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Abstract

We consider a delayed reaction-diffusion equation that models the population dynamics of a single
species with the mature population living in the 1-D whole space R while the immature population only
living in the half space R, with homogeneous Dirichlet condition for the immatures at the boundary
point. One of the important features of this model system is that it does have the translational-invariance.
By linking the non-translational-invariant solution map for this equation to travelling wave maps for an-
other related 1-D spatial homogeneous delay reaction-diffusion equation, we obtain some traveling-like a
priori estimates for nontrivial solutions. We then establish the existence, uniqueness, and attractivity of
heterogeneous steady states. As a result, we are able to describe the traveling-like asymptotic behaviours
of nontrivial solutions in space-time region. These enable us to develop a new method for exploring the
spreading speeds and asymptotic propagation phenomena for a class of non-translation-invariant delay
reaction-diffusion equations on R. As a corollary, we also recover some results on the asymptotic spread-
ing speeds and traveling waves for monostable and spatial homogeneous delay reaction-diffusion equations
in R.
© 2019 Elsevier Inc. All rights reserved.
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1. Introduction

When studying the population dynamics of a species that has obvious age structure and is sig-
nificantly mobile in the habitat, one is typically and naturally led to reaction diffusion equations
of the form

9
8—2’@, X) = Dy Ault, x) — dypu(t, x)

+ S/F(ﬂ,x, Vbt —t,y)dy, (t,x) € (0,00) x €. (1.1)
Q

Here u(t, x) is the mature population of the species at time ¢ and location x, D,, and d,, are
the diffusion rate and death rate of the mature population, T is the maturation time for the
species. The other two indirect parameters ¢ and ¥ are defined by ¢ = exp(— for di(a)da)
Y= for Dj(a)da where Dj(a), d;j(a), a € [0, 7] are the age dependent diffusion rate and death
rate of the immature individuals and hence, ¢ actually accounts for probability of surviving the
immature period and ¥ measures the mobility of the immatures. Here, b : R — R is the birth
function of the species.

As for the kernel I'(9, x, y), it explains the probability that an individual born at location y
will have dispersed to location x when becoming mature (t time units later), provided that it
can survive the immature period. Its form depends on the spatial domain €2, and also on the
conditions posed on the boundary of €2 when it has a boundary. For example, when €2 is a
bounded 1-D domain (interval), [23] derived the forms of the kernel corresponding to various
boundary conditions; when 2 is a general bounded domain in R” and the homogeneous Robin
boundary condition is posed, [51] obtained the kernel expressed as a Green function. When
Q =R, [39] derived I"'(¢, x, y) to be I'(¥, x, y) = 'y (x — y) where I'y(z) is the heat kernel
(Gaussian function)

1
=7 eI, (1.2)

For more details about the background of such spatially non-local dynamic models, see [23,39,
51,62] or the survey by Gourley and Wu [16].

We would particularly like to mention the case 2 = (0, o) in which, the spatial domain 2
is unbounded but is not the whole space, and hence, it has a boundary at x = 0. Such a spatial
domain accounts for a scenario of species with both mature and immature individuals live and
move, for example, in a big land that has a shore of ocean or lake on one side of the land, or
species living in a large area of water (ocean or lake) with an obvious shore boundary on one
side. For such a semi-infinite domain with a homogeneous Dirichlet boundary condition at x = 0
(hostile boundary), the kernel becomes I'(9, x, y) =Ty (x — y) — ['s (x + y). See [62] for more
details about the model and the dynamics of the model.

We note that in all those spatially non-local reaction diffusion models mentioned above rep-
resented by (1.1), it is assumed that both the matures and the immatures live and diffuse in the



1602 T. Yi, X. Zou/J. Differential Equations 268 (2020) 1600-1632

same spatial region. However, in the real world there are biological species whose matures and
immatures have different regions to live and diffuse. For instance, for an amphibious animal, its
juveniles can only live in the water (lake or ocean), while its adults can live and diffuse both in
the water (lake or ocean) and land (so that they can have more food resources). In [57], for the
case of bounded domain Q2 for the immatures, a general model has been derived to account for
the differences of juvenile and adult habitat regions, assuming a hostile condition (homogeneous
Dirichlet condition) on the boundary of the corresponding regions. By developing domain de-
composition methods, Yi and Chen in [57] have obtained the existence and global attractivity
of a positive steady-state solution, and the persistence of other solutions to the Dirichlet prob-
lem under the usual supremum norm, regardless of the mature population living in a bounded
or unbounded environment. However, when the living environment 2 of immature population
is unbounded, some completely different and difficult mathematical problems arise, and these
motivate this paper.

In this paper, motivated by [57,62], we consider the case of adults individuals living in
R =R_ UR, while juveniles living in R with the hostile boundary characteristics at x = 0.
Following the same procedure in deriving (1.1) in [39,57,62], but noting the difference in the spa-
tial domain for immatures, we can obtain the following initial value problem (IVP) of nonlocal
delayed reaction-diffusion equations on R for the mature population:

u 52 e Jo blut =7, y)Tp(x —y) = Tp(x +y)1dy,
_=Dm—2_dmu+ (t,x) € (0,00) x Ry,

or T dx 0. (t.x) € (0,00) x (—00,0); (13)
up=¢eCy,

and ¢ : [—7,0] x R — R is abounded and continuous function. Here the meanings of unknown
u(t, x) and all parameters remain the same as for (1.1).

To stimulate our study on (1.3), let us have a quick review of some works on (1.1). When
the spatial domain €2 is bounded, various boundary conditions can be posed for (1.1), leading
to different kernel I'(6, x, y) (see, e.g., [23,51]), among which are the homogeneous Neumann
boundary value condition or zero flux condition (NBVC) and the homogeneous Dirichlet bound-
ary value condition (DBVC) with the former accounting for an isolated domain and the latter
explaining a scenario that the boundary is hostile for the species. The global dynamics of the
semiflow generated by such models subject to either the Dirichlet or the Neumann boundary
condition have been intensively and successfully studied (see, e.g., [6,13,17,20,38,40,49,52,53,
58-60,63]).

When the spatial domain 2 is unbounded, the existence and other qualitative properties of
traveling wave solutions, as well as the theory of asymptotic spreading of (1.1) are the main
concerns, and have been investigated by many authors under some particular forms of the kernel
function I'(z, x, y) (see, e. g., [1,10,11,9,14,15,24,25,29,33,35,39,41,42,44,45,50,55,64] and the
references therein). The study on traveling waves can be traced back to the celebrated papers of
Fisher [12] and Kolmogorov et al. [21], while the study of asymptotic propagation was pioneered
by Aronson and Weinberger [2]. Since solutions of initial value problems of reaction-diffusion
equations can be considered as solutions to some discrete dynamical systems in appropriate
spaces, Weinberger [46] and Lui [28] established the theory of spreading speeds and monostable
traveling wavefronts for monotone discrete dynamical systems. This theory has been further de-
veloped recently in [8,24,47,61] for more general monotone/non-monotone semiflows so that it
can be applied to a variety of discrete and continuous time evolution equations in homogeneous
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or periodic media. Moreover, Berestycki and Hamel [3] and Berestycki et al. [4] have obtained
the existence and the minimal wave speed of pulsating fronts, and explored the notion of asymp-
totic spreading speed for a general periodic framework together with the Neumann boundary
conditions on the boundary of a periodic domain.

However, very little attention has been paid to evolution equations for spatially heterogeneous
but non-periodic cases. By applying some Hanack inequality, Berestycki et al. [5] have dealt
with various notions of asymptotic spreading speeds for solutions with compactly supported
initial data about the Neumann problem of Kolmogorov-Petrovsky-Piskunov type equations in
non-periodic domains. By making links between travelling wave maps and solution maps, Yi and
Chen [56] explored the spreading speed and asymptotic propagation phenomena for the Dirichlet
boundary value problem of reaction-diffusion equations with Kolmogorov-Petrovsky-Piskunov
type nonlinearities on R .

In this paper, we consider equation (1.3) with unimodal nonlinearity. For unimodal nonlinear
reaction terms, global stability is of great interest when the spatial domain is bounded; while for
the case of unbounded domain, traveling wave solutions of various forms and asymptotic prop-
agation characteristics are of great interest and significance, and are thus the main concerns. We
point out that the existence of (periodic) traveling wave solutions heavily depends on the spatial
(periodic) translation invariance of the equation and the domain. However, for equation (1.3),
the kernel function I'(¢}, x, y) =Ty (x —y) — 'y (x + y) is neither spatial periodic no translation
invariant. This implies that the solution map of (1.3) is neither spatially periodic no translation
invariant, and therefore, the theory and method of Weinberger et al. cannot be applied directly to
such Dirichlet problems. On the other hand, because the Harnack inequality cannot be extended
to the boundary for Dirichlet problems and solutions for Dirichlet problems are zeros on the
boundary, the methods of Berestycki ef al. [5] are not feasible for Dirichlet problems in general
domains. Fortunately, Yi and Chen [56] have provided a new class of methods to study asymp-
totic propagation for Dirichlet problem of KPP equations by using the iterative characteristics of
travelling wave maps and integral operators associated with the Dirichlet diffusion kernel. It is
natural to ask whether it is possible to, by developing the methods in [56], study the existences of
heterogeneous steady states and the asymptotic spreading of other solutions of (1.3). This paper
will seek answers to this question.

The rest of this paper is organized as follows. In Section 2, we investigate some basic prop-
erties of (1.3). In Section 3, as direct consequence of Theorem 3.6 in [61], we first establish
some asymptotic properties of travelling wave maps with non-symmetric spatial kernels that are
associated to the symmetric equation

aa—lj(t, x) =Dy Au(t,x) —dyuu(t,x) +£/F19(x — bt —r1t,y)dy, (t,x) € (0,00) xR
(1.4)
R

u(t,x) =, x), (t,x) e[—1,0] x R.

By linking travelling wave maps associated with (1.4) on R to another integro-difference equa-
tion with non-symmetric and non-translation invariant spatial kernels for (1.3), we obtain some
iteration properties for the heat kernels and nonlocal kernels. In Section 4, with considerable
modifications of the methods in [54,62], we give what will be very useful in proving traveling-
like a priori estimates on nontrivial solutions to (1.3). With these estimates, in Section 5, we then
establish the existence, uniqueness, and attractivity of heterogeneous steady states. In Section 6,
we explore the traveling-like asymptotic behaviour of nontrivial solutions in space-time region.
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This enables us to develop a new method for studying the spreading speeds and asymptotic prop-
agation phenomena for (1.3). As a corollary of our main results, we easily re-establish the results
on the travelling waves, spreading speeds and asymptotic propagation for (1.4) on R obtained
in [9,24,39,55]. In Section 7, we apply our main results to two particular birth functions: the
Ricker function and the Mackey-Glass hematopoiesis function, leading to some more specific
results explicitly in terms of the parameters in this two functions.

2. Preliminary results

We first introduce some notations. Let R, R, and N be the sets of all reals, nonnegative reals,
positive integers, respectively. Let X = C(R,R) N L*°(R, R) and C = C([—7, 0], X). Equipped
with the usual supremum norm || - ||x = || - [[L~®.R) and || - [lc = || - [|z%(—c.0xR.R) Te-
spectively, X and C are Banach spaces. Let X4 ={¢p € X : ¢p(x) > Oforall x € R}, Xy =
{peXy o(Ry)#{0}}), XS ={peX:¢(x)>0forallx e R}, Cy ={p e C:¢p0,x) >
Oforall @,x) € [-7,0] x R}, C4+4 ={p € C+ : ¢([—7,0) x Ry U {0} x R) # {0}} and
Cl ={peC:¢9@®, x)>0forall (0,x) € [-7,0] x R}. Clearly, X4, C are closed cones in
X, C, respectively. For any &, n € X (resp. C), we write £ > nif £ —ne X4 (resp. C4), £ > 1
ifé>nand & #n,&>nif & —ne XJ (resp. C5). Moreover, for y € Xy, X, ={¢ € X :
¢(x) <y(x)forallx e R} and C), ={p € Cy : ¢(0,x) < y(x)forall (0,x) € [-7,0] x R}.
Sometimes, we also write BC(X,)) for C(X,)) N L®°(X,)), where X, are topological
spaces. For any { € BC(X,)), we denote supremum norm of ¢ by ||¢]||p.

For convenience, we shall also treat an element ¢ € C as a function from [—7, 0] x R into R.
For any a € R or ¢ € X, we also use a, ¢ to denote the constant function taking constant value
a, ¢ in the corresponding function space, when no confusion arises. So, we sometimes consider
R, X as subsets of X, C, respectively, thatis, R C X C C.

Foraninterval I CR,let [ +[—7,0]={t+0:te€land 6 € [—71,0]}. Foru : (I +[—1,0]) x
R — R and ¢ € I, we write u, (-, -) for the function defined by u, (0, x) = u(t + 6, x) for (6, x) €
[—7,0] x R.

For convenience, by letting d = D, u =dy,, and f(u) = % for all u € R4, we transform
system (1.3) to the following initial value problem (IVP) of nonlocal delayed reaction-diffusion
equations in R with spatial switch:

wfo” fu@ =7, y)[Ty(x —y) — Ty (x + y)dy,

ou 92u . (.3) € (0.00) x R

o, =4, —pnu t,x) € (0,00) x Ry, 21
o 9x 0. (1.x) € (0, 00) x (—00, 0); @D
up=¢ e Cy.

We will consider the mild solution of system (2.1) which solves the following integral equa-
tion with the given initial function,

uy = e C+. '

Here K : X — X is defined by

K[qs](x):{({o ¢y (x = y) = Ty (x + y)1dy, iEI(ch;o )
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and 7 (¢) is the semigroup generated by the linear system,

%—’; = dAu(t,x)— uu, t >0,
u@,x) = o), x eR,

that is, for (x, ¢) e R x X,

2.3)

{T(O)[¢](X) = o),

TOIPI) = D [ pyexp (- L2l )dy, 1>0.

For given ¢ € C4, by the method of steps and the definitions of K[-] and 7T (¢), it is easy to
see (2.2) has a unique solution which exists for all # > 0. Denote by u? (¢, x) the unique solution
of (2.2). Then it is clear that (u?(-,-)); € C4 for all r > 0 and ¢ € C+ (see, e.g., Martin and
Smith [31,32]). Thus, the solution map of (2.2) induces a continuous semiflow in C. Since the
semigroup 7 (¢) is analytic, we know that a mild solution of (2.1) (i.e., solution of (2.2)) is also a
classical solution of (2.1) for all # > T when f is continuously differentiable (see, e.g., see [31,
32,43,48]). Therefore, in the sequel, we only need to consider solutions of (2.2).

Denote by @ the solution semiflow of (2.2), that is, ® : Ry x C; — C4 is defined by
D(t, p) = (u?), for all (r, ) € R4 x C4. Sometimes, we also write (¢, ¢; f, K) for ®(¢, ¢) to
emphasize the dependence on the nonlinearity f and the nonlocal kernel K, if there is a need.

For any 0 < s <t < 00, let us define the mapping ®°(¢,-) : C4 > ¢ — D°(¢, )[¢] €
L*®([—s,0] x R, R) where ®°(¢, -)[¢](0, x) = ®(t + 6, ¢)(0, x) for all (0, x) € [—s,0] x R.

In this section, we establish some basic results on the boundedness, compactness, and com-
parison principle of the solution maps to (2.1) or (2.2). We first collect some basic properties of
K|[-] and T (¢) established in [7,36,38,54].

Lemma 2.1. K[X] cC X, K[X+] - X+, K[X+ \ X++] = {O} and K[X++] - {¢ € X+ :
¢ ((—00,0]) = {0} and ¢ ((0, 00)) < (0,00)} € Xy 1.

Lemma 2.2. The following statements hold.

(i) TOIX]ICUBCR,R) forallt >0, and T (t)|y pc(R,R) is an analytic and strongly con-
tinuous semigroup on X.
(1) TO[X+]1 S X4 forallt e Ry.
(ii)) T(O)[X4+ \{0}] € X5 and fort > 0.
i) ITO[1lIx < ll¢llxe ™ forallt > 0.
V) If a,r > 0, then {T()[@ll|-a,a) : ¢ € XWith —r < ¢ < r} is pre-compact in
L*®([—a,a],R).

Due to the non-compactness of the spatial domain, it is generally difficult and inconvenient
to describe the asymptotic behaviour of solutions to (1.4) with respect to the L°°-norm. To over-
come this difficulty, we use the following norms on X and C, defined respectively by

gl = 22_" sup{lp (x)| : |x| <n} forall ¢ € X,

n=1
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[l £ ZZ_” sup{le(@,x)|: (0,x) € [-7,0] x [-n,n]} forall ¢eC.

n=1

Similarly, for a < b, let C,p = C(la,b] x R,R) N L>®([a,b] x R,R), and ||¢|| £
o
> 27" supf{le(@, x)| : (0,x) € [a,b] x [—n,n]} for all ¢ € C, . Moreover, we shall still de-
n=1

note the corresponding topological vector spaces (X, || - [|), (C, || - 1), and (Ca.p, 1| - |la.p) by
X, C and C, p. Accordingly, we always assume that the tacit topologies on X, C and C,  are
induced by the new norms || - || and || - [|4.5 in the sequel. In particular, X = Cg 9 and C = C_; o.

In what follows, we shall always assume the following for the nonlinearity f:

(H1) f:R4 — Ry is continuous with f being continuously differentiable in some right neigh-
borhood of 0 with f(0) =0 and f'(0) > 1; moreover, there exists u* € (0, co) such that
fw*)=u*, f(u) >uforallu € (0,u*),and 0 < f(u) <u forall u € (u*, 00).

Under (H1), sup{ f () : u € [0, u*]} exists and is denoted by M in the rest of this paper. Then,
we have the following proposition which establishes the positivity, boundedness, and compact-
ness for the solution semiflow of (2.2).

Proposition 2.1. The following results hold.

) PRy xCp) S Cy, PRy x (C4\ Ciy)) ={0}, and O((r,00) x C14) € CF.

(i) PRy x Cs4pm) S Csip forany & > 0.

(i) lim (sup{||®(, )llc : ¢ € Co4Mm}) = M for any § > 0.

@iv) @(t,-) is a continuous semiflow on Cs a4 for any § > 0.

(v) The mapping ®°(¢,-) : Cs a1 — C—_s.0 is precompact in C for any 0 <s <t and § > 0. In
particular, ®(t, -)|cs, o Is precompact in C fort >t and 6 > 0.

Proof. The poofs of (i), (ii) and (iii) follow from (2.2), Lemma 2.1, Lemma 2.2 and (H1). Note
that ®(z, -) is a semigroup on Cs4 . By a similar proof to that of Theorem 2.8 in [54], we can
show (iv) and (v). The proof is completed. O

By Proposition 2.1-(i), the solution is positive for all # > 0 if and only if the initial function
is from ¢ € C4 .. The following result gives a comparison principle for the solution semiflow of
(2.2).

Proposition 2.2. Let K : C — C be a linear bounded operator satisfying (K — K)[X+]1< X4.
Let g € C(R4,Ry) be nondecreasing on Ry satisfying f — g € C(Ry,Ry). Then, for any
@, ¥ € Cy with ¢ >, it hods that ®(¢t, ¢; f, K) > ®(t,¢¥; g, K) forallt > 0.

Proof. Suppose that (¢, ) € C+ x C4 and ¢ > . It follows from Lemmas 2.1-2.2 and (2.2)
that for any ¢ € [0, t], we have

t
(@, ¢; £, K)O,) =T ®)e(0, )]+ M/ T(t — IKIf(p(s — 7, NNdg
0
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t

=T, )]+ M/ Tt —o)[K[glp(s —7.))]ldg
0

t

=Ty, )] +M/T(l - IK[gW (s —1,)]ldg
0
ZCD(I, I/f,g,K)(O, )

This, together with the semigroup properties of ®, implies ®(z, ¢; f, K) > ®(z, ¥; g, K) for all
t € R4. The proof is completed. O

Before proceeding further, we collect some standard notions and notations.

Definition 2.1. An element ¢ € C is called an equilibrium of @ if ®(¢,¢) = ¢ forall t € R.
A subset A of C is said to be positively invariant under @ if ®(¢, ¢) € A for all ¢ € A and
e R+.

We write O(¢) = {®P(z,¢) : t € Ry} for the positive semi-orbit through the point ¢ € C.
The w-limit set of O (¢) is defined by w () = ﬂteﬂh O(d(z, ¢)), where O(P(¢, ¢)) represents
the closure of O(®(z, ¢)). In what follows, we also write O(f, K; ¢) and w(f, K; ¢) for O (p)
and w (@), respectively, to emphasize dependence on the nonlinearity f and nonlocal kernel K,
if there is a need.

Definition 2.2. Let ¢* be an equilibrium of the semi-flow ® and .4 be a positively invariant set
of ®. We say that ¢* is globally attractive in A if w(p) = {¢*} for all ¢ € A.

3. An integro-difference equation and its properties

Let k(t, x) = pe M Ty (x), that is,

p.e_’” x2
k(t,x)= \/mexp <_E> forr € (0, 00) and x € R.

Given ¢ > 0, define k. : R — R by

c 4dp+c?
w — 57 X— x
e X proamlad

Vadp + c?

Note that fR+ k(s,x + cs)ds = ko(x) for all x € R by Lemma 2.1-(vi) in [54]. Clearly,
Jr ke(y)dy =1, and [g e*kc(y)dy < oo if and only if A € (—A_, A), where

c 4dp + c?
Ar=t— 4 [ZETE
EEEN a7

ke(x) = for x e R.
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In our pursuing, we will need to relate our discussion to the following integro-difference
equation

Unt1(x) = g2 8n(y + )T (2 — yke(x — 2)dydz £ Qclg; unl(x),
3.
uy € X+.

In other words, u,, = (Q.[g; -1)"[uo]l £ Onr[g; uol, for up € X4. Here g : Ry — R is assumed
to satisfy (H1) and g(u) < g’ (O)u.
Let

/ 0 —%

I(c, p) = %/epyrﬂ(y)dy forall ¢, p € R.
pc+u—dp

R

Then, for ¢, p € R, one can easily evaluate the integral to obtain

"0 19p2—”d
l(c,,o):Mg()e—2 forall c, p € R.

pc+p—dp

Let us define
+ ‘/ 4d
l(c,£p) for 0<p< —F—— ot + M
I(c.p) =
+c + \/ 2+ 4d,u

00 for p> ——M

(3.2)

Set
* : 1 +
c¢i(c) =inf —logl~(c, p) for ceR
p>0p
and

c*=inf{ceR: ¢} (c) <0}.

In what follows, we also write ¢ (g;c), c*(g) for ¢} (c), c*, respectively, to emphasize the
dependence on the nonlinearity g, if there is a need.

The following lemma follows from Lemma 4.4 in [62] by replacing (u, ¢, k) with (“ f—i Iy).
Lemma 3.1. Assume that ¢ (c), ¢* are defined as above. If ¢ > 0, then min{c* (c) > 0, ¢} (¢)} >
0 if and only if ¢ < c*.

Lemma 3.1, together with Theorem 3.6 and Lemma 4.2 in [61] with (u, ¢, k, f) replaced by
(4.%.Ty, g, gives the following results.

Proposition 3.1. Assume that ¢ > 0. If g* = g o g has a unique positive fixed point u*, then the
following statements are valid.
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(i) If ¢ < c*(g), then lim ||Q¢lg; ] —u*|| =0 forany ¢ € BC(R,R4)\ {0}.
(1) Ifc > c*(g), then (3.1) has a decreasing steady state ¢ (x) with ¢ (00) = 0 and ¢ (—o0) = u*.

Remark 3.1. It is easy to verify that the steady state ¢ in Proposition 3.1-(ii) satisfies the follow-
ing equation,

—c¢'(x) =d¢" (x) — pe(x) + M/g(¢(y +c1)y(x — y)dy.
R

In other words, ¢ (x — ct) is indeed a travelling wave of the following delayed reaction-diffusion
equation

2

0 0
a—b:(t,x)=dé—u«u+u f(t —1, y)Ts(x —y)dy,  (t,x) € (0,00) x R (3.3)
R

with f = g such that ¢ (c0) = 0 and ¢ (—00) = u*. On the basis of this observation, we call Q.
a travelling wave map with wave speed c.

In the remainder of this paper, in addition to (H1) and g(u) < g’(0)u, we also further assume
that g is nondecreasing on R.. This implies that the self-composition g> = g o g has a unique
positive fixed point u*

Lemma 3.2. Le*t c €[0,c*) and let ¢ € C(R, [0,u™*)) \ {0} have a compact support. Then, for
any y € (1, ||(»’I‘W), thereisann =n(c, ¢, y) € N such that Q% [g; 1> y¢ forall o € [0, c].

Proof. Clearly, by Proposition 3.1-(i), for any o € [0,c] and y € (1, W), there is an

N = N(o,¢,y) € N such that ON[g; ¢] > y¢. Note that Q¥[g; #1(x) is continuous at
(0,x) € [0,c] x Ry due to the definition of Q(’,V [g; -]. This, together with the compactness
of supp(¢), implies that there is § = 6(o, ¢, ¥) > 0 such that ngv[g; ¢l > yo for all ¢ €
I
[0,c]1N (o — 8,0 + §8). Clearly, there exist ¢, ¢z, ..., ¢; € [0, c] such that [0,¢] € |J(¢; —

i=1

l
8(ci ¢, v),ci +8(ci,p,y)). Letn=nc 4, £ [T N(ci, d,y). Then, by v > 1, the choice of n,
i=1

and the monotonicity of Q,, we have Q% [g; ¢] > y¢ forallo € [0,c]. O
For any ¢ > 0, and «, 8 > 0, we define linear operators
Ocalg:1: C([—a,a], R) > C([—a, @], R)
and
Qc0.00l8: 1, 005lg; 1: BC(R1,R) £ C(R4, R) N LP (R4, R) — BC(R, R)

respectively by
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o

Qc,a[g;fb](x)=fkc(x+rc—y)/Fﬂ(y—Z)g(tb(z))dzdy, X €[—a, o],

-

Qc,o,oo[g;zl(x)=fkc(x—y)/Fﬁ(y—Z)g(C(z+cr))dzdy, xeRy,
0 0

0% 1g; £1x) = / / k(s x +cs— y) / (3 — 2) — Ty (v + g€ (2 4+ cv))dzdyds,
0

X € RJ,_ .
It is easy to verify that these operators are order preserving.

Lemma 3.3. If c € [0, ¢*) and ¢,y € BC(R,R) \ {0} have compact supports, then thfre exist
neg.y €N and o e > 0 such that Qaco‘fd'[g ¢1(0) > 2“ and ngof'/’[g; ¥1(0) > 2%for all
o €0, c]andoz>oz R

Proof. Take 8* > 0 and ¢ € C(R, [0, u*)) \ {0} with compact support such that ||¢||Le = ¢(0),

¢ < Qo,p=[¢pl and ¢ < Qg p«[Y] forall o € [0, c].
By Lemma 3.2 with

max{l, 5o} + iy
y= ) ,

we know that there is n; € N such that Q'[g: @] > y¢ for all o € [0, c]. According to
1im 05'alg; ©1(0) = 05'[g; ¥1(0) > 2% for all o € [0, c], we know that for any o € [0, c],

there exist oy > 0 such that Qo o, 185 ¢1(0) > % Since QZ[a[g;<p](O) is continuous at
o € [0, c], there exist [ € N and (cy, 81), (¢2,82), ..., (c1,8) € [0,c] x (0,1) with [0,c] C
l

U (¢i = 8i, ¢i + ;) such that anc [g; ¢](0) > % forallo € (¢; —8;,c; +6;)andi € [0,/]NN.
]

Let a* = max{e; :i € [0,/]NN}. Then Qylslg; ¢1(0) > % forall o € [0, c] and & > ™ due to
the monotonicity of nga [g; ¢1(0) with respect to « € [0, 00).
Thus, by the choice of ¢ and the monotonicity of Qs «[g; -]1(0) with respect to «, we have

Q"‘+1[g;¢](0) > 04lalg; 91(0) = 2 and Q5 [g; w1(0) = Qblalg; ¢1(0) = 2~ for all o €
[O,C]andaza ch = max{a*, g* } O

Lemma34. Letc €[0,c*), 8 >a+tc>1¢, p € C([—, ], R1)\ {0} and v € BC(R4,R1)\
{0} Ify(x+38) > ¢ (x) forall x € [—a, a], then Q¢ 0,00lg; Y1(x+8) = Oc olg; ¢1(x) and hence
o 0 wol& ¥1(x +8) > Q o8 @1(x) forall x € [—o,a] and n € N.

Proof. By the definitions of Q. 0.00[g; ] and Q¢ «lg; -], we can conclude that for any x €
[_av a],

Oc0,00l8: ¥1(x +6)
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0]

ke(x +8—y) / [y (y —2)g(¥(z + tc))dzdy
0

ke(x —y) / Iy (y —2)g(W(z+ 8+ tc))dzdy
—5

00

0

00 0
-6

a—tc

> / ke(x — y) / T (y — g (= + 5 + 7e))dzdy

—0—TC —0—TC

T

o

_ f keGe+ e —y) [ Toly — 2050 (2 + 8))dzdy

— —

o o

> fkc(X+fC—y)fF0(y—Z)g(¢(2))dzdy

-

= Qc,a[g; @1(x).
This completes the proof. O

For any given T > 1, define the function 27 : R — R by

1, x e[T,2T],
R et xelT—1,T),
2T —x +1, x € (2T, 2T + 1],
0, x eR\[T —1,2T +11.

Proposition 3.2. If ¢ € [0, c*) aizd & > 0, then there exist ng = ng(c, €) € N and ty = ty(c, €) > 4
such that (ng’ﬂ)”o[g; ehT] > "ThTfor all B, T > 1y, and o € [0, c].

Proof. Let £(x) = emax{0, 1 — |x]|} for all x € R. By Lemma 3.3 with ¢ =&(- + 1) and ¢ =

-—1), thereexistng € N and og > 1 +7c suchthat Qs 4[g; (- z—* orallo €10, c
(-—1), th istng € Nand oz > 1 h th Q"f[ (G==281[(V)] 2'§f 11 [0, c]
and a > ag. In particular, QZ‘EHQS [g;EC £ 1D]O) > % for all o € [0, c]. This, together with
Lemma 3.4 and the fact that

>&(x—1), sel[T —1,1.5T]

T
eh (X+5){Z;§(x+1), §€ (1.5T,2T +1]

forall T > 4+2a¢ and x € [-1 —ag, 1 +a¢], implies that, forall 7 > 4+ 2, 6 € [T — 1, 2T +
1], and o € [0, c], we have

*

n . n n 2
Qro.00l8: €hT1(8) = min{ Q7 1, L83 £ = DIO), Oy 1y, L83 £¢ + DIO)} = ;‘ :

To complete the proof, we define two new maps Rg.0,00, Rgf’/3 :BC(R4+,R) > BC(R4+, R) re-
spectively by
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Rs,0,00[8; ¢1(x) =/ka(x —y)/Fﬁ(y+Z)g(C(z+o—r))dzdy,
0 0

Rﬁ?ﬁ[g;C](X)szk(s,x+os —y)/[Fﬁ(y—Z) —Ty(y +2)18(l(z +o7))dzdyds
B 0 0

forall x e R4 and ¢ € BC(R4, R). Clearly,

11Q6.,0,00[&: ¢1I100 < max{u™, |||z},
[|R5,0,00[85 ¢1l| 200 < max{u®, |||},

1R L8: ¢l < max{u™, [[¢]z<)

for all ¢ € BC(R4, R). It is also obvious that
oo 0

IR Lgs €100 <maxtu gllz) [ [ Ksx s = y)dvds < mau i )e
B —o0

for all x,0,B8 € Ry, and ¢ € BC(R4, R). It then follows that, for any x,0 € R4, and ¢ €
BC([R4, R), we have

[Ro,0,00[85 C1(X)]

< max{u®, IIZIILoo}/ka(x—y)/Fﬂ(y+Z)dzdy
0 0

o o0 N
< max{u”, IICIILoo}/ka(x—y)/e_i_l’rﬂ(z)dzdy
0 0

x o0
* o 2 2
_ %[/ ko (x — y)e~ i dy +/kg(x —y)e iy
O X

e¢]

X

max u*’ ) _[LJ’_ M] o + M; 2 x2

SM ; id |_|:—||§ }[e 24 42 xfezdy Va2 )e_‘}*_l?dy—Fe_W/kg(x—y)dy]
JVadu +o

0 X
o0
pmax{u, |[¢][pe) —(G+ M2 gy [0 2
S et T e
o
M+ S

4dp+o2 4dp+o? N

* o 2 o
_ e max{u ’||§||L°°}[2meﬁ[ﬂ+ el e—[ﬂ+ 442

2/4du +o?

%2
+e 4]
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o2
_ pmax(u lellooe) ) o gy e 2
=T aJan ‘

Take ng = no(c, €) = ng € N and to = to(c, €) > 4 + 2a¢ such that 3" max{e, u*}e™ " < %
and

4d;/.+c

Yopmart, e ) e N ET ey gty
N -1

[\

It follows that, for any 8, T > 9, 0 € [0,c], and x € [T — 1,2T + 1], we have
(05%)"[g: 6h"1(x) = [Q0,0,00 = Ro0,00 = R351"[g; h” 1(x)
—Zc [Q6,0,001" [~ Ro,0,00 — Rs1 [g5 6h71(x)
=1Q0,0,001"[g; eh"1(x)
+nZOC,iO[QU,o,wJ”0— [~ Ro,0,00 — R3%1' g5 eh” 1(x)

> [Q0.0.001"1g: €hT1(X) — [Ro,0,00 + R31[g: 3" max{e, u*}](x)

> [Q0.0.001"[g; ehT1(x) — 3" max{e, u*}e P

no dduto? 2 7 2
= M;na:l{u ) 29 me Pt ] e_\/;x +e W]
Jdu

> [Q0.0.001"[g; hT1(x) — 3" max{e, u*}e *#

Yt e) o M ET e g
4/dun

=

u
2 9
completing the proof. O

4. A priori estimates

In this section, we present several iteration properties involving the diffusion, nonlocal ker-
nels, and the maturation time 7, which will be very useful in proving a priori traveling-like
estimates on nontrivial solutions to (2.2).

For any g satisfying (H1) and g(u) < min{g’(O)u, f(u)} for u € R4, we define three
new operators H;(g,-), H-(g,-), H(g,") : BC([—1,00) X R4, R) :=C([—7,00) x Ry,R) N
L®(—7,00) x Ry,R) - BC([—7,00) x R;,R) by
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r o0 o0

Holg: ¢t x) = / / Kt —s5.x — y) / Lo (y — 08¢ (s — 7. 2))dzdyds,
0 0 0
t o0 o0

H_[g; C](t,x)=//k(t—s,x—y)fl"ﬁ(y+z)g(§(s—r,z))dzdyds,
00 0

t oo o
H[g;C](t,X)=//k(t -8, —y)/[Fﬁ(y —2) =y (y +2)18(¢(s — 7, 2))dzdyds,
0 0 0

forall ¢ € BC([—t,00) x Ry, R) and 7, x € R. Clearly, H[g; (1= Hy[g; ¢] — H_[g; ¢] for
all ¢ € BC([—1,00) x Ry, R).
In the following, we also further assume that g is nondecreasing on R .

Lemma 4.1. Suppose that c,a >0, B >0, ¢ € BC([—7,00) x R4, Ry) £ C([—t,00) x
R, Ry) N L®([—71,00) x R{,R), n € BC([—7,00) x R,R;) £ C([—7,00) x R,R;) N
L>®([—1,00) x R,R), and ¢ € BC(R,,Ry) such that n(t,x) > {(t,x) for all (t,x) €
[T, Bl xRy and ¢(t,x +a +ct) = ¢(x) forall (¢, x) € [—1, B] X [cT, 00). Then the following
statements are valid.

(i) 8¢l Loo(—r,00) xR, R)) = Hilg: C1(t,x) = 0 for all (t,x) € R

(i) fy Tt —9)[KIgn(s — 7, N(x)ds > Hlg; £1(¢, x) for all (t,x) € [0, B+ 7] x Ry.
(i) H-[g:;¢](,x) < %[Zvﬁne%_ﬁx +e_%]f0r all (t,x) € R%.
(iv) Hlg; ¢l(t,x +a+ct) > 0 [g; pl(x) forall (t,x) € [0, B+ 7] x Ry

Proof. (i) and (ii) follow from the definitions of H and H.. For (iii), according to the proof of
Proposition 3.2, we easily see that for any 7, x € R,

H_[g; ¢](t,x) < |Ro,0,00[g; [I&]1Lo0](x)]

58/(O)||§||L°°/k0(x_Y)/Fz?(Y+Z)dZdy
0 0

ug' (0)[1¢ |z w_ e 2
<=2 -7 2 " 2V d d w].
ST ajan YT el

For (iv), by the definitions of 'y, k and H, and the Fubini’s theorem, we can see that, for any
(t,x)e[0,8+ 1] x Ry,

Hlg; ¢, x +a+ct)

r o0 o0
=//k(t —s,x+o+ct —y)f[Fg(y —2)—Ts(y+2)]g(¢(s — 7, 2))dzdyds
0 0 0
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t [o,8]

:/ / k(t —s,x+ct—s)—y)

0 —cs—a
00

X f [To(y—2) —Te(y+z+2cs +2a)]g(C(s — 1,2+ cs +«))dzdyds

—Ccs—o

t o0
z//k(t—s,x+c(t—s)—y)
0 0

o0

X /[Fﬁ (y—2)—Ty(y+z+4+2cs +2x)]g(¢(s — 7,2+ ¢cs + a))dzdyds

0
Z/
0

t

Z/
0

t oo
0

=058 dlx). O

~

0\8

k(t—s,x+c(t—s)—y) /[Fﬁ(y —2)—Te(y+2)]g(s — 1,7+ cs +a))dzdyds
0

k(t—s,x+c(t—s)—y) [[Fla(y —2)— Ty (y+2)]1g(p(z + ct))dzdyds
0

k(s,x +cs—y) /[Fg (y—20—Tp(+2)]g(@(z+ ct))dzdyds
0 0

Lemmad4.2.Letc>0,8>0and p € BC(Ry,R,). Ifu € BC([—1,00) X R, R}) is a solution
of (2.2) such that u(t,x + ct) > ¢(x) for all (t., x) € [-7, B] x Ry, then, for any I € N and
i €[1,I1NN, we have u(t,x + ct) > (QZ’o s )& @l(x) forall (t,x) € [% +G0—-Drt, 8+
P T+1
it] X Ry. In particular, u(t, x + ct) > (Q*° 5 )I[g; ¢1(x) forall (t,x) € [% + I -Dt, b+
CTF7
It] x R, "

Proof. Given I € N, by (2.2) combined with Lemma 4.1 and the fact that u(s, x + ¢s) > ¢ (x)
for all (s, x) € [—7, B] X [cT, 00), we have, for any (¢, x) € [0, 8+ 7] X R4,

t
ut,x +ct)=T@)[pl(x +ct) + /L/ T —s)[K[f(u(s—1, )N]]x+ct)ds
0

t

=TO[Pl(x +c1) + M/ Tt —s)[K[guls — 7, )](x +cr)ds
0
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t

> M/ Tt —s)[K[guls — 1, NI(x + ct)ds
0
> Hlgiu(, DI, x +c1)

> (Qeplg; #l(x).

Thus u(t, x +ct) > Q"o 5 [g; #1(x) for any (¢, x) €[ 1+I , B+ 7] x R4 due to the monotonicity

of 0[g; ¢1(x) with ¢ e R+, leading to the conclusion for i = 1. Let

Ij‘ﬂ_[lj—i-—ﬂl—i_u_l)f B+ jtlforall je[l,[I]

and
i*=supfi €1, I]ﬂN u(t,x +ct) > (Q P )][g;¢](x) forall j € [1,i]
C 147
and (r,x) e lj g x Ry}

Then i* > 1 and u(t, x +ct) > (Q°° ) [g; ¢1(x) forall (z,x) € I;+ g x R_. Ifi* < I, then by
1+
the semi-group property of the solution flow of (2.2), Lemma 4.1, and the choice of i*, we easily

see that, for any (¢, x) € =418 x R4,

u(t,x +ct)
_ i*p g *pc
_u#+i*1<t_l+1_lrx+c( T+ 1 lr>~|—1+1~|—zrc

_r B,
= <t—1+l—lr>[ <1+I )i|(x+ct)

t—ﬁ—i T . .
i / T (: _ 1Z+ﬂ1 _i*t —s) |:K [f(u(s n 1’+ﬂ1 -1, ~))H (x + ct)ds
0
t—{*Tﬂl—z*r
', i B
> / T(t—1+1—zr—s> K[f(u(s+1+l+(l —1)t,-))]i|(x+ct)ds
g L
1— 1B _jxg
T+1 "B . _ "B .
> / T(t—1+1—zt—s> K[g(u(s+1+1+(l —l)t,~))]](x+ct)ds
g L

>H [g;u(-+ eh +i*T,- i| <t— ll+'81 —i*t,x +c(t— ll—i-ﬂl —i*t) + i—fcl +i*rc)
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)g: (Qm%)f*[g; P11(x)

. )
c,t— 5 —i*t c,

= (07 s )”’ [g: $1(x),
which yields a contradiction with the choice of i*. Hence i* = I. This completes the proof. O

The following result produces some a priori traveling-like estimates on nontrivial solutions
to (2.2), which play a key role in the proof of the repellency of the trivial equilibrium, the global
attractivity of the nontrivial equilibrium, as well as the traveling-like asymptotic behavior of
nontrivial solutions to (2.2).

Proposition 4.1. Suppose that ¢ € [0, c*(f)). Then there exist gy > 0, Ty > 4, and T* > Ty such
that, for all ¢ € (0, &), T € [Ty, 00), o € [0, c], and solutions u : [—t,00) x R — [0, M + 1]
of (2.2) satisfying u(t,ot + x) > ehT (x) for all (¢t,x) € [—7,T*] x R, we have u(t,ot + -) >
ehT (x) forallt e Ry and u(t, ot +-) > eh’ forallt € (T*, c0).

Proof. Obviously, there exists § € (0, 1) and §* € (0, f/(0) — 1) such that (1 + §*)8 < u*, ¢ <
c*(g) <c*(f)and f(u) > g(u) forall u € [0, M + 1], where g : Ry — R is defined by g(u) =
(1 4 8*) min{u, §} for all u € R. Then for this g, clearly g(eu) > eg(u) for all u € [0, 1 + M]
and ¢ € [0, 1]. By applying Proposition 3.2, we know that there exist no € N and 79 > 4 such that
(0™ g: e*hT] > 2¢*hT with e* = W for all B, T > 19 and o € [0, c].

Let & = W’ To = ty, and T* = (1 + ng)tg + not. Suppose that ¢ € (0,e9], T €

[Ty, 00), o € [0, c], and a solution u : [—7,00) x Ry — [0, 1 + M] of (2.2) with u(t,ot +

) > eh® for all t € [—1, T*]. It follows from Lemma 4.2 that, for any ¢ € [T*, T* + not],

we have u(t, o1 + ) = (0% . Y"[g: ehr] = (O ™lg: ehr] = (0% )lg: &e*hr] =
o T

*no+l
o (Qa TO)"O[gQ e*hy]>2eh”. Let T** =sup{t > 0:u(s,os +-) > eh’ forall s € [0, 7]}. Then
T** > T*4not > T*. We claim that T** = co. Otherwise, T** < 00. By applying the above dis-
cussions, we have u(t,ot + ) > (QZOT**—nor )'lg; ehr] > & (Q(7 TO)”O[g; e*hy] > 2ehT for all
> ng+l
t € [T*, T* 4+not]. Hence, u(t,ot +-) > eh! forall t € [—t, T** 4 not], a contradiction with
the choice of T**. Hence, T** = co. Note that the previous discussions, together with Proposi-
tion 2.1(i) and the definition of A7, also produce u(t, ot +-) > ehT forall r € [T*, 00). O

Define Q4,4 = {(t,x) € Ri t>aando <x <2a 4ot} forall @ > 0,0 € R,. The follow-
ing shows that the positive limit set of any nontrivial solution of (2.2) is far away from the trivial
equilibrium.

Proposition 4.2. Suppose that c € [0, c*(f)). If ¢ € C4 4, then there exist e.,, > 0 and oc y > 0
such thatu?(t, x) > &c ¢ forall (t, x) € Q¢ q,.,, and thus o (¢) > 8¢,ph%e9 ™, where h%¢*°(x) =
1 for all x € [ac,y, 00) and h*-¢**°(x) = 0 for all x € [0, ac ).

Proof. Choose Ty, T*, and &g as in Proposition 4.1. By Proposition 2.1, we may assume that
1+ M >u(,x)>0forall (£, x) e[—1,00) x R.Letey =inf{u®(t,x):t €[—1, T*] and Ty —
1 <x <1+44Tp+ct}and e, =min{eg, &1}. Then &1 > 0, &c, > 0, and u®(t, 0t +-) > 8C,¢hT
forallt € [—7,T*], T € [Ty, 2Tp], and o € [0, c]. It follows from Proposition 4.1 and the choices
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of Ty, T*, and g that u®(t,ot + ) > sc,th for all t e Ry, T € [Ty, 2Tp], and o € [0, c].
In particular, u%(z,x) > e, for all (7, x) € Qcq,, With ¢, = To. This, combined with the
definition of w(¢), implies & > g, ,h%» > forall £ e w(p). O

5. Unique positive heterogeneous steady state of (2.2) and its properties

In this section, we shall establish the existence, limit at 00, uniqueness, and attractivity of
the heterogeneous steady state of (2.2).

Proposition 5.1. Let £ be the set of all nontrivial steady states of (2.2). Then the following
statements are valid.

(i) P£ECXTNCp.
(i) Foranyu e &, u(x) = u(O)e‘/gx forall x € (—o0, 0] and hence lim u(x)=0.
X—>—00

(i) If f> = f o f has a unique positive fixed point u*, then lim u(x) = u*.
X—>0

Proof. (i) Clearly, £ C X§ N Cp due to Proposition 2.1 if £ # ). Next, it suffices to prove
& # . Note that by (H1), there is an € € (0, M) such that f'(x) > 1 for all x € [0, epq] and
f(earq) =min f([ep, M]). Define f: Ry — R4 by

- fw, w0, ep),
fuy= { FlenD.  uelens o).

Then by Proposition 2.2, we have ®(z, ¥; f) < d(, p; f) < ®(t, ) forall (1, ) €e Ry x Cpg
and ¥ € Cpq with ¢ < ¢. Choose ¢* € C with ¢* < M and let g,+, T,,+ defined as in Propo-
sition 4.2 with f replaced by f. Then w(¢*; f) > a(p*hTW*"X’, and hence w (¢*; f) C C;NCpm.
Let A={p € C+ : w(¢*; f ) < ¢ < M}. Clearly, A is a nonempty, closed, and convex subset in
C such that g,«h"¥**>° < A C C3 and & (1, A) € Aforallt > 0.

Let g7 (B) £ co(®(T, B)) for any B < A and T > 0. Then by the induction, we have
O(T, (g7) 1 (A) C (gr)¥(A) € (g7)* ' (A) for any positive integers k and T > 0. We claim
that there exists a compact convex subset A7 in A such that ®(T, A7) € Ar forany T € I £
{2%—1? :i=1,2,---}. Indeed, by Proposition 2.1-(v) and the fact that ®(z, ¢)(0, x) = u?(t + 0, x)
for all (7,6, x) € [0, 00) x [—7,0] x R, we know that gT(A)|[7§,0]x]R< is precompact in Cfg,o
for any T € I. By applying Proposition 2.1-(v) and the fact that ®(z, ¢)(60,x) = u¥(t + 6, x)
for all (#,6,x) € [0,00) x [—7,0] x R repeatedly, for any 7 > O and positive integers i, k, [

with [ <k <3 and T = é—f, we may conclude that (gT)k(-A)|[(%—1)T,(1—1)T]XR is precom-
. 3i k . .
pact in C(%_I)T’(I_I)T forall/ <1+ 5 and (gr) ('A)|[(%—l)T+r,(1—l)T+r]><R is precompact in

C

DT 4r.(-DT 41 foralll > 1+ % These, combined with some simple computations, imply

that (g7) (A) is precompact in C. Let Ar = (g7)> (A). Then A7 is a compact convex sub-

set in C such that ®(T, Ar) € Ar. By the Schauder fixed point theorem, there is Y7 € Ar

such that (7T, ¥7) = ¥r. According to Proposition 2.1-(v) and the fact that {¢7 : T € I} =

OQ2t, {Yr: T € 1}) C D27, .A), we know that {ty7 : T € I} is pre-compact in C, and thus there

exist ¥ € A and a sequence {7y} in I such that Tlimo Y1, = Y. For any t € (0, 00), there ex-
k*)
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ist r¢ € [0, T;) and a nonnegative integer Ny such that t = N; Ty + rr. Obviously, klim rr = 0.
— 00
Hence, (¢, %) = klim O, Y1) = klim ®(ry, Y1) = ¥, which implies that u Lyefisa
—00 —00

positive steady state, located in C§ N Cpq of (2.2).
(ii) Suppose that u € £. Then by (2.1) and the definition of K, we easily see that ||u||y~R) <

"
oo and du” (x) = pu(x) for all x € (—o0, 0]. Thus, u(x) = u(O)e‘/;x for all x € (—o0, 0], which
implies lim u(x)=0.
X—>—00
(iii) Let @ = limsupu(x), u = liminfu(x) and I = [u,u]. Then by u > eh’->° for some
X—> 00

X—> 00
gand T € (0, co) due to Proposition 4.2, we have u > 0 and thus 7 C (0, 00).

Define ¢ = liminf¢ (x), ¢ =limsup¢ (x) and P[¢](x) = [ ¢(V)[p(x —y) — Ap(x +y)ldy

X—>0
for all x € R4 and ¢ € X, where L >0, p: R — R, is a continuous and even function on R

such that fR p(y) =1 and p is decreasing on R . According to the proof of Proposition 3.3 in
[62], we may obtain that ¢ < Plp] < m <¢forall ¢ € Xy.

If u is a positive steady state of (2.2), then uy =T (¢#)[u4+]+ 1 fot T —s)[K[f(u+)]lds for
any ¢ € R. This, together with the above claim, implies that

t

gizefwsanu£r%u/?*M“”sa—snKU%wunm
0

t

>e My + M/ff“(H)Mds
0

t

zé”@i+u/é““”fwn$
0

=e Muy + (1 —e™) fuy).

Thus, Uy > f(uy), and a similar argument yields u+ < f(u4). Consequently, I € f(I). But,
by (H1) and the assumption that f2 = f o f has a unique positive fixed point u*, we know that

o0
there is a closed integer J such that I € J C (0,00), f(J) S J,and I € [ f"(J) = {u*}. So,
n=0
I = {u*}. In other word, liminfu(x) = limsupu(x) = u*. The proof is completed. O
X—00 x—00

In the following, we denote by u., the positive steady state of (2.2) obtained in Propo-
sition 5.1-(i), and let u* = [|luy||. To address the attractiveness of u, we further need the
following conditions on the nonlinear function f (in addition to (H1)), see [60,62]:

(H2) f(u) < f'(O)u for all u € (0, c0).
(H3) For any closed interval [a, b] # {1} with 0 < a < b < oo, either (i) G((0, ui] X [a, b]) C
(a,00) or (i) G((0, u* ] x [a, b]) € (0, b), where G : (0, u* ] x (0, 00) — (0, 00) is defined

by Gk, u) = L.
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Theorem 5.1. Assume that (H2) and (H3) hold. Then (2.2) has a unique positive steady state
u4 which attracts all solutions of (2.2) with the initial value € Cy4, in the sense that

o0

tﬂ)rgolll(u'/’)z —uyl|l =0 for all Y € Cyy, where |[lpll] = 3 27" sup{lp(®,x)| : (0,x) €
n=1

[—7,0] x (—o0, n]} forall p € C.

Proof. The existence of u is already established in Proposition 5.1-(i), and the uniqueness will
be a consequence of the global attractiveness of u4 in C4 . So, we firstly need to show that u
attracts all solutions of (2.2) with the initial value ¢ € C4 4.

Suppose ¥ € C44. Let a* = sup{a > 0: ¢(0, x) > auy (x) for all (¢, x) € () x R4} and
b* =inf{b > 0: bu (x) > ¢(0, x) for all (¢, x) € w(¥) x R1}. By the choices of a*, b*, Propo-
sition 2.1, Proposition 4.2, and Proposition 5.1-(iii) give 0 < a*uy(x) < ¢(0,x) < b*uy(x) <

oo for all (¢, x) € w(¥) x Ry. Hence, we have a*u,(0) < lim u¥(¢,0) < tlir(r)lou‘/’(t,O) <
t—00 -
b*u4(0), which implies that for any € > 0, there exists 7 > 0 such that (a* — €)u;(0) <

u?(t,0) < (b* + €)uy(0) for all £ > 1. Let M = max{M, ||V||, (b* + eu’ } and v(r,x) =
(b* + €)uy(x) —u¥ (t + 1, x) + Me ™ for all (r,x) € R x R. Then v(z, x) satisfies the fol-
lowing equation:

%(r,x) = dux,(t,x) — pv(t, x), (t,x) € (0,00) x (—00,0),
v(t,0) > 0, reRy, 5.1
v(0,x) > O, x € (—o0,0].

Then by the Phragmén-Lindel6f type maximum principle in [37], we have v(¢,x) > 0O for
all (t,x) € Ry x (—o00,0]. These imply that tl_i)rgo(inf{(b* + euy(x) — uV @t +1,x):x €
(—00,0]}) > 0. This, together with the definition of w(y) and arbitrariness of €, implies
oY) < b*uy. Similarly, we have w () > a*u .

Now, we shall prove that a* = b* = 1. Otherwise, a* # 1 or b* # 1. We shall show that this
is impossible. By the assumption (H3) with [a, b] = [a*, b*], we know that either (I) f(ku) >
a* f(u) for all (k,u) € [a*,b*] x (0,u’] or () f(ku) < b*f(u) for all (k,u) € [a*, b*] x
©,u?].

We only consider (I) since we are similarly led to a contradiction for (II). By (I), there exists
& > 0 such that f(ku) > a*f(k) + ¢ for all (k,u) € [« u’ ] x [a*, b*]. Proposition 5.1-(iii)
shows that there is 77 > 0 such that u (x) > % for all x > T}. This, together with w ({¥) > a*u
and the invariance of w(v/), implies that b*u’y > ¢(—7,x) > ”*2“* for all (x, @) € [T}, 00) X
() and thus f(p(—1,-)) —a* f(uy) > eh’> for all ¢ € w (). Note that K[ f (p(—1,-)) —
a* fu)]@®) = & [7 [Ty (x — y) = Ty (x + y)Idy for all (x,9) € Ry x @(¥). Thus, there is
T, > Ty such that K[ f(p(—1,-)) —a* f(uy)](x) > £ for all (x, @) € [T, 00) X w (). Let us

Ny
define n : R%r xw(P)xR —Rbyn(t,x,¢,a)=u?(t,x+T)—a*ur(x+ 1) — % +ae \/;x+
ae™™ forall (1,x,9) € RY x w(¥). Then n(-, -, ¢, 5 + a*u*) € BRY,R) N L°(R3, R) for
all p € w(¥)}. Let

3
(eDEC. g5 +a'ul) e BCRLR) 1p cw(y)).

It follows from the definition of D and (2.2) that £ (¢, x) satisfies the following equation:
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8 (t,x) = die(t,x)—us(t,x),  (t,x) € (0,00) x [0, 00),
£, 00 > 0, teRy, (5.2)
{(O,x) > 0, XER+.

Then ¢(¢,x) > 0 for all (z,x,¢) € Ri X D due to the Phragmén-Lindel6f type maximum
principle in [37]. Hence, there is 73 > T such that u® (¢, x) — a*u4(x) > % for all (¢, x, @) €
[Tz, 00)2 x o (y) Hence the invariance of w () forces that ¢(0, ) — a*uy > %hrwo for all
¢ € w(Yr). From (2.2), we have, for all p € w(¢/) and t > 0,

t
u?(t,") —a*uy =T 0)[u?,)] + M/ Tt —s)[K[f@?(s—1,-)]ds —a*uy
0
=T()[u?0,) —a*uy)
'

+ M/ T(@t—s)K[fW?(s—1,)]—a"K[f(us)]lds
0
> T(0)[u?(0,-) —a*uyl,

and thus u?(t,-) —a*uy € X forall t > 0 and ¢ € w(3). Again the invariance of @ (/) forces
that ¢(0,-) — a*uy € X§ for all ¢ € w(yr), which together with the compactness of (),
implies that there is § > 0 such that ¢ (0, x) — a™u(x) > 8 for all (x, ¢) € [0, T3] x w (). So,
¢(0,x) — a*uy(x) > min{4, %} > 0 for all (x, ¢) € R x w(y), a contradiction to the choice of
a*.

For (II), we are similarly led to a contradiction. Consequently we see that a* = b* = 1 and
hence w () = {u4}.

To prove zlinolo ¥, —uil]| =0, it suffices to prove tlingosup{m‘”(t +6,x) —uy(x)|:
@, x) € [—1,0] x (—o0, 0]} = 0. Indeed, for any € > 0, by Proposition 5.1, thereis 0 = o (¢) > 0
such that u4 (x) < % for all x € (—oo, —o]. In view of the previous discussions, there is t* =
t*(e, ¥) > 0 such that [u¥ (¢, x) — uy(x)| < § for all (z,x) € [t*, 00) x [~0,0]. Let v(t, x) =

se B
wV(t + 15, x — o) — FeV " — max{M, ||| }e™ forall (r,x) € Ry x R. Then by (2.2),
v(t, x) satisfies

W(t,x) = duglt,x) —po(t,x),  (t,x) € (0,00) x (—00,0),
v(t,0) < O, teRy, 5.3)
v(0,x) =< 0, x € (=00, 0].

By the Phragmén-Lindel6f type maximum principle in [37], we easily see that v(¢, x) < 0 for
all (t,x) € Ry x (—00,0]. Hence, u¥ (t,x) < & + max{M, [|¢||~}e #~) forall (¢, x) €
[t*,00) x (—o0, —c]. It follows that there is 1** = r**(e,¥) > t* such that u¥(z,x) <
e for all (¢, x) € [t**, 00) x (—00, 0]. This completes the proof. O

Note that verifying (H3) is the key for applying Theorem 5.1. However since u’} = [[u||x
cannot be explicitly obtained in general, verifying (H3) becomes impractical in applications.
Motivated by [62], we seek a similar alternative condition that is given in terms of f only, as
below:
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(H4) liminf G(k,u; f) = u and IGWIEL) (1 —u) > 0 in (0, £*] x ((0,00) \ {1}), where f* 2

max{f(x) : x € [0, u*]} and G(k, u; f) = %
As a direct corollary of Theorem 5.1, applying Lemma 3.7 in [62], we have the following
theorem.

Theorem 5.2. Assume that (H2) and (H4) hold. If F> = F o F has a unique positive fixed point
u* with F(-) = G(f*, -; f), then uy is a globally attractive positive steady state of (2.2) in C
in the sense that tlim @?); —uy||| =0 forall € Cyq.

—> 00

6. Asymptotic propagation and spreading speed

In this section, we explore the traveling-like asymptotic behaviour of nontrivial solutions in
space-time region. This enables us to develop a unified method for studying spreading speeds
and asymptotic propagation phenomena for (2.2) and (3.3).

The following lemma gives the space-time decision region for large (79, xo).

Lemma 6.1. Forany e >0, y > M, and 0 < a <b < 0o, there exists o = o(€, y,a, b) > 0 such
that (14 €) max f ([a, b]) > u?(t9, x0) > (1 —€) min f ([a, b]) for any (¢, 1o, x0) € Cy, x (@, 00)*
whenever a <uf(t,x) <b forall (t,x) € (tg, x0) + [—0 — 7, — 7] X [—0, 0]

Proof. Note that

x 3 3 00
lim / f ks )l / [y (2)dz — / Iy (2)deldyds = 1
X—> 00

0y

and

Jim (max f(fa, b+ ye * +max £00.yDI2 [ ho()dy+ [ T (2)dzD) =max f(la.bD.

lyl=5 lzI=%

Suppose that € > 0, y > M, and 0 < a < b < co. Then, there exists ¢ = o(¢, y,a,b) >0
such that

0
)

o 5 7
//k(s,y)[/ Fﬁ(z)dz—/f‘ﬁ(z)dz]dyds >1—¢

_@ _@
0 2 2

[S[IS)

and

maXf([a,b])+y€_“"+maXf([0,V])[2/ ko(y)dy + / I’y (z)dz] < (14+€)max f([a, b]).

lyI=% lz1>%
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Let ¢ € C, and (ty, x0) € (0,00)* be such that a < u(t,x) = u?(t,x) < b for all (t,x) €
(to, x0) + [—0 — 7, — 7] X [—0, 0]. By (2.2) and the Fubini’s theorem,

u(to, xo) = u""=(g, xp)

0
> T(0)[u(to — 0. )1(x0) + M/ T(e—9IK[fu(s+10—0—1,))]l(x0)ds
0

0
> M/ T(o—$IKL[f(u(s+1to—0—1,)]l(x0)ds

0
0 o0 00
szk(g—s,xo—y)[/[l"ﬁ(y—z)—Fﬁ(y+z)]f(u(s+to—g—f,z))dz]dyds
00 0

0 oo 00

0 —xo

=//k(Q—S,y)[/[Fﬁ(y—z)—an(y+z+2xo)]f(u(s+to—Q—T,Z+XO))dZ]dde

—Xx0

0 o0 o
> min f([a. b]) / / k(o — 5. I / [Ty (y — 2) — T (3 + 2 + 2x0)1dz]dyds

0 —o -0

[SIS)

o o
> min f (a, b)) / / k(s. )l / [ (y — 2) — To(y + 2 + 2x0)1dz]dyds
0 — -0

%

4 % Q 00
Zminf([a,b])/ k(s,y)[f F@(y—Z)dz—/Fﬂ(erz)dz]dde

0 7% -0 e

0 5 5 00
zminf([a,b])//k(s,y)[/ Fﬂ(z)dz—/l“ﬂ(z)dz]dyds

0 Q Q
) ) 2

> (1 —e)min f([a, b]).
On the other hand, again by (2.2) and Fubini’s theorem, we have

u(ty, xo) = u"0-e (o, xg)

0
=T (o)[u(to — 0. )1(x0) +M/ T(o—$)IKL[f(u(s+10—0—17,)](x0)ds
0
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0
<ye "+ M[T(Q — )[K[f(u(s +10 — 0 —7,-)](x0)ds

=ye "+ /k(Q—s,XO—y)[/[Fﬂ(y—z) — Ty (y + 21 f (u(s + 1o — 0 — 7, 2))dz]dyds
0 0

mo\mo

8]

=ye ¢ +/ / k(s, y)[/ [Ty (y—2) —To(y+z+2x0)1f (u(to — s — 7,z + x0))dz]dyds
0 —xo —X0
4
<ye “Q+/ / ks, y)[f Fo(y — 2 f(ulto — s — 7.2 + xo))dzldyds
0 —xp
Q
<ye 1€ +/ / k(s, y)[/ Ly (y —2) f(u(to — s — 7,2+ x0))dz]dyds
0 —xo -0
0 o0
+/ / k(s, y)I / [y (y —2) f(ulto —s — 7,2+ x0))dz]dyds
0 —xo |z|>0

<ye w+f/k<s y)[/ Fo (v — 20 ulty — s — 7,2+ x0))dzdyds

0 -¢

o o
+ / / k(s )l / Py (v — 2) f(ulto — 5 — 7, 2 + x0))dzldyds
0

0 _
[yI=5 @

0 o0
+//k(s,y)[/ Ly (y —2) f(uto — s — 1,2+ x0))dz]dyds
0 —o©

lzI>0

Q 5 Q
<ye ™ ~I—maXf([a,b])/ / k(s, y)[/ [y (y —z)dzldyds
—e

0 -5
+max f ([0, y )/ / k(s, y)/l“zs(y—z)dzdwr / k(s,y) / s (y — z)dzdylds
0 |y>=% —o0 lzI>o

<ye " +max f(la,b])

e ¢]

o o
4 max £ ([0, y]) / [ / K(s. y) / Lo (y — 2)dzdy + / K(s. y) / Lo (y — 2)dzdylds

0 1y1=% e —o0 lz|>e
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< ye "¢ 4 max f ([a, b])

%
+ max £([0, 1) / 2 / K(s. y)dy + f k(5. v) / Ly (2)dzdylds

0 y=% lyl<% lzI=§

< max f([a, b]) + ye "¢ +max f ([0, y D2 / ko(y)dy + / 'y (2)dz]

14
Iv1=§ lzI=5

< +e&)max f([a,b]). O

Now, we are ready to derive the traveling-like asymptotic behavior of nontrivial solutions of
(2.2) in space-time region.

Proposition 6.1. Assume that > = f o f has a unique positive fixed point u*. Let ¢ € [0, ¢*(f))
and ¢ € C4 4. Then

lim [inf{u?(z, x) : (t,x) € Q} 1= lim [sup{u®(t,x): (r,x) € Q Y] =u",
o— 00 ’ oa—> 00 ’

where QF , = {(t,x) € ]R%_ t>aanda <x <ct}foralla e Ry.

Proof. In view of Proposition 2.1, we may assume that ¢ € C([—7, 0] x R, (0, % + M]) and
hence 0 < u?(t, x) < % + M forall (¢, x) € [—t, 00) x R. By Proposition 4.2, there exist &* > 0
and ¢* > 0 such that u(f,x) > &* for all t > o* and «® < x < 2a* + #
[0, S0, define

t. For any ¢ €

U-(e) = lim [inf(u?(1,) : (1, ) € Q¥ )]

and
Uy(e) = ali)ngo[sup{u‘/’(t, x):(t,x) € Qi )

Then ¢* <U_(e) < Uy(e) < % + M for all ¢ € [0, C*(f%]. Note that UL (e) are monotone

in ¢ € [0, %]. Due to the monotonicity of Uy, we easily see that U4 (¢) are continuous in
"’*(f%]. Therefore, we may

()=
C o L].

e € [0, C*(f%] except possibly for ¢ from a countable set of [0,
assume, without loss of generality, that U_ and U, are continuous at some ¢ € [0,

We claim U_(g) = Uy (g) = u™ for some ¢ € (0, C*(f%]. Otherwise, {U_(¢), Uy (&)} # {u™}
for all ¢ € (0, C*(f%]. In particular, U_(g1) < Uy (e1) or U_(e1) = U4 (e1) # u*. Since f2 has
a unique positive fixed point u*, by Lemma 5.3 in [55], we have max f([U-(¢g1), Uy (e1)]) <
Uy (e1) or min f([U_ (1), U4 (e1)]) > U—(e1). Thus, there is 8; € (0, min{1, Z=E2}) such that
(1+61) max f([U-(e1) =31, U+(e1) +381]) < U4 (e1) or (1 —38;1) min f([U-(e1) — 61, Uy (e1) +
811) > U—(e1).

It suffices to consider the case of (1 + §;) max f([U—(e1) — 81, U+(e1) + 81]) < Uy (e1)
since similarly we may deal with the case of (1 — §;) min f([U-(e1) — 81, U+ (e1) + 81]) >
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U_(e1). In view of the definitions of Ui (1), there is o1 > 0 such that Uy(e1) + 61 >
u?(t,x) > U_(g1) — 8 for all (t,x) € Q* Applying Lemma 6.1 with a = U_(e1) — §1,

cter,aq
b=Us(e1)+ 81, e =381, and y = % + M, there is o = g(¢, y, a, b) > 0 such that u?(¢, x) <
(1 +81)max f([U_(e1) — 81, U4+ (e1) + 81]) when ¢, x € [p, 00) with (£,x) +[—0 — 7, —7] X
[—0.0] € Q7 o, - Suppose ¢ € (0,&1). According to the definition of QF there exists

cte,a

ar > «p such that (f,x) + [—o — 7, —7] X [—0,0] & Qjﬂ]’a] for all (z,x) € QZ-%g,az' So,
u?(t,x) < (1 + 8)max f([U-(e1) — 81, Uys(e1) + 811) for all (¢,x) € Q:+g,a2’ and hence

Ui(c) < (1+8p)max f([U-(e1) — 81, Us(e1) 4 61]). By the continuity of Uy at &1 and letting
T — ¢1, we have Uy (1) < (1 + §1)max f([U-(e1) — 61, Us+(e1) + 81]) < U4(e1), a contra-
diction. Therefore, U_(g3) = U (g2) = u* for some &; € (0, C*(f%] This, together with the
monotonicity of Uy, yields that U_(e) = Uy (e) = U_(0) = U4+ (0) = u™ for all € € [0, &7] and
hence the conclusion follows. This completes the proof. O

The following gives the spreading speeds and asymptotic propagation phenomena for (2.2).

Theorem 6.1. Assume that (H2) and either (H3) or (H4) hold. Then the following statements
hold.

(i) (2.2) has a unique positive steady state u in X§ with liIP u(x) =0and lim u(x) =u*.
X—>—00 X—> 00

(ii) For any ¢ > c¢*(f), if ¢ € C+ has a compact support then
tllngo(sup{u‘p(t, x):|x| >tc}) =0.
(iii) Forany 0 <c <c*(f)and ¢ € C14,
tllrgo(supﬂu“’(t,x) —uy(x)]:—00 <x <tc})=0.

Proof. (i) follows from Proposition 5.1 and Theorem 5.1. For (ii), fix ¢ > ¢*(f) and ¢ € C
with a compact support. Define f Ry — R4 by f(x) = min{ f'(0)x, 1 + ||@||L~ + M} for
all x e Ry. Letc = chw Then by the remark after Proposition 3.1, there is ¢ € X9 such
that ¢ (x — ct) is a travelling wave of (3.3) with f = f such that ¢ (0c0) =0 and ¢p(—00) =1 +
[|@]|Lee + M. Thus, by the compactness of supp(¢), without loss of generality, we may assume
that ¢ < ¢. It follows from ¢ < ¢, Proposition 2.1 and the definition of f that u? (¢, x) < ¢ (x —ct)
for all (¢, x) € Ry x R, which implies

lim max{u?(t,x) : x > tc} < lim max{¢(x —¢t) : x > tc} = ¢p(00) =0.
t—00 t—>00

Therefore, the conclusion holds.

For (iii), suppose that ¢ < ¢*(f) and ¢ € C . For any ¢ > 0, by Proposition 5.1 and Proposi-
tion 6.1, there exists «; > 0 such that |u4 (x) —u*| < % for all x € [a], 00) and |u¥ (¢, x) —u™| <
§ for all (t,x) € Ri with ¢ > oy and @] < x < ct. It follows that [u®(t,x) —us(x)| < ¢
for all (t,x) € Rﬁ_ with # > o1 and o1 < x < ct. Again by Theorems 5.1 and 5.2, we have
ll_i)rgOHu“’(t, ) = Ui ||L>o((—00,0;].R) = O and hence there exists a; > a1 such that [u?(z, x) —
us(x)| < e forall (¢, x) € [arp, 00) X (—00, a1]. In other words, [u?(t,x) — u4(x)| < € for all
t > ap and ¢t > x > —00. So, the conclusion follows. This completes the proof. O
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In terms of the description after Theorem 2.1 in [47], Theorem 6.1 states that if ¢ (x) is zero
for all large values of x, then an observer who moves toward either of the two direction with a
speed above ¢*(f) will see the solution go down to 0, while an observer who moves toward to
the right at a speed below ¢*( f) will see the solution approach u .

Finally, we would like to apply our approach to equation (3.3) on R with the initial value
¢ € C4+. This allows us to easily re-establish those results on spreading speed and traveling wave
fronts for (3.3) with monostable nonlinearity.

To begin with, denote the solution of (3.3) on [—7, 00) by u?(t, x). Then, by a similar proof
in Lemma 6.1, we may obtain the following lemma.

Lemma 6.2. Forany e >0, y > M, and 0 < a < b < 00, there exists o = o(a, b, €, y) > 0 such
that (1 + e)max f([a, b]) = u?(to, x0) = (1 — €)min f([a, b]) for any ¢ € C, and (to, x0) €
(0, 00) x R whenever a < i%(t,x) <b forall (t,x) € (ty, x0) + [—0 — T, —7] X [—0, 0].

The following theorem gives the basic results for (3.3) on the spreading speed and travelling
waves for monostable reaction-diffusion equations R in the line [2,21].

Theorem 6.2. Suppose that (H2) holds and f?> = f o f has a unique positive fixed point u*.
Then the following statements are true.

(i) For any c > c*(f), there is ¢ € XS such that ¢ (x — ct) is a travelling wave of (3.3) with
¢(00) =0 and ¢p(—o0) = u*.
(i1) For any ¢ > c*(f), if ¢ € C4 has a compact support then

lim (sup{a®(t, x) : |x| > tc}) =0.
—00
(iii) ForanyO0<c <c*(f) and ¢ € Cy,
lim (sup{|a?(t,x) —u™| : |x| <tc}) =0.
—>00

Proof. (i) follows from Remark 3.1 and (ii) follows from a similar discussion in the proof of
Theorem 6.1-(ii).

(iii) Fix ¢ € C4 and ¢ < ¢*(f). We claim that there exist k = k (¢) > 0, a* = a*(¢) > 0, and
b* = b*(p) > 0 such that b* > ii? (¢, x) > a* for all (¢,x) € R; x R with ¢t > « and |x| < ct.
Indeed, letting b* = b*(¢) = max{M, ||| =}, we know that, by Proposition 2.1, there exists
k1 = k1(¢) > 0 such that b* > u?(¢, x) for all (¢,x) € [k, 0) x R. Note that there is €y =
€o(p) € (0, 1) such that f/(u) > f/(0) — g > 1 for all u € [0, €y], f(eo) = min f([€g, b*]), and
¢ < c*(f) where f: Ry — R is defined by

f(u) = (f/(0) — €p) min{u, o} forallu e R .

By Theorem 6.1 with f = f, there is ¢* € X such that ¢*(00) = €o(f'(0) — €o) and

[E)r&(supﬂu‘p(t, x)—¢*(x)|:x <tc})=0.
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Hence, by letting a* = a*(¢) = %min{q&* (x) : x € R4}, there exists k = k(@) > k1 such that
a* <u®(t,x) <u®(t,x) for all (¢,x) € [«1,00) x Ry with |x| < ct. These, together with the
fact that % (t, —) = =) (¢, -) satisfies (3.3), yield the above claim.

Letp(e) = tl_i)Tgomax{zZ‘”(t, x) x| <t(c+e)}and p(e) = lim min{u?(#, x) : |x| <1(c+e)}

t—00
for any ¢ € [0, ‘*(f%] Then by the above claim, we have co > b* > @(e) > ¢(¢) > a* >
0 for any ¢ € [0, C*(f%] By using similar discussions in the proof of Proposition 6.1 with

Lemma 6.1 replaced by Lemma 6.2, we easily see that there exists an & € [0, %] such
that p(&) = @(¢) = ¢(0) =9 (0) = u* for all ¢ € [0, £1] and hence the conclusion of (iii) follows.
This completes the proof. O

7. Examples

In this section, we illustrate the results of Theorems 6.1 and 6.2 by considering two con-
crete examples, that is, the non-local diffusive Nicholson’s blowflies equation and the non-local
diffusive Mackey-Glass equation.

Example 7.1. Consider the following birth function for (1.3) and (1.4):

pu
14+ un

b(u)= (7.1)
where p and n are all positive constants. This function was initially used by Mackey and
Glass [30] to model the blood cell production in an ordinary differential equation model. Since
then various modified models have been proposed and studied by many researchers. One of the
main topics on these models is the stability of a positive equilibrium, accounting for a long term
stable blood concentration level. See, for example, [22,59] and the references therein.

By applying Lemma 4.1 in [62] and Theorem 6.1, we then immediately obtain the following
results for (1.3) with b(u) given by (7.1).

Theorem 7.1. If pe > d,, and

pe (pe)'(n — "~ 4 ndl }

n < max ;
{PE —dp, (pe)*(n — !

then there is ¢** > 0 such that the following statements hold for (1.3) with b(u) given by (7.1).

(i) (1.3)=(7.1) has a unique positive steady state uy in X3 satisfying lim u(x) =0 and
X—>—00
lim u(x) = [254m)1/n,
X—>00 mn

(ii) For any ¢ > c**, if ¢ € C4 has a compact support then
lim sup{u®(z,x):|x| >tc} =0.
—00

(iii) Forany 0 <c <c** and ¢ € C11,

tlim (sup{|u®(t,x) —u,(x)|: —o00 <x <tc})=0.
—00



T. Yi, X. Zou/J. Differential Equations 268 (2020) 1600-1632 1629

Applying Theorem 6.2 and taking advantage of the proof of Theorem 4.2 and Remark 4.3 in
[59], we then obtain the following results for (1.4)—(7.1).

2pe
e—d,,

Theorem 7.2. If pe > d,, and n < max{2, }, then there is c** > 0 such that the following

statements are valid for (1.4)—(7.1)
(i) Forany c > c**, there is ¢ € XS such that ¢ (x — ct) is a travelling wavefront of (1.4)—~(7.1)
with ¢ (00) =0 and ¢ (—o0) = L4211/,
(ii) For any c > c**, if ¢ € C4 has a compact support then

lim (sup{z¥(z, x) : |x| > tc}) =0.
11— 00

(iii) Forany 0 <c <c** and ¢ € Cq,

pe — dp 1/n
dm

u?(t,x) — [

lim sup! :|x|§tc]=0.
1—>00

Example 7.2. Consider the following so-called Ricker birth function for (1.3) and (1.4)

b(u) = pue™", (7.2)

where p is a positive constant. This birth function has been used in the Nicholson’s blowfly
equation and its variations as well as in many other models for, e.g., fish population dynamics.
See for example, [18,19,9,26,27,24,34,38,39,58,60,62] and the references therein.

Applying Lemma 4.2 in [62] and Theorem 6.1, we obtain the following results for (1.3) with
the birth function given by (7.2).

Theorem 7.3. If 2ed,, > pe > d,, then there is ¢** > 0 such that the following statements hold
for (1.3)—(7.2).

(i) (1.3)=(7.2) has a unique positive steady state uy in X with lim u(x) = 0 and
X—>—00

lim u(x)=InZ=
X—00 m

(i1) For any ¢ > c¢™*, if ¢ € C4 has a compact support then
lim sup{u®(t,x):|x| >rtc} =0.
t—00
(iii) Forany 0 <c <c** and ¢ € C1+,
lim sup{|u®(t, x) —uy(x)|: —00 <x <tc}=0.
—00

Applying Theorem 6.2 and making use of the proof of Theorem 4.1 and Remark 4.3 in [59],
we then obtain the following results for (1.4) with the birth function given by (7.2).

Theorem 7.4. If ¢%d,, > pe > dy,, then there is ¢** > 0 such that the following statements are
valid for (1.4)—(7.2).
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(1) Foranyc> c**, thereis ¢ € X§ such that ¢ (x — ct) is a travelling wave of (1.4)—(7.2) with
¢ (00) =0 and p(—o0) =In %.
(ii) Forany c > c**, if ¢ € Cy4 has a compact support then

lim sup{u?(z, x) : |x| > tc} =0.
—0o0

(iii) Forany 0 <c <c*™ and ¢ € Cy,

- pE
14 t, —In—
u?(t,x)—In

lim sup{ :|x|§tc}=0.

11— 00
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