r(00) —aira(oo) r2(00) — azri(00)

ul—

*
’u2=

1—aia 1 —aia

We now address the well-posedness of the Cauchy problem

dui(t, x) =di[(Jy % ur)(t,x) —ur(t, x)] +ui [ri(x — ct) —uy — ajua],
dua(t, x) = da[(J2 % uz) (t, x) — ua(t, x) | + us[ra(x — ct) — uy — apuy |, 9)
u(0,x) == (u1(0, x), u2(0, x)) = (u10(x), u20(x)) =: uo(x).

Let X = UC(R, R?) N L®(R, R?) be the set of all uniformly continuous and bounded vec-
tor functions from R to R? equipped with the norm |¢|x := ||¢1]| + ll¢2|l, where ||¢;] =
sup,cg ¢ (¥)]. Denote X1 = {¢ = (¢1,¢2) € X : (1, $2)(x) = (0,0) in x € R). Then X is a
closed cone of X and X is a Banach lattice under the partial ordering induced by X..

Consider the following auxiliary linear system

8,u(t,x):D/J(x—y)u(t,y)dy—Hu(t,x) (10)
R

subjected to the initial data u(0, x) = ¢ € X, where D = diag(d;, d»), J = diag(Jy, J»), H =
diag(hy, hp) and u = (u1, uz). Obviously, (10) is a generalization of the linear part of (6) in the
sense that when H = D, it reduces to (6). Define L = D fR J(—y)p(y)dy — Hep. Then the
linear equations (10) with the initial data ¢ € X can be rewritten as the abstract Cauchy problem

du(t
“O _ ru@), u0)=¢eX.
dt
Hence t +— u(t) := et ¢ with el = fio (’li,)[ is the unique solution of (10). Since D and J are

diagonal, the semigroup operator e~'¢ := u(z, -) is order preserving on each component. Note
that the solution of (10) satisfies the following integral equation
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t

u(t,x) =e*Hf¢(x)+/e*H(’*S)D/J(x — Yu(s, y)dyds. (11)
0 R

Define J @ (x) = §(x), the classic Dirac delta function and hence J©@ x ¢ = ¢. Recursively
define JO sp = J # [JC=VD s p] forl =1,2,---. Here J ¢ denotes the convolution defined by

[J*¢](X)=/J(x —V¢(y)dy.
R

Then by iterating (11), the unique mild solution of (10) can be expressed as

00 !
u(t, x) = [e%s] W=e "y @[ﬂ” ] (x). (12)

I
1=0

Let

Sl ur, up) =uy [ri(x) —up —agus],

o, ut,uz) = ua[ra(x) — uz — azuy .
For any 0 < uy, vy <r1(00),0 <uj, vy <r(oc0) and x € R, we have
| fi (eout,uz) — fi(x, v, v2)| < piflur — vi| + luz — val], (13)

where p; = 2r;(00) — rj(—00) + a; [r1(00) + r2(00)]. Inequality (13) implies that f;(x, uy, u2)
is Lipschitz continuous in (u1, u2) € [0, 71 (00)] x [0, r2(00)] for any x € R with i = 1, 2. Define

Fi(x,ur,u2) = piui + fi(x,ur,uz), i=1,2. (14)
Then F;(x, u1, us) is nondecreasing in u; € [0, r;(co)] fori =1, 2. Let
Xy 00y 1= { (1, ¢2) € X : (0,0) < (¢1, $2)(x) < (r1(00), r2(00)) in R},
Rewrite the Cauchy problem (9) as

oru(t,x)=D(J xu)(t,x) — (D +p)u(t,x)+ F(x —ct,u(t, x)),
M(O, ) = UO() € XV(OO)?

15)

where p = diag(pi, p2) and F = (Fy, F>). Choosing H = D + p in the definition of L, the
solution of (15) satisfies the integral equation by the variation of parameters

t
u(t,x) = eﬁluo(x) + / eL(’_“)F(x —cs, u(s, x))ds
0
=:[Gu](t, x).

(16)
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It follows that any solution of (9) can be seen as a fixed-point of the operator G, i.e. Gu =u in
C(R+a Xr(oo))-

To address the existence and uniqueness of solution of (16), we first give the definition of the
ordered upper and lower solutions for (16).

Definition 2.1. A pair of vector functions & = (i1, it2), it = (i1, i) € C([0, 1), X4) with T >0
are called ordered upper and lower solutions of (16) if (i1, #ip) > (i1, 412) > (0,0) and further
satisfy

1, x) =[Gy, u2)1(t,x) = 0> i1 (t,x) =[Gy, #2) 11 (¢, x),

(17)
ur(t, x) =[Gy, u2)]a(t, x) = 0> da(t, x) — [G(uy, i2)]2(2, x).

Remark 2.1. If it, s € C([0, 7) x R, R?) are C! in ¢ € (0, 7) with i(z, -), i(t, -) € X, and for
t € (0, ) they satisfy

ity — di[(Jy 1) (1, x) — iy (%) | — fi(x — ct, iy, i)
> 0> 3ty —di[(J1 *i1)(1,x) — i1 (1, %) ] — fi(x —ct, iy, @),
ity — da[(J % 2) (1, x) — (2, x) | — falx —ct, iy, it2)
> 0> 01y — do[(J2 % 12) (¢, x) — 12 (¢, x)| — fax —ct, iy, 12),

#;(0,x) >u; (0,x) >4;(0,x), xeR,i=1,2,

then (17) holds (since e~ X4 € X; forall ¢ > 0), and hence i, i are a pair of ordered upper and
lower solutions of (9).

Theorem 2.1. If ug € X, (o), then the system (9) has a unique solution u(t, x) with u(0,x) =
up(x) and u € C(R+, Xr(oo))-

Proof. Let it = (r1(00), r2(00)), = (0, 0), then &z > i and it is easy to show i, i are ordered
upper and lower solutions of (16). Define

t
i (1, x) = e uo(x) + f eIy (x — s i ™V (s, x), 1§V (5. x))ds,

0
t

ﬁ;k) (t,x)= eﬁztuzo(x) + / e£2(t73)F2(x —cs, ggk_l)(s, x), ﬁgk_l)(s, x))ds,

0
t

g(lk) (t,x) = eﬁ"ulo(x) + / eﬁ'(t_s)Fl (x —cs, g(lkfl)(s, x), ﬁgkil)(s, x))ds,

0
t

ggk) (t,x)= eﬁztuzo(x) + / eLZ(Z_S)Fz(x —cs, ﬁ(lk_l)(s, X), gék_l)(s, x))ds
0
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for k = 1,2,---. Consider the correspondlng sequences {u1 Uy )} and {u ik),uz )} where
(ﬁ(lo), ggo)) = (i1, up) and (u&o), Uy )) = (i1, it3). We now show that
0=u <u™V <™V <il® <rico0), (18)
for k=1,2,--- and i = 1, 2. By the iteration processes defined above and Definition 2.1, we
obtain
t
iV, x) < eF1iy (0, x) + / L1 By (x — es, i1 (5, X), fia(s, x))ds
0
<iiy(t,x) =" (1, %)
and

!
ggl)(t, x) > e“211,(0, x) + / e£2(’_S)F2(x —cs,i1(s, x), un(s, x))ds
0

>l (t, x) = ul (1, x).

A similar argument, using the property of (i1, it2), gives g(ll) > g(lo)

and iy < @l Note
i} (2, x) —ul" (1, x)
t
:/‘eﬁ'(t_‘?) [Fl(x —cs, iy, 122) — Fl(x —cs, ﬁl,ﬁz)]ds
0
t
+/e£1([_5) [F] (x —cs,ﬁl,ﬁz) - F (x —cs, i1, ﬁg)] ds > 0.
0

Similarly, we can show that ﬁ(l)(t x) > u(l)(t x). An induction argument further leads to (18).

Hence, u;(t,x) = hmkﬁoou (t x) and u;(t,x) = llmkﬁoou (t x) both exist and satisfy
0<u,, x) <ui(t,x) < r,(oo) i =1,2. Moreover, both u = (4, u,) and i = (i1, i2) are in
C(R4, X, (x0)) and satisfy

t

ﬁl(t,X)=e£1’u10(X)+/e£1(H)F1(x — cs, i1 (s, X), Uy (s, X))ds
0

t

ur(t,x) = eﬁztuzo(x) + f ecm_s)Fz(x —cs,u (s, x), ua(s, x))ds
0
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t
uy (1, %) = e“1u1o(x) + / L1 By (x — es,uy (5, %), il (s, x))ds,
0
t
Uy (t, %) = €52 uzg(x) + / L2 By (x — es, ity (5, x), uy (s, X)) ds (19)
0

by the Lebesgue’s dominated convergence theorem. We next show that u(¢,x) = u(t,x) =

u(t,x) and hence (16) holds. Note that /"  pill = IIJi % J© x pill = Il * pill =
. . 1

Il Jg Ji ) pi - — »)dyll < || pi. Induction yields | J"  pill < || pil for/ =0,1,2,---. By (12),

we see that

0 1
, —(diti (d;t) —(dt0 ) b
e pill < e @y = lpil = e A el i = e ). (20)
=0 ’

It follows from (19), (13), (14) and (20) that

‘lzl(tsx) _ﬂl(t’-x)|
t

S/eﬁl(’*s)zpl[(ﬁl(s,x) —u, (s,x)) + (ﬁz(s,x) —gz(s,x))]ds
0

<2p1

—

eI (s, ) =y (5, ) + iz, ) = wy(s, | |ds

0
t

<2, / ™2 (s, ) — u(s, )| ds,
0

where p= min{p1, p2}. Similarly, we have

t

(2, 2) — 0y (1. 3)| < 22 [ e 20 (s, ) —uls, )| xds.
0

Thus
t
e la(t, ) —u(t.)|x < 2(p1 + p2) / e [i(s, ) —uls, )| xds.
0

By the Gronwall’s inequality, one must have u(#, x) = u(¢, x). Therefore, the Cauchy problem
(9) has a unique solution u(z, x) = (u(t, x), ua(t, x)) satisfying 0 < u;(t, x) < r;(oco) for t >
0,x e R and i =1, 2. The proof is complete. O
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Lemma 2.1 (Comparison principle). The following statements hold.

(1) Let v(t,x) and u(t,x) be a pair of upper and lower solutions of (9) and v(t,-),u(t,-) €
X, (00)- If (0, x) > u(0, x), then v(t,x) > u(t,x) forallt >0 and x € R.

(ii) Let v(t, x), u(t, x) be two solutions of (9) with initial data vy, uo € X, (o0)- If vo(x) = ug(x),
then v(t,x) > u(t,x) forallt > 0 and x € R.

Proof. To prove (i), we let T > 0 be fixed and define o« = max{ri(co0)(1 + ay), r2(c0)(1 + a2)}.
For ¢ > 0, denote w1 (¢, x) = v (t, x) —u1 (¢, x) + ¢ce* and wy (¢, x) = va(t, x) —u(t, x) + ce*’.
We claim that (w (¢, -), wa(z,-)) > (0, 0) for ¢ € (0, T']. Assuming the claim is not true, define

ty =inf{t : 1 € [0, T], wi (¢, x) <0 or wy(t, x) <0 for some x € R}.

Then ¢, > 0 and the continuity implies w1 (¢, x) > 0, wa(¢, x) > 0 for ¢ € [0, ¢,) and x € R. Note
for t € (0, t,],
dwi = dv1(t, x) — dui(t, x) +ace™
>di[(Ji*w)(t,x) —wi(t, x)] +age® —ajui(uz — v2)
+ [ri(x —ct) — (v1 +uy1) —apuz] (v1 —uy)
>di[(J1 xw)(t, x) —wi(t, )] + [r1(x —ct) — (v +up) —ajuz] wy
+ e [a —ri(x —ct) +vi +uy +ajus — aju]
>di[(Ji *w)(t,x) —wi(t,x)] + [r1(x —ct) — (v +u1) —ajuz] wi.
It then follows from [19, Proposition 2.1] that w1 (¢, x) > 0 for ¢ € [0, #,] and x € R. In a similar
way, we can show that wy(f,x) > 0 for ¢ € [0, #,] and x € R. This is a contradiction, which
implies that the claim holds. Hence, (w1 (¢, -), wa(t,-)) > (0,0) for ¢ € (0, T]. Let ¢ — 0, we

have v(¢,-) > u(t, ) for t € (0, T]. Since T > 0 is arbitrariness, this proves (i).
(ii) is a special case of (i). The proof is complete. O

3. Extinction, persistence and displacement
For i > 0, we define

. . ny — . .7
Ai(x;u):dt[fRJt(y)e dy /j]—}—r,(x) alrj(oo)’ ijell2).

Under (A1)-(A2) and (8), since r; (x) — a;rj(c0) > 0 for large x > 0, one can easily verify that

lim A;j(x;u) =00 and lim A;(x; )= o0, for large x > 0.
u—0+ H—>00

This implies that for large x > 0, as function of u > 0, Ai (x, w) has at least one minimum. Note
that

3 1 N
OuAi(x; ) = ﬁ[q%(u) —Ai(x: ), (21)
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where

a " y
@) = 5[ ] = 4 / Ji(y)yetdy > 0.
R

Also note that

Oy 170, A (v )] = 9y [ (@i () — Ai (o5 )] = @} () = pud; / Ji(y)y*edy = 0,
R

meaning for large x > 0, uzauﬁi(x; () is nondecreasing in ¢ > 0 and hence, auﬁi(x; ) can
have at most one positive zero for . Combining the above arguments, we have shown that for
large x > 0, Ai(x; u) admits exactly one (hence global) minimum 5;‘(x), assuming that it is
attained at ji} (x) > 0, that is,

€F00) = inf AiCe ) = Ai(x: i (0) = @i (@] (). i=1.2. (22)
Similarly (also see [29]), as for

d; Ji Wdy — 1|+ r;
N l[fR i(y)e y ] Vt(x)’ i=1.2,
n

for large x > 0, there exists exactly one 7 (x) > 0 such that
cf(x) =Li£f0 A ) =Aj(x pf) i=1,2. (23)

In the sequel, we will see that the positive numbers ¢;(c0) and ¢} (c0) (i = 1,2) will play
important roles in determining the spreading dynamics of (9). We start by the following result
on the extinction of both species, caused by the faster worsening speed of the environment (i.e.,
¢ > 0 is large).

Theorem 3.1. Assume ¢ > max{c7(00), c5(00)} with c} (c0) defined in (23) by replacing x as oo.
Let u(t, x, uq) be the unique solution of the Cauchy problem (9). If ug € X, () has a compact
support and sup, g U;0(x) <r;(00), i = 1,2, then for any & > 0, there exists a Ty > 0 such that
forallt > Ty, u(t, x,ug) < (g, ¢) forall x € R.

Proof. According to Theorem 2.1, we see that 0 < u; (¢, x) <r;(co) fort >0 and x € R. By [29,
Theorem 4.5], the scaler equation

i (1, x) = di[(Ji % wi) (1, x) — wi (1, )] + w; [ri (x — c1) — w;] (24)

has a traveling wave front y; (x — ct) with the profile function ¥; (-) nondecreasing and satisfying
Yi(—00) =0 and ¥; (00) = r;(00). Since u;g(x) has a compact support and u;o(x) < r;(co) for
all x € R, there exists a large enough number x( > 0 such that ¥; (x + xg) > u;o(x) for all x € R.
Denote u; (t, x) = ¥; (x — ct + x¢) for all # > 0 and x € R. We now show that (it (¢, x), u2(¢, x))
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and (@11 (¢, x), ua(z, x)) = (0, 0) are a pair of ordered upper and lower solutions of (9). In fact, let
z =x — ct + x¢o and note that

3i; (1, x) ,
BT —cyi(z) =d; f JiWVi(z —y)dy — i(2)
R (25)
+¥i(@)[ri(@) — ¥i(2)]
> d;[(J; % 1i;) (¢, x) — i (¢, )] + it [ri (x — ct) — it ]

since 7; () is nondecreasing. It follows from (25) that

dity —dy[(J1 *1)(1,x) — it (2, %) ] — fi(x —ct, iy, ii2)
=0y — di[(Jy xd1)(t,x) — @y (t,x)] — i1 [r1(x — ct) — iy ]
> 0=y —di[(Jy ) (1, x) — iy (t, %) ] — fi(x —ct, iy, w2),
ity — da[(Jo % i12) (1, x) — iia(t, %) | — falx —ct, iy, it)
=8,y — o[ (Jo % i) (1, x) — fia(t, x)| — dio[ra(x — ct) — 2]
> 0=l — da[(J2 % ih2) (1, x) — lia(t, X)| — folx — ct,iiy, il2).
Also i#; (0, x) = ¥; (x + x0) > ujo(x) > it;(0, x) for all x € R. Hence, by Remark 2.1, (&1, it2)

and (0, 0) are a pair of ordered upper and lower solutions of (9). In view of the comparison
principle, we obtain

ui(t,x,ug) <uj(t,x)=vi(x —ct+x9) forallr>0andxeR.

For any & > 0, since y;(—o0) = 0, we can pick a sufficiently large number M > 0 such that
Yi(—M + xg) < ¢. Thus the monotonicity of v; yields that

wi(t,x,up) <v¥i(x —ct +x0) <Yi(—=M +x0) <e, Vt>0,x<—-M+ct. (26)

Let v; (¢, x, ug) be the unique solution of the following equation
i (t, x) = di[(Ji % vi) (1, x) — v; (t, x) ] + v; [ri (00) — v;] (27)

with v; (0, x, up) = u;o(x) for x € R. By Lutscher et al. [30, Theorem 3.2], ¢ (00) is the spread-
ing speed for (27). Therefore for any fixed ¢; € (¢ (00), ¢), it must be lim;— oo SUP, >, Vi (1, X,
up) = 0. Using a similar argument to the above, we can prove (vy, v2) and (0, 0) are a pair of
ordered upper and lower solutions of (9). Then, by the comparison principle again, we know that
lim; s oo SUPy > u;(t, x,ug) = 0. Thus there exists some 77 > 0 such that

ui(t,x,ug) <e forallt > Tj and x > c;t. (28)

Let To = max{Ty, M/(c — c1), M/(c — ¢2)}, then —M + ct > c;t for all t > Tj. This, together
with (26) and (28) result in u; (¢, x, ug) < ¢ for all t > Ty and x € R, completing the proof. O
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Fig. 1. Illustration of the function n(w; x) with parameters ; = y = 0.01 in the left. The maximum of n(u; x) is obtained
atx = o (u) and 0 < n < 1. Illustration of the symmetric cutoff function C(x) with parameters u = 0.05 and y = 0.01
in the right.

Next, we show that if the environmental worsening speed is not so fast, then both two species
can be persistent. To this end, we need some preparations. Denote

¢*(x) = min{¢} (x), & (%)}, (29)

where ¢7 (x) is defined in (22). We now introduce an auxiliary function which was first proposed
by Weinberger [37]. For given u, y > 0, let

e M sin(yx), 0<x<Z,
n(p; x) = v (30)
0, elsewhere.

The function 7(u; x) is continuous for all x and is C? in x when x # 0, 7r/y. The maximum of
n(u; x) is obtained at x = o () = % arctan(%) and o () is strictly decreasing function of u. To
give the readers some idea about this function, we plot it in Fig. | (left) with u =y =0.01. Let
C(x) : R — [0, 1] be defined by

1, Il < 7.
U

C(x) = {e¥ e #lsin2y|x)), % <Ixl= % (31
0, |x| > 2”—y

Obviously, C(x) is a continuous and symmetric cutoff function, see Fig. 1 (right) for C(x) with
©n=0.05and y =0.01.
For n > 0 and y > 0, we further define

d; -
i, y) = ;/Ji () C(y)e'sin(yy)dy

z (32)
/ LO)CHE sin(yy)dy, i=1,2.
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Since J; and C are symmetric, I'; (i, y) can be further expressed as

i

Ti(u,y) = Ji()C(y) [e" —e ™ ]sin(yy)dy.

< | &
O\Q)F'

Thus I'; (u, y) > 0 and I'; (i, y) is nondecreasing in w. Let £ be so large that r; (€) > ajra(00)
and rp(£) > arri(00). Define

di [ [g Ji)C (e cos(yy)dy — 1] +ri(£) — ajrj(o0)
I )

Wi (y;l, 1) =

(33)

for i # j € {1,2} and c;"y(ﬁ) = inf,ooW;i(y; ¢, n). Clearly, W;(y; €, 1) < A;(¢; ) and

Wi (y; €, n) — Ai (¢; ) uniformly for x4 > 0 in any bounded interval as y — 0. Furthermore,
we have ¢}, (£) < &7 (0) and ¢}, () —> &f () as y — 0t.

Under (8), ¢*(0c0) given by (29) is well-defined. Let ¢ € (0, ¢*(00)). Then for § € (0, [¢*(c0) —
c]/5), let £; > 0 be large enough such that ¢ (¢;) = ¢} (00) — &, and let y be sufficiently small so
that ¢ (¢;) — C;'ky (¢;) < 8. We claim that there are [i;, 1; € (0, it} (€;)) with fi; < fi; such that

Ti(fi,y)=c+8 and Ti(i;,y)=cj, ) =28,

where I'; is defined in (32). Indeed, we first note that

Ti(0,7) =0 < c 48 < &(00) — 48 < & (00) — 48

- . . (34)
=G () =38 <}, () — 28 <& (L) — 28 < & (k).
Since i} (¢;) satisfies
E (L) = Ai (L5 iF (€)= inf A; (45 ),
u>0
thus we know 8, A; (¢;; 1) u=ji*¢;) = 0. By 21)
d; / Y (e Y dy = A (65 1F (€)) = & (6). (35)
R
It follows from (32) and (35) that
3 in(
. - . ~xcpyy SIN(YY)
lim T (&6, y) = lim d; / VI () C()eti @y )
y—0t y—0t vy
oy (36)

oo

=d, / V(e DYy = & ().

—00



4904 C. Wu et al. / J. Differential Equations 267 (2019) 4890-4921

Hence, for y sufficiently small, based on the nondecreasing property of I'; with respect to u; and
(34)-(36), the claim holds.

Lemma 3.1. Assume (8) holds and c € (0, ¢*(c0)). For § € (0, [¢*(c0) —c]/5), let £; > 0 be large
enough such that ¢} ({;) = ¢ (00) — 8, and let y be sufficiently small so that ¢} (£;) — c?‘y ;) <6.
Let O < fi; < ft; < i} (€;) satisfy Ui (ft;, y) =c+ 8 and T';(ji;, y) = c;“y (€;) — 28. Then for any
Wi € [fi, ;] and small B; > 0, (r1(00), ra(00)) and (Wi(t, x), Wa(t, x)) are a pair of ordered
upper and lower solutions of (6), where W;(t, x) := ﬁin(,u,i; x —4€; —Ti(ui, y)t) with n given
by (30). Moreover, if u; (0, x) > W;(0, x), then u;(t,x) > W;(t, x) forall t > 0 and x € R.

Proof. Indeed, we only need to show

Wi —di[(J1 % Wi) — W] = Wi[ri(x —ct) = Wi —a1ra(00)] <0,

(37
W2 — da[(J2 % Wp) — Wa]| — Wa[ra(x — ct) — Wa — aar1(00)] < 0.

First, for x < ¢; + i (i, y)t or x > £; + I'i (i, y)t + w/y with ¢ > 0, one trivially has
Wi (t, x) = 0. Thus we only need to verify the case €; + I'; (u;, y)t <x <& +Ti(ui, y)t+n/y
for ¢ > 0. For this range, we have

Wi (t, x) = e il =t=Ti0it sin[y (x — €; — Ty (i, y)01, (38)

9 Wilt, x) = BiTi (i, yye b=t Tilun)l 39)
x {uisinly (x — €; — Ti (i, y)O)] — y cosly (x — € — Ty (i, y)0)1}.

Thus, for |y| <mw/Qy),t >0and €; + T (i, y)t <x <¥; +T;(u;, y)t +m/y, there holds
Wi, x —y) 2 pe =0l iy (x — y — 6 = Ti(uiy)n]. - (40)

and by (38) and (40), this further leads to

/ JOYWi(t.x — y)dy — Wit x)

=
i

=

JiMCWi(t,x — y)dy — Wi(t,x)
~% (41)

= pre bR [ g () C)etsinly (x = y = & = Ti(ui, )01y

Q’P\Q’\a

— sinly (x — & — i (i, )01

By using sin(a — b) = sina cosb — cosa sinb, we get
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Ji()C(y)elYsinly (x —y — €; — Ti(ui, y)t)ldy

P — g YT

Ji(nC(y)el? {sinly (x — €; — T (i, )] cos(yy)

—cos[y (x — € — Ti(ui, y)0)]sin(yy) }dy (42)
2y
=sinly (x — € — Ti(pi, y)1)] / Ji(0)C (y)e"i¥ cos(yy)dy

~3

z

—cos[y (x — & — i (i, y)1)] f Ji(0)C (y)e!i¥sin(y y)dy.
~3
To achieve (37), it is sufficient to verify
wili(pi, y)sinly (x — £; — Ti(ui, y)0)]
3
<d;sin[y (x — £; — T'i (i, y)1)] / Ji(W)C(y)et? cos(yy)dy — 1
7 “3)

+cos[y(x — & — Li(ui, YO | yTiui, ) —di | Ji(y)C(y)e! Y sin(yy)dy

T~

+sin[y (x — & — Ti(ui, y)OIri(x — ct) — Wi(t, x) — airj(00)]

because of (39), (41) and (42). According to (32),

yLi(ui,y) —di | Ji(y)C(y)etYsin(yy)dy =0.

QF‘\Q’\:

Hence, (43) reduces to

wili(ui, y) <d; Ji(C(y)etYcos(yy)dy — 1

'Q’F'\.‘Q’h

+ri(x —ct) — Wi(t, x) —a;r;j(o0),
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due to the fact that sin[y (x — ¢; — I'; (i, y)t)] > 0 for £; + i (ui, y)t <x < €; + Ti(ui, )t +
w/y.Forx =4; + i (i, y)t orx =4€; + (i, y)t +m/y,inequality (43) holds trivially. Note
ri(x —ct) > r;i(¢;) and W; (¢, x) < B;. Thus it is sufficient to prove

QF‘\.‘;’F

Bi <d; Ji(0)C(y)e"¥ cos(yy)dy — 1
(44)
+ri(€;) —airj(00) — wiTi (i, v).
By (33) and (31), (44) is equivalent to
Bi < wilVi(y; i, wi) — Ti(pi, ¥)1 (45)

Note ' (i, y) = T'i(iti, y) = ¢y, (i) — 28 = infy; 0 Wi (y; €i, i) — 28 and p; > fi;. Hence,
(45) holds if we choose B; < 28t;. The proof is complete. O

Theorem 3.2. Assume (8) holds and suppose ¢ € (0, ¢*(00)). Let u(t, x, ug) be the unique solu-

tion of the Cauchy problem (9). If ug € X, (s0) and u;o(x) > 0 on a closed interval, then for any
0 <€ < (¢*(00) —¢)/2, we have

lim (w1 (r,x), uz(t,x)) = (uf, ub),
t—00,x€D;

where D; = {x eR:(c+e) <x=<(c*(oc0)— e)t}.

Proof. Since r1(00) > ajra(00) and rp(00) > apri(00), for p; > 0 (i = 1,2) given in (14), we
can choose 8, B1, B2, v1, v2 > 0 sufficiently small such that

. { c*(00) — ¢ ri(o0) —aira(0o) r2(00) — azri(oo) }
§ < min ,

0 HES) ’ f3(00)
(1 —vD)[p1 4 ri(c0) — 817 (00) — Bi —arra(c0) ] > pi,

_ (46)
(1 —v2)[p2 4 r2(00) — 815 (00) — B2 — azr1(00) | > pa.

Since u;o(x) > 0 on a closed interval, it follows from the strong monotonicity in [19, Proposi-
tion 2.2] that u; (¢, x) > O for all # > 0 and x € R. Choose 0 < 7y < min{o (f11)/c, o (f13)/c} such
that u; (tg, x) > B; for x € [¢;, £; +4m/y] and set

Bin(ftix—2t;) ' ' .
WG i) b =x <L+ 0 (i),
0. 1) Bi, ﬁi+0(ﬁi)§xsﬁi+a(;li)+37”,
Xi »X) = o 3
Bm(w&c*@i*7) R i .
—aeay . Ltol)+ T sx <648,

0, elsewhere.
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It is easily seen that for 0 <s <2m/y,

Bi .
Xxi(0,x) > —= —n(fti;x—4; —s
n(m;o(m))( i)
and
Bi R
i0,x)> ——————n(i;x—¢ =3 +s).
%0, n(ﬂi§U(Mi))n(M ! 7y +s)

Since u;(ty, x) > Bi > xi(0,x) for x € [¢;,¢; + 47 /y], by Lemma 3.1, it follows that for
t>tpand 0 <s <2n/y,

ui(t,x) > WU(M;X — i = Ti(fti, y) (& —10) —5)
and
ui(t,x) W”(ﬂ“’c 4~ i ) — 10) 3y +5).

Let 71 (t,10) = & + Ty (fLi, y)(t — 10) + 0 (f1;) and 77 (¢, 10) = & + Ti (&4, ¥) (1 — 10) + 0 ().
By similar induction arguments to those in [27, Theorem 2.2 (iii)], we can show that

ui(t,x) > xi(t —to,x), forallz> 1, 47)
where
Bin(ftisx—€; =T (i, y)(t—to)) Wl . 4l
NGz () ’ ?Q(t’ )= U(M’A)f ¥= %00,
Bi. 2t 10) s x < B (1, 10) + 3,
~ L ~ 3
xi(t — 19, x) = ﬂin(ui,x—ﬁi—Fi(uf,y)(l—to)—7) a0 37 (48)
1o i) o B b s xS \
X (1,10) — o (1) + 5F,
0, elsewhere.

Let #1 > g be sufficiently large. Then, for ¢ > 1, the solution (u(z, x), u2(t, x)) of (9) satisfies

wi (t, x) = [e“1uy (11, )] (x)

t

+f[eﬁl(’—@)ﬂ(.—ce,ul(e,.),uz(e,.))](x)de,

n

ua(t,x) = [ uy (1, )] (x)

t

+/ [e@(’—@)Fz( e, u1(6, ), ur(6, -))](x)de,

n
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where F; is defined in (14), i = 1, 2. According to (47), the positivity of e£i®™ and the nonde-
creasing property of F; with respect to u;, we obtain for ¢ > f;

wy(1,x) = [5107 xy (1 — 19, )] (x)
t
+ [ (B R et 00~ 10,9120, 9) o
" (49)
ua(t, x) < [eX207rs (00)] (x)
t
+ / [e52<’—9)F2( —c0,u1(6, ), rz(oo))](x)dé.
n
Let [#1] be the largest integer which is no more than #. For ¢t > #; and x satisfying
St 10) + [/ Qy) < x < 87 (1, 10) + 37 /y — 117/ Q2y), (50)

we have
x1(t —19,x) = B,
N (5D
xi(t—to,x —B_ x;)=p1, xi€[-7/Qy),7/Q2y)] for Nefl,--- [n]}.

In view of (12) and (51), we then further have

[e“1 a1 = 10, 9] ()
[1]

S e (P t.)Z[dl(’l—ﬁ)] [J(l)*Xl](fl P
=0 :

SR

_ _ di(t —1t)
>e~ (o1 =1) Xl(fl—to,X)—i-f / Ji(x) x1(t — to, x — x1)dx1+

~2
£ &
it —n! [ [n]
T H DG (= to.x = F)dxy--dxiy | (52)
A

3
di(t—t
—e~ (-1 g, 1+¥/J1(xl)dxl+...

L

2y
di(t — (1]
+% / J1(x1)dx;

J1(x2)dxp - - J1 G d X )

B —
Q’F‘\Q’\u
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S .
—dy(t—1) Z [di(t — )] ’ asy — ot

_)e_pl(f_tl)ﬂl l—e -
i=[t1]+1 :

where x[;,] = x1 +x2 + - - - + x[;]- Hence, for small vy chosen as above, if #; is sufficiently large

and then y := 1/#; is so small, (52) implies

[eﬁl(tle)xl(tl — 1o, )](x) > e*pl(tfn)lgl(l — ). (53)
Furthermore, for any 6 € (#1, t), similar to (52), we get
(51D Fi (=0, 010 = 10,1020, ) | @)
=[eE1O By (- =c, 310 = 10,1, 72(00)) | )
[11
di(t —
>e—(p1+d)(—0) Z L 1( [Jl(l) * Fl] (x — B, x1(0 — 19, x), rz(OO))
1=0
di(t—06
ze*(ﬂ1+d1)(t70) I:Fl (x — ¢, x1(6 — 19, x), rz(oo)) 4 %
z (54)
X / Ji(x1) Fi(x — xy — 6, x1(6 — 10, x — x1),r2(00))dxy + - --
5 &
(di(r — o)l -
+ e [ [ TIneon (=i -0
S
x1 (6 — to0, x — Xpzy1) r2(00)>dxl ~--dx[,1]].
Also for any t > t; > 1y and x satisfying (50), there holds
x = x; —ct = L + T (i, y)(t — o) + 0 (i) — et
(55)

=01+ (+8)F—1)+o(i)) —ct
>y —cto+o(r) =L,

where we have used the fact that I'; (11, ) = ¢ + 8 and the choice of #y. Besides, since ¢¥(£) =

¢1(00) — 8, we have

di [fR Ji(y)ef 1 dy — l] +r1(00) — a1 r2(c0)
i} (00)
_ y d [fR i (y)efi gy — 1] +r1(€1) — ayra(c0)
<Ay (1: 1 (00)) = .

7 (00)
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Hence r{(£1) > ri(c0) —§ /l’f (00). It immediately follows from the nondecreasing property of ry
and (55) that

ri(x = Z} % = 0) = ri(€1) 2 11(00) — 83} (00) (56)

for 6 > 1 and N € {1,---,[#1]}. From (48), (50) to (56) and with v; chosen above, for any
t >0 > 11 and x satisfying (50), we have

[ecl(r—f))Fl (- =cB, x1(6 — 19, ), u2(6, -))](x)

(57)
>e MU= B[ py +r1(00) — 8jif(00) — Pi — arra(00) (1 — vy).
From (49) to (57), we obtain u; (¢, x) > @\ () and us(z, x) < 8" (¢), where
i (1) = (1= vy)pre = 4 (1 — vy)
t
x / e P10 B[ p1 + r1(00) — 81} (00) — B1 — arra(c0)]dé
3 (58)
t
() = ra(oa)e 0 [ (0002~ anf]as
n
For m > 2, we consider the following iterations scheme:
i (1) = (1= v e 4 (1 - m)/e N G ORI P
, (59)
il () = ry(c0)e U~ 4 / e P20, (ﬁ}’"*”(e),ﬁ;m*”(e)) do
n
where
I G ONIER0)
=" V)] o1 + r1(00) = 8fif(00) — " V(1) — " " 0], )

E, ( (m— D([) ém D(t))
=i V() o2 + ra(00) — "V (1) — arit" "V (1)].

By induction, we can further derive that for ¢ > #; large enough and x satisfying

S0, 10) + mlnn/Qy) < x < £, 10) 4+ 37 /y — mlt1n/(2y), 61)



C. Wu et al. / J. Differential Equations 267 (2019) 4890-4921 4911

there holds

wi(t,x) > @™ (t) and un(t,x) <@y (@1), m>1. (62)

We next explore the asymptotic behavior of (ugm)(t) (m)(t)) as t — 0o. We begin
with (u(l)(t) ﬁgl)(t)) Applying the L’Hospltal s rule to (58), we know that ull)(oo) =

lim;— o0 it )(t) and u(l)(oo) =lim; ot u2 (t) exist and are given by

1
il (00) = — (1 = v)B1[p1 + r1(00) — 8} (00) — B1 — a1r2(00) ],

o1

| (63)
iy (00) = —r2(00)[p2 — a2f1].

02

Applying the L'Hospital’s rule to (59), we inductively conclude that for m > 2, u(m)(oo) and
~(m) (00) also exist and they satisfy the recursive relation:

i (00) = —(1—v1)E1( 1"V (00), 18" (00)).
| (64
ﬁ;m)(oo) E ( (m— 1)(00)’~(m 1)(00))

We next show that i\ (c0) is 1ncreasmg and i1)" (c0) is decreasing with respect to 7. Firstly,
(46) leads to ﬂgl)(oo) > B1. Obviously i, )(oo) < rp(00). From (64) and (63), we then have

pr [ (00) — i (00) |
1—w)

=ii{" (00) [ 1 +11(00) = 827 (00) — i (00) — ariiy (00) |

— Bi[p1 4 ri(00) — 81 (00) — Bi — arra(o0) ]
=it} (00) [ p1 +71(00) = 87t (00) — i (00) — arr2(o0)

— Bi[p1 +r1(00) — 8j1}(00) — Bi — aira(00)] = 0,
since up [p —|—r1(oo) — 8[iF(00) —uy — ayra(c0)] is nondecreasing in u; € [0, r1(c0)) (by
(13)). Thus, 12 (oo) > u(l)(oo) and by induction, ”1 )(oo) is increasing in m. Also
p2 |5 (00) — i (00)]
=ity (00) [ p2 + r2(00) = i (00) — azii{" (o0)

—r2(00)[p2 — a2 Bi]

<r2(00)[p2 + 12(00) — 12(00) — az 1] — r2(c0)[p2 — a2 11 =0,
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(c0) < ﬁ;l)(oo); and by induction, ﬁ;m)(oo) is decreasing in m.
The monotonicity of ﬁgm) (2m)

which implies ﬁ§2)

(00) and " (c0) implies the limits of #\"(c0) and &{™ (c0)
as m — oo both exist. Letting m — oo in (64), and setting limmﬁooﬁlm)(oo) = ulA and

limy,— o0 ﬂgm)(oo) = uzA, we get

A . Opf(00) V101
M] =M1 — - 3
l—aiaz (1 —v)(1—aia)
Ay @28/17(00) azv1 1
Uy =ty

l—aiaa  (1—-v)(-aa)’

since it is easy to verify ul.A > 0 (i =1, 2). Thus, for an arbitrary small ¢ > 0, there exists some
positive number m large enough such that

S (oo
giml)(oo)zuT_ ,bL]( ) _ V101 _c
l—ajaz (1 —v)A —aiaz)
- (65)
ax§ 1y (00) azv1p1

ﬁg'”)(oo) <ul+

I—aia (- —aa)

Let m in (61) and (62) be replaced by this fixed m;. Note that for any given 0 < € < (¢*(o0) —
¢)/2, we can select § small enough with § < €/4. Then, by Lemma 3.1, we have I'; (it;, y) =
c+d<c+e/band T (G, y) = c;"y(ﬁ,-) —28>¢f(€;) —38 =cf(00) — 48 > ¢ (00) — €. Thus,
for the above fixed m and below m3, we can choose ¢ > t; sufficiently large such that for ¢ > 71,
there holds

St t0) + i1/ Qy) = € + Ti (i, )t — 10) + 0 (i) +miln 1w/ 2y)
< (c+e)t < (¢*(00) — €)1 < (¢ (00) — €t
<& +Ti(fi, y)(t — 1) + o (i) + 3n/y —miltlw/(2y)
= S0t 10) + 31 /y —mi[n1/2y).

(66)

This implies for ¢ > ¢, the spatial interval
Hy=[ 00,0 +milnla/@y), £ 10) +37/y —milnlx /@) |

is non-empty and it indeed contains D; = {x eR:(c+e)<x=<(c*(o0) — e)t} as its subinter-
val. It follows from (62) and (65) that

T (o) v
liminf wu;(t,x) > uj — () L -q,
t—o00,x€D; 1—aiay (1I—=vpA —aiar)
- (67)
a817(00) avip1

limsup u(¢,x) <uj+ c.
e, 2T T wa A —aa)
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Similarly, with v, 82, p1, p2, 8 chosen above, we can consider another iteration scheme:

t
A(m)(t)—rl(oo)e p1(t— t1)+f —pl(t—g)ﬁgm*])(e)

14

x [pr+r1600) =" ©) @y ©)]do. m=2,
1
" (1) = (1 — 1) poe™ P20~ + (1 — ) / S ()
1

x [ o2+ 12(00) = 8725 00) — "1 0) — azit" V()] do, m=2;
t

@\ (1) = ri(c0)e™ 1) 4 / e P11 (00)[p1 — a1 f21dO

f

t
" (1) = (1 = vp)Boe ™) 4 (1 — 1y) / e =0 g,

x [ 2 + r2(00) — 8j15(00) — B2 — azri(o0) ] db

By the same argument, we can show that when #; is sufficiently large, there holds
ui (6, x) <™ (t) and us (¢, x) > 23" (1),

for t > #; and x satisfying

21, 10) + mlnln/Qy) < x < £t 1) + 37 /y — mltlw/2y). (68)

We can also show that A(m) (00) and uém)(oo) exist and for arbitrary small ¢ > 0, there exists

my > 0 such that

aidii(oo apv

ﬁng)(OO)EMT'F 1845 (00) 1202
l—ajaz  (A-v)(A-aia2)
813 (00) B V202

~(m2) *
i, 7 (00) >u, — —
2 2 l—aay  (1—v)(1 —aja)

Moreover, in view of (66), the spatial interval defined by (68) is non-empty and contains D; as
its subinterval when m is replaced by this fixed m,. Hence, it leads to

a8k (oo apv
limsup u(r,x) <uj+ 19#3(00) + 122 +c,
1—>00,x€D, l—aiaz  (1—v2)(—a1a2)
. (69)
813 (00) V202

limsup us(t,x) > ul — —
e, 2T T—wia A=) —araz)
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Finally, because §, vi, v2, ¢ can be arbitrarily small, (67) and (69) actually imply

ui < liminf wuy(¢,x) < limsup u;(t,x) <uj,
t—o00,xeD; t—00,xeD,

uy < liminf wus(z,x) < limsup wua(t,x) <u3,
t—00,xeD, t—00,x€D;

and this completes the proof of the theorem. O

The next theorem identifies condition on the initial distributions and a traveling observer’s
speed (slower than c or faster than ¢} (c0)) under which the species’ population will eventually
not seeable by the observer.

Theorem 3.3. Let 0 < ¢ < min{cT(oo), c§ (00)}. Then we have the following conclusions.

(i) If up € Xy (o) satisfies sup, g uio(x) < ri(00),i =1,2 and ug(x) = 0 for sufficiently large
negative x, then for any small k > 0,

lim  sup (u1(t,x),u2(t,x))=(0,0).

t_moxs(c—/()t

(i) Ifug € Xy (00) and uo(x) =0 for sufficiently large positive x, then for any small & > 0,

lim sup (u1 (2, x), uz(t,x)) = (0, 0).

1700 x> (cF (co) o)t

Proof. (i) According to [29, Theorem 4.5], for any ¢ > 0, the equation (24) has a nondecreasing
positive traveling wave solution ¥; (x — ct) with ¥;(—o0) = 0 and ; (c0) = r; (00). Following
the proofs of Theorem 3.1, we see that for any small € > 0, there exists a large number M such
that (26) holds. Notice that for any given « > 0, there exists some 7> > 0 such that (¢ — k)t <
ct — M for all t > T,. Thus, the conclusion follows from (26).

(i1) For any small ¢ > 0, let y,fg be the smallest positive root of A;(00; 1) = cf(00) + % Let

u;(t,x) = qie’“i[’“’Af (0o:10)t] with gi > 0, then it is a solution of the following linear equation
Jvi (t, x) = di[ (Ji % vi) (¢, %) — vi (1, X) ] 4 ri (00); (1, X).

Choose ¢g; so large that u;p(x) < u;(0,x) = q,-e’“éx for all x since ug(x) = 0 for sufficiently
large positive x. By Remark 2.1, it is easy to see that (u1 (¢, x), u2 (¢, x)) and (0, 0) are a pair of
ordered upper and lower solutions of (9) for all # > 0 and x € R. Hence, for x > (c?‘ () + )t =
[Ai (OO; Mé) + %] t, there holds u; (¢, x) < qie’“g'%’, leading to the conclusion, and the proof is
completed. O

The following two theorems illustrate that replacement (or one species is invaded by the other)
will happen if the environment worsening speed is medium.

Theorem 3.4. Assume c}(00) < ¢ < ¢5(00). Let u(t, x, ug) be the unique solution of the Cauchy
problem (9) with ug € Xy (c0). If u10(:) has a compact support, sup, g #10(x) < r1(00), and
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uz0(x) > 0 on a closed interval, then for each 0 < ¢ < [c‘; (00) —cl/2, there exists a Ty > 0 such
that ui(t,x) < e forallt > Ty and x € R, and moreover lim;_, o, xcg, u2(t, x) = r2(00), where
&= {x eR:(c+e) <x =< (c5(c0)— 8)t}.

Proof. By a similar argument to that in Theorem 3.1, we see that for any 0 < o < ¢ there exists
aT,>O0suchthatu;(t,x) <o forallt > T, and x € R. Thus, for all r > T, and x € R, we have

dua(t, x) > da[(J2 % u2) (1, x) —uz(t, x)| + uz[r2(x — ct) — us — azo]

and

dun(t,x) < dz[(Jz *u)(t, x) —ua(t, x)] + uz[rz(x —ct) — uz].
Hence, the comparison principle implies that
vo(t,x) <ur(t,x,ug) <wpy(t,x) forallt>T,andx eR,
where v2 (¢, x) and wy (¢, x) is, respectively, solution of
o2 (t, x) = dz[(Jz *v2)(t, x) — va2(t, x)] + v2[r2(x —ct) —axo — vz], t > T,
V2 (T, x) = ua (T, x, uo) >0,
and

dwa(t, x) = do[ (Ja kwp)(t, x) — wa(t, X) |+ wa[ra(x —ct) —wp], t>Ts,
wo (T, x) = ua (T, x, ug) > 0.

From [29, Theorem 3.3] it follows that lim,_, o xcg, w2(t, x) = r2(00). Denote

d J eMdy — 1|+ ra(o0) — apo
& (00) = info o[ g 2200 y— 1]+ r2(c0) —az .
> w

Applying [29, Theorem 3.3] to the equation for vy defined above, then we have

lim va(t, x) =ry(00) — ao,
t—o00,xe& (o)

where & (o) = {x € R: (c + &)t <x < (c},(00) — &)t}. Combining the above with the facts
that ¢;_(00) < ¢5(00), c5_(00) = ¢5(00), &(0) — & as 0 — 07, and noting that ¢ > 0 can be
arbitrary small, we are led to the conclusion. The proof is completed. O

In a parallel manner, we also have the following result.

Theorem 3.5. Assume c;(00) < ¢ < ¢} (00). Let u(t, x, ug) be the unique solution of the Cauchy
problem (9) with ug € Xy (o). If u20(:) has a compact support, sup, g u20(x) < r2(00), and
u10(x) > 0 on a closed interval, then for each 0 < & < [c](00) —c]/2, there exists a T* > 0 such
that ux(t,x) < e forall t > T* and x € R, and moreover lim;_, o xcF, u1(t, x) = r1(00), where
Fr={xeR:(c+e) <x < (cf(c0) — o)t}



4916 C. Wu et al. / J. Differential Equations 267 (2019) 4890-4921

4. Numeric simulations

In this section, we present some numeric simulation results for the system (6) to demonstrate
our analytic results. To be computable, we choose the following particular kernel function for
both J; and J>:

01 kil
H(x)=J1(x) = - —10=x <10,
0, elsewhere.

Also, in the sequel we will use the following initial data:

0.4sin(x — 20), 20<x <20+,
u1(0,x) =

0, elsewhere,

0.8sin(x — 10), 10<x<10+4+m,
uz(0,x) =

0, elsewhere.

For the two growth functions | and r,, we first choose ri(x — ct) = 072 arctan(x — ct) and

rnx —ct) = O'nﬂarctan(x — ct). Then ri(oc0) = 0.1 and rp(c0) = 0.07. Now for a; = 0.12,
ar» =0.14, d; = 1.3, d, = 1.15, we can calculate to obtain

1.3[ g J1(0errdy — 1] +0.1

¢t (00) = | ~2.6041,
m u~0.07493
ny —
3(00) = L15[ fg Ji(»)er¥dy — 1] +0.07 ‘ 20438,
" uA0.06714

Now, if ¢ = 2.8, then ¢ > max{cj (00), ¢ (00)}, a scenario that the environment worsens too fast
and too severe (r;(—o0) < 0), the numeric results presented in Fig. 2 (top left) show that both
species will eventually go to extinction, agreeing with Theorem 3.1. However, if ¢ = 2.2, then
c5(00) < ¢ < ¢} (00). Then by Theorem 3.5, u-species will survive by spread toward the right
at speed ¢} (00) approaching the level r1(c0) = 0.1, while the u>-species will eventually die out.
See Fig. 2 (top right and bottom).

Next choose ri(x —ct) = 0'77—24 arctan(x — ct), rp(x —ct) = % arctan(x — ct) and a; = 0.28,
ay =0.18, dy = 1.3, d» = 1.6. Then, r1(c0) — ajra(00) = 0.0976, r2(c0) — azri(oco) = 0.0584
and calculations give (u7, u3) ~ (0.103,0.061) and

1.3[ fg Ji(y)etrdy — 1] +0.0976

& (00) = ‘ ~2.5719,
w 1~0.07408
1.6] [ Ji(0)edy — 1]+ 0.0584
& (00) = L iverdy = 1] ~2.1929,
w 11~0.05260
13[ [ J1()etdy — 1]+ 0.12
cH(o0) = [ iedy — 1] ) ~2.8597,
w A0.08153
1.6] [ Ji(n)edy — 1]+ 0.08
¢5(00) = [ iedy — 1] ) ~2.5725.
w ©A0.06117
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Fig. 2. In the top left, as ¢ > max{ci< (00), c}‘(oo)}, both two species become extinction eventually. In the top right, as
ca‘(oo) <c< cT(oo), u1-species will persist by spreading to the right with speed c]"(oo), while uj-species will go to
extinction. In the bottom, 3-D portrait shows that u 1 -species persists by spreading to the right with the speed c’l‘ (00) ~ 2.6
and with the density approaching rj (c0) =0.1.

Thus ¢*(00) = min{c}(c0), ¢5(c0)} & 2.19 and c*(o0) = min{c](00), ¢;(00)} ~ 2.57. Now, if
¢ =1.8 < ¢*(00), Theorem 3.2 concludes that both species will persist through spreading to the
right, and the numeric results confirm this conclusion, as shown in Fig. 3 (left).

5. Conclusion and discussion

We have analyzed the competitive system (6) with nonlocal dispersion and in a shifting en-
vironment reflected by the grow functions rj(x — ct) and rp(x — ct). Our theoretical results
show that under the “worsening” condition (A1) for these two growth functions and the stan-
dard condition (A2) for the two nonlocal dispersion kernels, the four composite parameters
cf(o0) and ¢} (00) (i = 1,2) play a crucial role in determining the spatial-temporal dynamics
of the populations of two competing species. That is, (i) if the environment worsening speed ¢
is very fast (¢ > max{c’l“ (00), c§ (00)}), then both species cannot survive in such a shifting of
disastrous environment (noting that r;(—o0) < 0, i = 1, 2); (ii) if the worsening speed is small
(c < ¢*(00) :=min{c}(00), ¢5(00)}), then both species will persist by spreading toward the right
with a speed between ¢ and c¢; (co) for species i (see Theorems 3.2 and 3.3); (iii) when the wors-
ening speed is medium-high, e.g., ¢ € (¢} (00), ¢5(00)), then species 1 will go to extinction while
the species 2 will persist through spreading to the right (Theorem 3.4).



4918 C. Wu et al. / J. Differential Equations 267 (2019) 4890-4921
Y 12500 =800 t=1200 Yy 12500 t=800 t=1200
012 — — u,[t=300 0.12| - —-u, | t=300
0.1 o1t
2 2
k3 _ 3
$ oosf =80 G 0.08
e ©
c c
o k<]
B 0.06 8 006
3 3
g g
& o
0.04 004 =80 ’
]
t=! I
0.02 0.02 rA 1 ‘\
i .
A i\ i !
\ ! o \ N \ \

500

1500

2000
Location(x)

2500

3000

3500

500

1000

1500

2000
Location(x)

2500

3000 3500

Fig. 3. In the left, as 0 < ¢ < ¢*(00), both species persist through spreading to the right. In the right, as ¢*(c0) < ¢ <
¢*(00), both species can still persist through spreading to the right.

We point out that even under homogeneous environment, the results on spreading speed for
a competitive Lotka-Volterra system with nonlocal dispersal are very limited. Hu et al. [21]
considered a general multi-species system with nonlocal dispersal in homogeneous environment
and obtained some abstract results, which can be applied to the following nonlocal dispersal
Lotka-Volterra competition system with constant growth rates ry, r» > 0 that is pertinent to our
model system (6):

{ dp(t,x)=di[(Ji % p)(t,x) — p(t, )]+ plr1 — p—aiql, 0,

dq(t,x)=do[(Jaxq)(t,x) —q(t,x)]+q[r2 —q — azp].

Letting u1 = p, up =rp — g, the system (70) is transformed into the cooperative system

{3zu1(f,X) =di[(J1 xu)(t, x) —ui(t, )] +u1 [(r] —air2) —uy +ajusl, an

dua(t,x) = da[(J2 % u2)(t, x) —ua(t, x)| + (r2 — uz)lazuy — uz],

when confined to u; € [0, r;] with i = 1, 2, with the equilibrium (0, ;) of (70) being transformed
to the trivial equilibrium (0, 0) for (71). The linearization of (71) at (0, 0) is

{ dui (1, x) =di[(Jy xu)(t,x) —uy(t, )] + (ry — arr2)uy,
(72)

dua(t, x) = da[ (J2 % uz)(t,x) —ua(t, x)| + asrouy — rous.

The moment generating matrix of the time one solution map corresponding to (72) is given by
C
e~ where

C - di[[g J1(e¥dy — 1]+ 711 —air 0
" axra bl g 2)e¥dy =11 —r2 |

Let y1(n) = di[fg Ji(»e"dy — 1] +ry —ayry and y2(n) = do[ [ Jo(y)e"'dy — 11 — r2. By
[21], the spreading speed of (72) is
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d Jiy)erdy — 1| +r1 —arr
& = inf y1 () — inf [ g ) y—1]+r —a 2 (73)
n>0 [ >0 2

The first part of [21, Theorem 4.1] has established the following

Proposition 5.1. Let r| > ajrp and u* be the smallest positive number at which the infimum in
(73) is attained. Assume that either

(1) u* is finite and fR Jo (y)e“*y dy is convergent, and

di /Jl(y)e”*ydy—l +r—air

K (74)

> dy /hww%w—1+mmMm@A%ﬂ
R

or
(i) u* = o0, fR Ji(y)et¥dy is convergent for all i > 0, and there exists a sequence [Ly —> 0O
such that for each o

di /Jl(y)e“"ydy—l +ri—air

® (75)

>dp /Jz(y)e““ydy — 1 | +rz[max{ajaz, 1} — 1]
R

Then, the uy component in system (70) will spread with speed c1 given by (73).

Symmetrically, if 7, > ayrq, a ¢> corresponding to (73) can be obtained and statements paral-
lel to those in the above proposition can be obtained for the spreading speed of the #; component
in (70), although this is not mentioned in [21]. If both r; > a1y and r; > ar; hold, then the
last terms on the right sides of (74) and (75) disappear. We remark that verifying conditions
in (74)-(75) is not trivial at all; comparing the magnitudes of ¢; and ¢, also remains an is-
sue. There have been reports that different species even in a cooperative system can spread at
different speeds (see [38]). Thus, even under homogeneous environment, spreading speed of a
Lotka-Volterra competition system with nonlocal dispersal has not been completely understood.
If ri(x) = ri(c0) =: r; in (6), then the spreading speeds ¢; of model system (70) are indeed
5;“(00), i =1, 2. As we have seen, for (70), because of the shifting nature, the shifting speed also
comes into interplay, making problem more complicated.

Note that the competition coefficients a; and a; only affect ¢¥(co) but have no impact on
cf(00), i = 1,2; also note that ¢ (o0) < ¢/ (00), i = 1,2. Thus, this is an obvious gap for ¢
for which we are unable to obtain analytic results on the spatial-temporal dynamics of (6). How-
ever, numerical simulations suggest that when ¢*(00) < ¢ < ¢*(00) :=min{c}(00), ¢5(00)}, both
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species can still persist through spreading to the right. For example, using the same parameter
values as in the simulations for producing Fig. 3 (left) except for ¢, which is set to 2.3 (rather
than 1.8), we obtain the numerical results given in Fig. 3 (right). It clearly shows that both species
persist through spreading to the right. Analytically exploring the spatial-temporal dynamics of
(6) when the worsening speed ¢ falls into that gap (¢*(00), ¢*(00)) remains an interesting but
challenging mathematical problem, and we leave it as a future work.
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