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Abstract

The dynamics of the reaction-diffusion-advection population models with linear boundary condition has
been widely studied. This paper is devoted to the dynamics of a reaction-diffusion-advection population
model with nonlinear boundary condition. Firstly, the stability of the trivial steady state is investigated by
studying the corresponding eigenvalue problem. Secondly, the existence and stability of nontrivial steady
states are proved by applying the Crandall-Rabinowitz bifurcation Theorem, the Lyapunov-Schmidt reduc-
tion method and perturbation method, in which bifurcation from simple eigenvalue and that from degenerate
simple eigenvalue are both possible. The general results are applied to a parabolic equation with monostable
nonlinear boundary condition, and to a parabolic equation with sublinear growth and superlinear boundary
condition. Our theoretical results show that the nonlinear boundary condition can lead to the occurrence of
various steady state bifurcations. Meanwhile, compared with the linear boundary condition, the nonlinear
boundary condition can induce the multiplicity and growing-up property of positive steady-state solutions
for the model with logistic interior growth. Finally, the numerical results show that the advection can change
the bifurcation direction of some bifurcation, and affect the density distribution of the species.
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1. Introduction

In this paper, we consider a general reaction-diffusion-advection population model with non-
linear boundary condition as follows:

u;=V-[dVu —auVPx)|+ F(x,u)u, xe€Q,t>0,
doju —aud; P = B(x, u)u, x€o2,t>0, (1.1)
u(x,0) =up(x) >0, xeQ.

Here u denotes the population density of species u at location x and time #; the habitat Q2 €
RY (N > 1) is a bounded domain with smooth boundary 9€2; 7 is the outward normal vector
on the boundary 9€2. The linear term —dVu + auV P(x) with respect to u is called the flux
of species u at location x and time ¢, where the parameter d > 0 is the random diffusion rate
of species u, the non-constant function P may account for the abundance of a resource for the
species u and hence the second term presents a resource driven advection effect with a being
the advection rate. The reaction term F(x, u)u stands for a general growth rate of species u. Our
boundary condition of the form above means that when B(xq, #)u > 0 for some x¢ € 9€2, the
inflow rate of the population at the point xq to the region 2 is determined by B(xg, u)u, while
when B(xg, u)u < 0 for some xo € 9€2, the individuals are taken outside the habitat at a rate
— B(xp, u)u once they reach the boundary point xo. Throughout this paper, we always assume
that F, B and P satisfy the following conditions:

(H1) FeC"t(Q xR), BeC't?0Q x R) and P € C* () for some 6 € (0, 1).

System (1.1) has important applications in several different biological scenarios. For instance,
when P(x) =m(x), F(x,u) =m(x) —u, B(x,u) =0, (1.1) reduces to

u; =V -[dVu —auVmx)]| +ulm(x) —u], xe€Q,t>0,
dozu —aud;m =0, x€dQ,r >0, (1.2)
u(x,0)=upx), x €,

where m(x) stands for the intrinsic growth rate of species u. Here the movement of species u is
assumed to be a combination of random diffusion and directed motion upward along the gradient
of the resource m(x) reflected by describing the flux of species u at location x and time ¢ as
—dVu + auVm (see [9]). It is known that persistence or extinction of species # in model (1.2)
depends on the sign of the principal eigenvalue 71 of the linearized problem at u =0 [12]:

V- dVYy —ayVmx)]+mx)y +t¢ =0, xeQ,

dozyr —ayo;m =0, x € 092.
If 71 > 0, then u = 0 is stable and the population become extinct in the long run; if 7; < 0, then
u = 0 is unstable and the population grows exponentially near u = 0 at the rate of e~ %!’ Bel-
gacem and Cosner [9] and subsequent work [19] have also shown that advection along resource
gradients is beneficial to the persistence of a single species in convex habitats, while it is not nec-

essary for non-convex habitats. One can refer to [14,15,17] for two competition species model
with this type of advection term.
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In a wide variety of environments, individuals are influenced by a constantly unidirectional
flow (advection) which drives them out of the system, resulting in population decline. One of the
most striking example is the aquatic organisms living in streams and rivers, where their dispersals
are affected by the downstream water flow (see [30,33,34] and their references). If we consider
a segment of river described by the interval (0, L) and let P(x) =x, F(x,u) =r(x) —u,Q2 =
(0, L), B(0,u) =0and B(L,u) = —ba, where b is positive constant, then (1.1) becomes

U =duyy —auy +ulr(x) —ul, xe(0,L),t>0,

du,(0,t) —au(0,t) =0, t>0, (1.3)
du,(L,t) —au(L,t) =—bau(L,t), t>0,

u(x,0) =ug(x), x€(,L).

Thus, Eq. (1.3) describes the population dynamics of a single species in such a river segment.
Here at the upstream end x = 0, the no-flux boundary condition is assumed, meaning that no
individuals will pass through this boundary. While at the downstream end x = L, the boundary
condition contains a parameter b > 0 that measures the loss rate of individuals at the boundary
relative to the flow rate (see [37] for a detailed derivation). Likewise, for model (1.3), the dynam-
ics of species u is determined by the sign of the principal eigenvalue v; of the linearized problem
atu=07[12]:

dYxy —ayx +r(X)Y +vy =0, x€Q,
dyrx(0) —ay(0) =0,
dyri (L) —ay (L) = —bayr(L).

Moreover, in the case of homogeneous environment, i.e. r(x) = const, one can see from [42]
that there always exists a critical advection rate such that the species can persist if and only
if its advection rate is less than the critical rate. Recently, the dynamics of two species model
with this type of advection term has been systematically studied by several authors, see, e.g.,
[41-43,66,67].

Note that in both (1.2) and (1.3), the reaction terms are logistic growth; and moreover, the
functions prescribing the fluxes on the boundary are assumed linear in u (i.e., B(x, u) is inde-
pendent of u). In such a case, either there is no positive steady state and u = 0 is globally stable
among nonnegative solutions, or there is a unique positive steady state which is globally stable.
However, it was pointed out in [18] that any coefficient in a reaction-advection-diffusion model
or its boundary conditions could depend on population density, leading to model of the form
(1.1). When the function B(x, u) is density dependent, properties of solutions may be dramati-
cally different and bifurcation theory is a useful tool in this case. The current paper is devoted
to study the more general model (1.1) in high spatial dimensions, where the interior reaction
function F (x, u)u and boundary reaction function B(x, u)u are both nonlinear with respect to u.

1.1. Motivation and related work
Recently, Liu and Shi [38] studied the following scalar reaction-diffusion equation with non-
linear boundary condition (which can be viewed as a special non-advective version of the above

model (1.1),1.e.,d=1,a=0, F(x,u) = Xk(x) f(u), B(x,u) = Ar(x)b(u))
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ur=Au+rk(x) f(wu, xeQ,t>0,
ozu = Ar(x)b(u)u, x€d, >0, (1.4)
u(x,0) =ug(x) >0, x €,

where all parameters, biologically, can be understood in the same way as that in model (1.1), and
the nonlinear boundary condition has the same meaning as that in model (1.1). Explored in [38]
is the bifurcation of nontrivial steady state solutions of model (1.4) by applying some abstract
local bifurcation theory in [20,21,39,40] as well as the global bifurcation theory in [49,54].

There are several aspects of investigations on reaction-diffusion models with nonlinear bound-
ary conditions. The well-posedness and asymptotical behavior of solution are considered in
[6,7,50-52]; the blow-up profiles of solutions are studied in [29,36,62]; and the boundary layer
solutions are constructed in [8,11,22,23]. Existence, uniqueness and stability of steady state so-
lutions for some special problems are also studied by using bifurcation method and other related
methods [13,16,45,46,56-58,60,61]. Confined to (1.4), for example, when f (#) = 0 and the non-
linear term b(u)u is logistic type, it is considered in [31,45,47]; when f (u)u is logistic type and
b(u)u is superlinear type, it is considered in [13,16,57,58,60,61]. In these works, existence of
positive branches of trivial solutions and their asymptotic behavior and stability under nonlinear
boundary conditions are studied.

Motivated by the work of [38], a natural and fundamental question in this research direc-
tion would then be asked: can we establish a general bifurcation result for reaction-diffusion-
advection model with nonlinear boundary condition, parallel as that for the non-advective model
(1.4)? Having this question in mind, we then turn to discuss the dynamics of model (1.1).

1.2. Variable transformation and organization of the paper

For the convenience of analysis, we first make a variable transformation. Letting & =
e/ DP®)y t = F/d, denoting A = 1/d, @ = a/d, and dropping the tilde sign, model (1.1) is
transformed to:

ut=e_°‘P(x)V~[e“P(x)Vu]+kf(x,u)u, xe,t>0,
oiu =AB(x,u)u, x€0Q,t>0, (1.5)
u(x,0) =ugp(x) >0, x e,

where f(x,u) = F(x, e*P®y) and B(x, u) = B(x, e*P®u). The steady state solutions of (1.5)
satisfy

-V. [e"‘P(x)Vu] = Ae“P(x)f(x, wu, x €L,

(1.6)
oiu = AB(x, u)u, x € 082.

It is easy to see that (1.5) has a trivial steady state # = 0 for all > > 0. That is, (1.6) has a line of
trivial solutions

To:={(x,0): 1> 0} (1.7)

in the A — u plane. For other steady states, note that when A =0 (i.e. d — oo in (1.1)), any
constant u1 > 0 is a solution to (1.6). Hence (1.6) possesses the second line of trivial solutions:

4
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Ty, :={(0,u1):u; >0,u; €R} (1.8)

in the A — u plane.

In Section 2, we show some results for an eigenvalue problem with an indefinite weighted
function, which play an important role in studying the stability and bifurcation of the steady state
solutions of (1.5). Section 3 is devoted to the stability of the trivial steady state u = 0 of (1.5) by
establishing the relation between the sign of the principal eigenvalue (X, #) of (3.1) and the
stability of steady states to (1.5). In Section 4, we derive three types of bifurcation phenomena
and calculate the bifurcation direction and stability of the bifurcating positive steady states. These
results indicate that non-trivial solutions of (1.6) can emerge from I'g at some bifurcation point
(A, u) =(A1,0), or from I',, at some (A, u) = (0, u1). In a special case, non-trivial solutions can
also emerge from (A, u) = (0, 0), the intersection point of I'g and I',,, . Moreover, for illustration
of our general results, we consider two examples of (1.5) in Sections 5 and 6 respectively and
they are

(i) a parabolic equation with nonlinear boundary condition and monostable nonlinearity:
f(x,u)=0and B(x, u)u = r(x)b(u)u with b(u) satisfying b(0) > 0 and b(1) =0 > b'(1)
(see Section 5); and

(ii) a parabolic equation with sublinear growth and superlinear boundary condition: f(x, u)u =
k(x)(u —uP) and B(x, u)u =r(x)u? with p, g > 1 (see Section 6).

Finally, we summarize and discuss our results in Section 7.
Throughout the paper, we use the following notations. To consider the solutions of (1.6) in

1

a functional setting, we define X = WA(Q), Y = L!(Q) x WII_T(E)Q), with [ > N. Denote the
norm of the Banach space X by || - ||, and the duality pair of a Banach space X and its dual space
X* by (-, -). The notations N (L) and R(L) are used to denote the null space and the range space
of linear operator L, respectively. Let L[w] denote the image of w under the linear mapping L.
For a multilinear operator L, we denote by L[wi, wa, --- , wi] the image of (wy, wa, -+, wk)
under L, and when w; = wy = --- = wg, we use L[wl]k instead of L[wq, wy, -+, wg]. For a
nonlinear operator F, we let D, F denote the partial derivative of F with respect to u.

2. An eigenvalue problem with indefinite weighted function

In this section, we want to study the principal eigenvalue of an eigenvalue problem with
indefinite weighted function. For this aim, we first comprehend the principal eigenvalue of the
following linear eigenvalue problem for an eigenvalue @ (1):

—e POV [POVG] = Ag(x)p + n()P, x €,

@2.1)
07 = Lh(x)@, x €9,

where g € C?(Q) and h € C1T7(32),0 < 0 < 1 are Holder continuous functions in the closed
domain Q and on the boundary 82, respectively. Here, g and 4 may be both sign-changing, P is
the same as in (1.1).

Now we state the following theorem concerning the existence of principal eigenvalue of (2.1)
and its properties.
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Theorem 2.1. Assume that either supg g(x) > 0 or supyq h(x) > 0. Then we have the following
conclusions:

(i) Forany ) € R, problem (2.1) has a unique principal eigenvalue (1 ()\), which is character-
ized variationally by

Ml(k):inf{ /eap(x)|V¢|2dx —A/eap(x)g¢2dx —,\/e‘””<x)h¢2ds:¢ e H'(Q),

Q Q R

feap(x)¢2dx — 1}

Q
2.2)
Here dS is the surface element of 0S2.
(ii) The mapping A +— 1()) is concave and satisfies jL1(L) — —o0 as A — Q.
(iii) Ifo gdx + fasz e*POndS < 0, then the principal eigenvalue j11(X) has a unique local
maximum (i.e. global maximum) with respect to A. Moreover, the sign of the unique global
maximum point is equal to that of —([o, gdx + [, e hdS), if it exists.

When n(2) =0, (2.1) becomes an indefinite weighted eigenvalue problem as follows:

—e Py . [e"‘P(x)qu] =xg(x)p, xeq,

2.3)
¥ = Ah(x), x €9

We say that A is a principal eigenvalue if (2.3) admits a positive solution (Notice that 0 is always
a principal eigenvalue of (2.3)). The following theorem provides the existence and nonexistence
of nonzero principal eigenvalue A (g, h) of (2.3).

Theorem 2.2.

(i) Assume that either supq g(x) > 0 or supyq h(x) > 0. Then the problem (2.3) has a unique
positive principal eigenvalue A1(g, h) if and only if
/eap(x)g(x)dx +/e°‘P(x)h(x)dS <0, (2.4)

Q Q2

and it can be characterized by the following form

fQ eOlP(X)|v¢|2dx
fQ eotP(x)g¢2dx + faQ eaP(x)h¢2dS

f "W gpdx + [ e*"Ohg?dS > 0}.

Q 02

‘e H (),

A (g, h) = inf{
2.5)

6
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(ii) Assume that either infq g(x) < 0 or infyq h(x) < 0. Then the problem (2.3) has a unique
negative principal eigenvalue A1(g, h) if and only if

/eap(x)g(x)dx +/e“P(x)h(x)dS > 0.
Q R
(iii) Assume that either g(x) is sign-changing in Q2 or h(x) is sign-changing on 0. If

/eap(x)g(x)dx +/e°‘P(x)h(x)dS=O,
Q a0

then O is the unique principal eigenvalue of (2.3).
2.1. Proof of Theorem 2.1

We will prove Theorem 2.1 by a variational argument similar to [55, Chapter 11]. Consider
the minimizer of the functional

Si :=/e°‘P(x)|V¢|2dx —k/eap(x)gqﬁzdx —k/e“P(x)h¢2dS,
Q Q a2

where ¢ € H' () and fQ P p2dx = 1. Recall the following result from [1, Lemma 1].

Proposition 2.3. For any & > 0, there exists a positive constant C (¢) such that

/¢2dS§s/|V¢|2dx+C(s)/¢2dx, Vo € H(Q).
I Q

Q

Now we prove the following lemma.
Lemma 2.4. S, has a lower bound.

Proof. It follows from Proposition 2.3 that if [, e ¢2dx = 1, then it holds that

IMC(&)e*P @]l cra)

v ming P (x)

x/e“”x)hqﬁzdS Sslkllleo‘P(")hIIC(m)/|V¢|2dx+
Q2 «

Thus we have

IAC@)e* " Ohlcpn

o ming P (x)

S > (e“mmﬁ”") —s|x|||e“”x>h||c<am) / Vo dx — Mgl e — ,
Q

This lemma is now proved if we take & small enough such that e|A|[e*P (x)h”C(aQ) <
eaminﬁP(x). 0
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We are now in a position to prove Theorem 2.1.

Proof of Theorem 2.1. (i) As in [55, Theorem 11.10], we can derive that the infimum of S
can be attained by some nonnegative and nonzero function ¢;, which is of C>*?(Q) by elliptic
regularity [25]. The maximum principle implies that ¢5 > 0 in . If there exists xg € 92 such
that ¢, (xo) = 0, then ag% |x:x0 < 0 by Hopf lemma, which contradicts the fact that ag%

X=X
M (x0)é15.(x0) = 0. Hence ¢1; > 0 in Q. Here, the variational formula (2.2) can be proved by a
similar manner as in [55, Theorem 11.4]. For the uniqueness of 1t1(A), by way of contradiction,
we suppose that (2.1) admits a principal eigenvalue w(# @1(X)), which is associated with an
eigenfunction ¢ > 0 on Q. Then by integration by parts, we see that fQ e“P®ppdx = 0, which
is a contradiction. Hence, part (i) is proved.

(i1) Consider the mapping

A /e"‘P(x)|V¢|2dx —k/eap(x)gqudx —A/eap(")hqbzdS
Q Q Q2

for a fixed ¢ € H'(Q). It is easy to see that this mapping is affine and _then concave, so the infi-
mum is also concave. Now we can choose a nontrivial function ¢ € C'(Q) with fQ PO P2dx =
1, such that ¢ > 0 in {x € 32 : h(x) > 0} and the support of  is contained in a very thin tubu-
lar neighborhood of 92 if suph > 0, or that ¢ has a compact support in {x € Q: g(x) > 0} if
Q
sup g > 0. Based on above argument, we have
Q

w1 (X)) S/eap(x)|V$|2dx - )»/eap(x)gqudx —A/eap(x)hquds — —00 as A —> 0.
Q Q aQ

This completes the proof of part (ii).
(iii) For part (iii), we see that

—e POV [PV ] = Aghin + m1(W)p1r, x€Q, 2.6)
0id1n = Aoy, X €0 ‘
By differentiating (2.6) in A, there holds that
—e POV [ POV | = gbun A Agdhy T WP AP, xR o
0591, = hon. + Ahel,, x €9,

where the prime notation denotes the derivative with respective to A. Multiplying (2.1) by
er ()‘)d)i/\ and (2.7) by e*?@ g, . subtracting the resulting equations and then integrating by
parts over €2, we derive

fsz eap(x)gqb%xdx + fasz eap(x)h‘f’%xds

/
ni) =—
Jo e P Wt dx

(2.8)

Notice that ¢1(0) is a positive constant by (2.1). Then it follows from (2.8) that

8
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fQ P gdx +fasz PO pds
Jo e?P®dx

1 (0) = — (2.9)

Assume that [, e*"®gdx + [, e*P™hdS < 0. Then by conclusion (ii) and (2.9), we
infer that @1(X) has a critical point in A > 0. In the following, we will show the unique-
ness of the critical point for p1(X). Let Ay be a critical point of w@1(}), that is, M/l (A) =0
and [, e*P@ggl, dx + [, e*P@ngl, dS =0. In this case, we normalize the eigenfunction
@15, as fg P (x)¢>ﬁ0dx = 1. In view of the concavity of w{(1), we only need to prove that
w1(A) < w1(ho) if A # Ag. It is easy to see that (L) = fQ P |V¢1A0|2dx. From the defini-
tion of w1(A), there holds that for any A # A,

wi(h) gfe“”mvmoﬁdx —)»/e“P(x)gq&lzkodx —A/e‘”’()‘)wﬁods

Q Q 2
_ / POV Pedx = 1 (ho).
Q

Suppose to the contrary that there is a A1 7 Ag such that p1 (A1) = 1 (Ag), then the infimum
of Sy, can be achieved by ¢1,,,, which means

—e POV [*POVe; | =11gd1ay + 11 (ADP12e. X €Q,
0i®1ry = A1hd1ag, X €.

We also notice that

—e POV [PV ] =h0gd1ry + 11 (R0)P12g. X €Q,
i ®12y = AohP1ags x €.

By the assumption that 1(Xo) = w1 (A1), we have

(A —20)gP12, =0 forx € Q, and (A; — Ag)he1y, =0 forx € 9L2.

Then the positivity of ¢1;, implies that g =0 for x € 2 and & =0 for x € 9€2, a contradiction.
Hence we have proved the uniqueness of the local critical point. Finally, it follows from (2.9)
that the sign of the unique global maximum point is the same as that of —( fQ e PWgdx +
fasz e*PInds). The proof is completed. O

2.2. Proof of Theorem 2.2

To prove Theorem 2.2, we need to verify that the infimum (2.5) is well-defined by a positive
constant. Recall the following result from [59, Lemma 4.1].

Lemma 2.5. Suppose that [, e*" ™ g(x)dx + [, e*P P h(x)dS < 0. If ¢ € H' (Q) satisfies that
Jo#?dx + [, #%dS =1 and [oe*" P gp?dx + [, e*P©hp?dS > 0, then there is a constant
co such that [ |V¢|*dx > co.
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Suppose that ¢ € H'(Q) satisfies [, e*” ™ gp?dx + [, e’ hp?dS > 0 and let the function
¢ =8¢ be with [, p?dx + [, 9*dS =1 for some § > 0. Then there holds that

fQ eaP(x)|V¢|2dx . eaminﬁP(x) fQ |V¢|2dx

fQ 6‘cutP(x)g(pde +f39 eozP(x)hd)ZdS - fQ eaP(x)gd)de +f39 eozP(x)h¢2dS
_ eaminﬁP(x) fQ |V(p|2dx

fQ eaP(x)gq]de "’fasz eaP(x)h(pZdS

o ming P (x)

cpe

> >0, (2.10)
||€O‘P(x)g+||c(§) + ||60‘P(x)h+||C(aQ)

where f* := max{f, 0} for a continuous function f. This inequality shows that the infimum
(2.5) is positive.

Proof of Theorem 2.2. (i) Let A, be a positive constant defined by the infimum in (2.5). Notice
that 1£1(0) = 0 from (2.1). It follows from Theorem 2.1 (ii) and (iii) that once fQ P M g(x)dx +
fasz P p(x)dS < 0, then there exists a unique positive principal eigenvalue A1(g, i) of (2.3),
i.e., u1(r1(g, h)) =0, while (2.3) admits no principal eigenvalue for any A # A1(g, #). In view
of this point, to obtain formula (2.5), we only need to prove that p(A4) = 0. For ¢ € H (9))
satisfying [, e*" ™ gg?dx + [, e*" @ h¢?dS > 0, by the definition of A, we have

/eﬂwﬂvm%u—x*/a”“@¢%x—A*/aWQM¢%Szo. (2.11)
Q Q Q2

Since A, > 0, the inequality (2.11) also holds true when fQ e“P(X)gq&de +fas2 eap(x)hqbzdS <0,
which implies that p1 (1) > 0.

On the other hand, by the definition of the infimum in (2.5), there is a sequence {¢,} C H L)
such that

/e"‘P(")gd),z,dx + / eo‘P(x)h(j),%dS >0,
Q2

Q
/ﬁmzL (2.12)
Q

S e
n) = Joe®P@gpldx + [ e*POhp2dS

It follows from Proposition 2.3 that for any ¢ > 0, there exists a positive constant C (g) such that

(2.13)

/ PO pglds < PO R e f ¢Zds
0Q 0Q

<elle®" Pt cpo / IV 2 dx + C (&) 1e* PO nT | c oo / ¢Zdx(2.14)
Q Q

10
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This together with (2.12) and (2.13) leads to that

(eo:minﬁP(x) —2)»*8||eap(x)h+||c(ag))/|V¢n|2dx
Q

< 21" P g e @ + C@Ne* " O [ cpa).
where we have used that 1 + 1/n < 2. We can choose ¢ > 0 small enough such that

P ming P (x)

Mg PO _ 03 el e*P O nt | con) > 5

and hence

(PP gl o) + C@ NP ORI coe)
<X

oY ming P (x)

/ |Vpn|?dx <
Q

This combined with (2.12) implies that ¢, is bounded in H'!(2), and also bounded in L2(39)
by virtue of the continuous imbedding H'(Q) C L?(32). Now we can derive from (2.13) that

/ POV, Pdx — 1, f PO ggndx — Ay / PO ngrds

Q Q Q2
A
<= /e“”<x>g¢,3dx+/e“”<x>h¢3ds
n
Q 1]
A
=22 1P g e + 16 O cas [ 9345 | 0. n— ox.

Q2

which leads to that ©1(A,) <0 and hence we obtain w1 (1) = 0. This proves part (i).

For part (ii), we denote p(x) = —g(x) for x € Q and g(x) = —h(x) for x € 9L2. Since either
infg g(x) < 0 or infyq h(x) < 0, it follows from part (i) that A1(p, g) > 0. Clearly, —X1(p, q)
is the unique negative principal eigenvalue of (2.3). This proves part (ii). The conclusion of part
(iii) can be inferred from parts (i) and (ii) directly. The proof for Theorem 2.2 is completed. O

3. Stability of trivial steady states
In this section, we will discuss the stability of the trivial solution u = 0 of (1.6). Let & be a

nonnegative solution of (1.6). By linearizing system (1.5) at ii, we can obtain the linear eigen-
value problem

—e POV [ POVY ] —A[fx, ) + i fulx, D]y = O, )Y, xeQ,

. R X 3.1)
By — A[B(x, ) 4+ dBu(x, D) | = u(h, D)y, X €0Q.

11
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It follows from Theorem 2.2 in [3] that the eigenvalue problem (3.1) admits a unique principal
eigenvalue, which is simple with a positive eigenfunction on 2. Denote the principal eigenvalue
and the corresponding eigenfunction of problem (3.1) by @1 (A, &) and ¥ (A, it), respectively.

Definition 3.1. A function ¥ € C>!(Q x (0, 00)) is called a upper-solution of (1.5) if ¥ satisfies

U > e POV [ PDVE] +0f (x,0)0, xe€Q,1>0,
070 > AB(x, V)0, xe€dQ, t>0, (3.2)
v(x,0) > uo(x), X €.

A lower-solution of (1.5) is defined by reversing all the inequalities in (3.2).

Firstly, we show the relation between the sign of the principal eigenvalue (X, %) of (3.1)
and the stability of steady states to (1.5).

Proposition 3.2.

(i) Let i be a nonnegative steady state of (1.5) and § > 0 be a constant. If (A, i) > 0, then
there exists a constant p > 0 such that (1.5) admits a unique global solution u satisfying

lu(x, 1) — 4| < pe Y1 (x), Vi >0,xeQ

provided a nonnegative and not identically zero initial data ug € C*>(Q) with the condition

luo(x) — ii(x)| < py1(x), Vx €L,
that is, the steady state U is locally asymptotically stable. Here V| is the positive eigenfunc-

tion associated with the principal eigenvalue (7, 1) of (3.1).
(ii) Let i be a nonnegative steady state of (1.5) and 0 < o <1 be a constant. Suppose that
w1 (A, it) < 0. Then there exist constants py = po(iL1), 8 = 8(o, 1) > 0 such that if 0 <

0 < po, then any solution u of (1.5) satisfies

u(x,t)Sﬁ(x)—p(l—oe_S’)lpl(x), Vi>0,xeQ 3.3)
provided a nonnegative and not identically zero initial data ug € C* () with the condition

up(x) <i(x) — p(l —o)yi(x), Vx e Q.

Meanwhile, there exist constant py = po(u1),d = 8(o, 1) > 0 such that if 0 < p < po,
then any solution u of (1.5) satisfies

u(x,t)zft(x)+,o(1—oe_‘§’)1p1(x), Vi>0,xeQ 34
provided a nonnegative and not identically zero initial data ug € C* () with the condition
up(x) = it(x) + p(1 — o)y (x), Vx Q.

12
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That is, the steady state Ui is unstable.
Proof. The proof is similar to that of [48, Theorem 5.3.3] with a minor modification. At first,
we prove conclusion (i). Set v(x,?) = a(x) + pe %y (x) with positive constants p, 8. As in
the proof of [48, Theorem 5.3.3], we can infer that there exists a positive p; such that for any
p € (0, p1l,
~ _ _—aP(x) aP(xX)w~1 ~\ re)
U —e Ve Vo] —Af(x,0)0>0 forr>0 and x € Q. (3.5)

For the boundary condition, we see that
030 — B (x, 5)5 = 4B (x, )it + pe ™ [A[BCx, @) + 1B (x, ) 9 + 1 Gus )11 |
—AB (x, a+ pe*S’wl) (u + pe*‘”lm)
= pe ™y (11 G, @) = O(pe™ ")

for t > 0 and x € 9. It follows from the above identity that there exists a positive constant p;
such that for any p € (0, p2],

;0 —AB(x,0)v >0 fort >0 and x € 9L2. 3.6)

The two inequalities (3.5) and (3.6) together with the initial data ug < & + pyr; imply that o =
i+ pe %y is an upper-solution of (1.5) if 0 < p < min{py, p2}.

By the same argument as above, it can be inferred that 0(x, ) = ti(x) — pe %y is a lower-
solution of (1.5) provided that ug > & — pvr;, where 0 < p < p3 for some positive constant p3.
Now, conclusion (i) can be obtained from [48, Theorem 4.1.1].

In the following, we only show the former part of conclusion (ii), as the latter part can be
checked by a similar manner. Set 9(x, ) = u(x) — p(1 — ae_‘”)l/fl (x) with constant 0 < 0 <
1,p > 0,8 > 0. As in the proof of [48, Theorem 5.3.3], there exist constants pg, §; > 0 such that
if p € (0, p1] and § = §1, then it holds that

b — e POV [*POVE] —Af(x,0)5>0 fort >0 and x € Q. (3.7)
For the boundary condition, we have
030 — 2B (x. )T = p(1 = a7y (0o (1 = e ™)) — w1 G, ).
Then we can find the constants py > 0 and 0 < ¢; < —u1 (A, &) such that for p € (0, p2],

;0 — AB(x,0)0 > —(c1 + 1 (A, u))p(l — aefat)wl >0 fort >0 and x € 99Q2. (3.8)
Again, the two inequalities (3.7) and (3.8) show that ¥ = ii — p(1 — e %)y is an upper-solution
of (1.5) given that ug < — p(1 — o)y, where 0 < p < min{py, p2} and § = §;. Consequently,
(3.3) follows from the comparison argument as developed in [48, Theorem 4.1.2]. The proof of

this theorem is completed. 0O

13
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To classify the main result of this section, we need to state the following lemma. Here we
denote by ¢ the normalized positive eigenfunction associated with principal eigenvalue A1 of
(2.3) with g replaced by f(x,u) + i f,, (x, &) and h replaced by B(x, &) + i B, (x, ). And we
also define 1 as the normalized positive eigenfunction corresponding to the principal eigenvalue
w1 (h, i) of (3.1).

Lemma 3.3. The principal eigenvalue 1 (A, i) of (3.1) satisfies the following two identities:

w1 (x, i) fe“P(X)¢%dx+fe“P(x)¢%dS
Q R

[l
Q

+ (A — A)/e“P(x)qb%(ﬂ(x, i) + Bu(x, )a)ds, (3.9)
Q2

2
dx+ (i — ) / PO (F(x, ) + fulr, i) dx
Q

i (h, ) f e P@yldx + / P Oyids

Q Q2
= (5)
Q

+ (A — k)/e“P(X)Wf(,B(x, i) + Bu(x, d)i)dS. (3.10)
Q2

2
dx+ (ot — ) f POYR(F e i) + fulx. D))
Q

Proof. Notice the equality

v. [e“”“)w%V (%)} =Y (VP - Vo1 + Ag1) — PO (VP - Vi + Ay)
1
=9V [ePOVG | = V- [P OV .

Multiplying the above equation by % and making an integration over 2, we see that
1

"(%)
Y
=!¢1V- [e“”")w]]dx—!;i—fv- [e"‘P(")Vlﬂl]dx.

This together with the equations satisfied by ¢ and | gives the equation (3.9). Likewise, by
using the equality

2
dx

/ %e“”“’(wlamsl — $10591)dS — / POy
Q2 : Q

14
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v [e“”%%v (%)] =e*POG (VP - VY + Ayy) — TP (VP - Vo) + Agr)

=iV [ POV | =V [P OV ],
we can derive the equation (3.10). The proof is completed. O
In what follows, we state the main result of this section.
Theorem 3.4. Assume that the condition (H1) holds. We have the following conclusions:

(i) Suppose that either supg f(x,0) > 0 or supyq B(x,0) > 0. If

/e"P(")f(x,O)dx +/6“P(x),3(x,0)d5 <0,

Q 02

then the trivial steady state u = 0 of (1.5) is locally asymptotically stable for 0 < A < A1 and
unstable for A > A1, where A1 is the positive principal eigenvalue of (2.3) with g = f(x,0)
and h = B(x,0).

(ii) Suppose that either f(x,0) changes sign in Q2 or B(x,0) changes sign on 0L2. If

/e“”<x)f(x,0)dx+fe“”<X>/3(x,0)dszo,
Q Q2

then the trivial steady state u = 0 of (1.5) is always unstable.

Proof. (i) Consider the case [, e*”™ f(x,0)dx + [, e*"™ B(x,0)dS < 0. It follows from
Theorem 2.2 (i) that (2.3) with g = f(x,0) and h = B(x,0) has a positive principal eigen-
value Aj. By the variational characterization of Aj, we see that fQ 2P (x) f (x,0)¢12dx +
Jyg €T ™ B(x,0)p7dS > 0. Inserting /i = 0 into (3.9), we obtain

wi(x,0) /eap(x)¢12dx+/eap(x)¢12dS

Q Q2
PG ¢1\|°
z_/e P2 v(w—ll) dx
Q
+ (A=A /e“”x)f(x,oy/;fdx+fe“”<x)ﬂ(x,0)¢fds ,
Q Q2

which implies that ;1 (A, 0) <O for A > 1.
In the following, we prove that 1 (A, 0) > 0if 0 < A < Ay. By setting &z = 0 in (3.10), it holds
that

15
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11, 0) / POy (1, 0)%dx + / “POy (1, 0)2dS
Q o

wPlr 0\ |?
[l

+ (A —2) /e“P(X)f(x,O)l/fl(A,O)zdx+feap(x)ﬂ(x,0)1ﬂ1(k,0)2d5

Q blY)

dx

This shows that @1 (A,0) >0 when 0 <A < XA; and

/e"‘P(x)f(x,O)wl(A,O)zdx +/e‘“°<x)ﬁ(x, 0)¥1 (1, 0)%dS > 0.

Q Q2

Meanwhile, for the case 0 < A < Ay and

/eo‘P(")f(x,O)wl(k,O)zdx—I—/e“P(X),B(X,O)I/fl()»,O)zdS507

Q Q2

by using (3.1) with & = 0, we have

110.,0) / “P@y (1, 0)2dx + / POy (1, 02dS
Q I

_ / PO [V (. 0) 2 dx

Q

—A /e“P(x)f(x,O)t/fl()L,O)zdx+/eap(x)ﬁ(x,0)w1(k,0)2d5
Q Q2

> fef“’(x) V10, )P d.
Q

Since 1 (A, 0) is not a constant for all A > 0, there must be w@1(x, 0) > 0. This completes the
proof of part (i).

(ii) Consider the case [, e*™) f(x,0)dx + [, ¢*P ™) B(x,0)dS > 0. Then we see from The-
orem 2.2 (ii) and (iii) that the unique nonnegative principal eigenvalue of (2.3) is A1 =0 with a
eigenfunction ¢; = 1. By setting &z = 0 in (3.9), we obtain

wi(x, 0) /eap(x)dx+/e“P(x)dS
Q Q2
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“(7aw)
V1(2,0)

—A /eap(")f(x,O)dx—i—/eap(x)ﬁ(x,O)dS

Q Q

2

=- / Py (3, 0)?
Q

Since Y1 (X, 0) is not a constant for all A > 0, we have w1 (A, 0) < 0. Thanks to Proposition 3.2,
we complete the proof of this theorem. O

4. Bifurcation analysis at trivial steady states

This section is devoted to the bifurcations of non-trivial solutions of (1.6) from two lines of
trivial solutions I'g and I',, defined in (1.7) and (1.8), respectively. In a special situation, non-
trivial solutions can also bifurcate from (A, u) = (0, 0), the intersection point of I'g and I';, .

Definition 4.1. A point (A, 0) is called a bifurcation point on the line of trivial solutions 'y
if there exists a sequence of solutions (A, u) to (1.6) such that u™ = 0,1" — A, and
u™ — 0 in C(Q) as n — oo. And a bifurcation point on the line of trivial solutions T, is
defined similarly.

To consider the solutions of (1.6), we define a nonlinear mapping 7 : R x X — Y by

Fru)= (v [e*FP D Vu] + 1e* D f(x, wu, g—; — AB(x, u)u). 4.1

Note that the Fréchet derivative D, F (Ay, uy) : X — Y of F with respect to u at (A, u,) is given
by

DuF Oos, ) [v] = (v [ POVY] 4 2P D (£ 1) + ful, ),

4.2)
a—v—)» (,B(x Uy) + Bu(x, uy)u )v)
aﬁ * s Wk u s Wx * .

It is well known that if (A, ) is a bifurcation point on the line I'g (or I',), then the operator
Dy F (A, uy) is not injective. We first provide the following lemma concerning the potential
bifurcation points.

Lemma 4.2. Assume that the condition (H1) holds.

(i) If (A, 0) with Ly > 0 is a bifurcation point of (1.6) with respect to the trivial branch T,
then Ay is an eigenvalue of

=V [e*POVy] = 1e*P™ f(x, 000, x€Q,

4.3)
d;v = AB(x, 0)v, x €012

(ii) If (0, uy) with u,. > 0 is a bifurcation point of (1.6) with respect to the trivial branch T,
then u, satisfies
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(H2) /e“”x)f(x,u*)dx+fe“P<x)/3(x,u*)dszo.
Q aQ

Proof. (i) Suppose on the contrary that A, is not an eigenvalue of (4.3). Then D, F ()14, 0) is a
homeomorphism for all A near XA. In view of the implicit function theorem, we see that the trivial
solution (A4, 0) is the unique solution of F = 0 near (A, 0). Then X, is not a bifurcation point
along the line I'g. Hence X, must be an eigenvalue of (4.3) if (A, 0) is a bifurcation point.

(i1) Suppose that (0, u,) with u, > 0 is a bifurcation point of (1.6) with respect to the trivial
branch I',,. Then from Definition 4.1, there exists a sequence (™ ™) of solutions to (1.6)
with

O#)\(")_)() and ||u(n)—u*||X—>(), when n — o0.

A integration on the equation satisfied by u yields that

N)/e“P<X>f(x,u<”>)u<">dx=_/v.[eaP<x>W]=_/eap<x>g_’de
n
Q Q 082

=—A(")/e“P(")ﬁ(x,u("))u(")dS,
Q2

which leads to that

feap(x)f(x,u("))u(")dx+/eap(x)ﬂ(x,u("))u(")dSzo
Q Q2

since A" =£ 0. Consequently, we obtain (H2) by taking n — co. O
4.1. Local bifurcation from I'g

In this subsection, we consider the bifurcations on I'g = {(A, 0) : A > 0}. From Theorem 2.2,
we see that under the condition

/e“P(")f(x,O)dx +/6“P(X)ﬁ(x,0)dS <0,
Q 0

(11, 0) is a potential bifurcation point of (1.6) on the line of trivial solution I'g, where X1 is the
unique positive principal eigenvalue of (4.3), which is always a simple one. Then we have the
following result on the local bifurcation from I'y.

Theorem 4.3. Assume that f, B satisfy (H1) and also satisfy

(H3) Either supgq f(x,0) > 0 or supyq B(x,0) > 0, and

/ P f(x, 0)dx + / ¢*PDB(x,0)dS <0. @4
Q Q2
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Then the eigenvalue problem (4.3) admits a positive principal eigenvalue A1, which is a bifurca-
tion point with respect to Tg. Precisely, in a neighborhood of (A1, 0) in R x X, the only positive
solution to (1.6) lies in the curve

To = {(ho(s), uo(s)) : s € I = (0,6) CR™},

where Ao(s) = A1 + 22(s), ug(s) = s¢1 + sz1(s) are c! function so that z;(0) =0,i = 1,2, ¢;
is the positive eigenfunction associated with A1.

Proof. Under the assumptions (H1) and (H3), we see from Theorem 2.2 (i) that the problem (4.3)
has a principal eigenvalue A1 > 0. We apply Crandall-Rabinowitz’s Theorem [20] for simple
eigenvalue to prove our assertion. For this proof, we will find the nontrivial solution of 7 =0
near (A1, 0), where F is defined in (4.1). Now, we complete it by several steps:

(a) DyF, D,F and D, , F exist and are continuous. This assertion is obvious.
(b) dimN (D, F(r1,0)) = 1. By Theorem 2.2 (i), the positive principal eigenvalue A; of (4.3)
is simple, and ¢; is a positive eigenfunction associated with A;. Thus, N(D,F(11,0)) =

span{¢1 }.
(¢) codimR(D,F(A1,0)) = 1. Set (y1, y2) € R(D,F(11,0)) and w € X satisfying that

4.5)

V. [e”‘P(x)Vw] —I—Meo‘P(x)f(x, Ow=y;, xeQ,
iw — A1 B8(x, 0w =y, X €.

Multiplying the first equation of (4.3) and (4.5) by w and ¢, respectively, subtracting and
integrating the result over €2, we obtain

/¢1y1dx=/(¢1v-[e“”<X>Vw] —wV - [PV, ])dx

Q Q

ad d
= / P (3 22 1y 2145
on on
02

= / PO (@1 (A1 B(x, w + y2) — w1 B(x, 0)p1)dS = / P 1 y,dS.

Q2 02

Thus, (y1, y2) € R(D,F(A1,0)) if and only if

[ oan = [ @gupaas <o, 4.6)
Q a0
Thus, codimR(D,F (A1, 0)) = 1. In the following we define [ € Y* as
(L, (1, y2)) = / ¢1y1dx — / ") y2dS. (4.7)
Q

Q2
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(d) Dy F(r1,0)[¢1] ¢ R(DyF(r1,0)). A direct calculation gives that

Dy F (M1, 0)[¢1]= (e*P@ f(x, 0001, —B(x,0)¢1).

However, we see that

/ PO f(x, 0)pFdx + / PO B(x, 0)p7dS
Q R
1 1 Ay
- _ V. aP(x)v _/ aP(x) ¥ 4.
M/‘“ [e ¢>1]dx+M T —=ids 4.8)
Q Q2

=i/e“f’<x)|v¢1|2dx > 0.
Al
Q

This verifies that Dy, F (11, 0)[¢1] ¢ R(Dy,F(r1,0)).
Hence this theorem follows by applying [20, Theorem 1.7]. O

Remark 4.4. We can see from the proof of Theorem 4.3 that there exists a negative solution
curve X, of (1.6) bifurcating from the line of trivial solutions I'g, which has the form %, =
{(ro(s), up(s)) : s € I = (—n,0) C R}. However, this solution has no biological significance.

In the following, we investigate the bifurcation direction of the steady state bifurcation from
(A1, 0) derived in Theorem 4.3. For the purpose, we need to calculating the sign of A,(0). Assume
that f, B are class C? or C3 near u =0. Using the expression (4.5) in [53], we have

(I, DyuF (A1, 0)[11%)

0 = = D F O, Ol ) (49)

And the results in [53] can be concluded that

(F1) if F satisfies D, F (A1, 0)[¢1]2 ¢ R(D,F()1,0)), then A6(O) # 0, and it is called a trans-
critical bifurcation;
(F2) if F satisfies Dy, F (A1, 0)[¢1]> € R(D,F(r1,0)), then A6(0) =0, and

(L, DuuF (M1, 0)[¢11%) 4 3(L, Dy F (1, 0)[ 1, 91)
3(l, DyuF (A1, 0)[¢1]) ’

A(0) = — (4.10)

where ¥ satisfies DW./"-'()»],O)[(j)l]2 + D, F (A1, 0)[9] = 0. Moreover, if A6(0) =0 and
)»8 (0) # 0, then it is called a pitchfork bifurcation.

A direct calculation gives that

Duy F (1, 0117 = (21T f,(x, 0)p7, =201 Bu(x, 0)87),
DuuF (1, 01, 01 = (221%F D £, (x, 0)1 9, =221 By (x, 0)p1 )
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and

Dy F M1, 0)[911° = (3117 fuus(x, 0087, =311 Bun (x, 0)7).
Then we have

A2 [ e®P@ £, (x, 0)pidx + 23 [, e*P DB, (x, 0)¢3dS
Jo P @V |2dx

35(0) = —

and
1 Jo €7 fuux, 0)gfdx + 27 Jo0 €T Buu(x, 0)p}dS
Jqe®P @[V, |2dx

~ 232 [, P @ f,(x,0)p20dx + 222 [, e* P B, (x, 0)p20dS
Jo e P @[V |2dx

A(0) = —

’

where ¢ satisfies

V- [e2POVY] + 112D £ (x, 009 4+ 2112 P X £, (x, 0097 =0, x €,

; @.11)
90 — 1B (x, 0)9 — 241 By (x, 0)¢2 =0, x €9Q.

The above expression for A;(0) can be simplified in several special cases, which are listed as
follows:

(Case 1) Assume that f(x,u) =0 and B(x,u) =r(x)b(u), where r(x) % 0 and b(0) #~ 0. Then

W (0) = _)\.%b/(o) faﬂ e“P(X)I’(x)(b?dS . b (0) ' fE)Q eaP(x)¢123ﬁ¢1dS
’ Ja e @IV Pdx b0)  [o e POV 2dx
O [o#RV - [POV ] +2 fo e DIV Pprdy
b(0) fQ P |V |2dx
D) Joet "V Vi*prdx
bO)  [qerPIVerPdx

= —)\_1

=—-2)\

4.12)

Thus if 5'(0) # 0, then a transcritical bifurcation occurs at (A1, 0), while if ’(0) = 0,
then A(,(0) = 0. For the case »'(0) = 0, if we further assume that b € C3 near u =0,

then
(0) _)\%b//(O) faﬂ eotP(x)r(x)(p;‘dS L b’ (0) . fBQ eaP(x)(bi’,aﬁ(mdS
o fQ e PD |V |2dx - b(0) fgz P |V |2dx
L b'(0) [o @3V - [*POV |dx +3 [, P D |V 2p2dx
T Jo e DV 2dx

b'(0) [ et ® Ve |Ppldx

— 3% - : .
UB0) [ POV [2dx

(4.13)
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Thus, if 5'(0) = 0 and b”(0) # 0, then a pitchfork bifurcation occurs at (11, 0).
(Case 2) Assume that B(x,u) =0 and f(x,u) = k(x)a(u), where k(x) = 0 and a(0) # 0. Then

22d'(0) [ e*P@k(x)¢idx _, 40 [q @3V - [e4P @IV ]dx

An(0) = — =
o® Jo POV 2dx Va0 [ e POV P
A0 fyodie "V digidx —2 [o eV gy dx
a(0) Jo €@P® Ve |2dx

a'(0) [oqe?TO Ve [>p1dx
a0) " [e POV Pdy

=22 - (4.14)

Thus if a’(0) # 0, then a transcritical bifurcation occurs at (A1, 0), while if a’(0) =0,
then A((0) = 0. For the case a’(0) =0, if a € C3 near u =0, then

k%a”(O) ]Q eap(x)k(x)(ﬁ?dx . a”(0) . fQ ¢?V . [eaP(x)V¢1]dx

150) = — e
JettWIVorPax a0 [oer PV Py
4O fg#{e "D a1dS —3 fo PO Vi Ppidx
1 a(0) eraP(x)|V¢l|2dx
" O aP(x) \v4 2 2d
=32 0 Jge [V |~p7dx s

a(0)  [qe*P®|Ve2dx

Therefore, if a’(0) = 0 and a” (0) # 0, then a pitchfork bifurcation occurs at (A, 0).
(Case 3) Assume that f(x,u) = k(x)a(u) and B(x,u) = r(x)b(u), where k(x) £ 0,r(x) #£0
and a(0) # 0, 5(0) # 0. Then

_Ad'(0) Joe*PPk()$idx +470(0) [y eV r(x)¢7dS

Jo e PV 2dx
a0 Jo#iV - [V Jdx 'O fyge"Vot0i¢1dS
' ' P()|Vepy 2 —A ' POV 2
a0)  [qe*P@ Ve 2dx b(0)  [qe PO |V 2dx

<a’(0) b’(O)) Jo#7V - [PV, ]dx
= )\,1 . —_ .
a0 b(0) Joe®P@ Ve |2dx
D) Joe "V Vrprdx

b0)  [qerPW|Vey|2dx

2 (0) =

:)\,1

-2 (4.16)

If a(0)0' (0) = b(0)a’ (0) # 0, then (4.16) becomes (4.12) and a transcritical bifurcation
occurs. While if a’(0) = b'(0) = 0, then A;(0) = 0 and

A%a”(O) fQ eaP(x)k(x)d)élldx +)\,%b//(0) fageaP(X)r(x)(b?dS
JoerP@IVe 2dx

(O JoiV [TV DO) fig e Dé1digrdS
a0)  [oePW|Ve2dx bO) [PV Pdx

M(0) = —
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(a”(O) b”(O)) Jq@iV - [e2P®I Ve ]dx
= )\,1 . —_ .

a(0) b(0) Jo €@P® Ve |2dx
b'(0) [qeP@|VeiPpidx

Yh0) [ e P@Vey Pdx

4.17)

We find that the sign of A6(0) or Ag(O) in the formulas (4.12), (4.13), (4.14) and (4.15) is inde-
pendent of the weighted function k(x) or r(x). However, the calculation for (4.16) or (4.17) is
more complicated due to the weighted function k(x) or r(x).

Finally we discuss the stability of the positive bifurcating solution (Ag(s), ug(s)) derived in
Theorem 4.3. Consider the linear eigenvalue problem (3.1) at (Ag(s), uo(s)), which read as:

iy — ro($)[Bx, uo(s)) + o ($)Bu(x, uo(s) | = b, x €0Q.
(4.18)
To stress the dependence of the principal eigenvalue of (4.18) on s, we denote by 1(s) the
principal eigenvalue of problem (4.18), and let 1 (s) be the positive eigenfunction corresponding
to w1 (s). Itis clear that Ag(0) = Ay, ug(0) =0, w1 (0) = 0 and 1 (0) = ¢;. Moreover, w1 (s) and
Y1 (s) are both real analytic at s = 0. Indeed, looking at the mapping G : (—¢, ) X R x WZZ(Q) —

_1
LI(Q) x Wl1 T(0Q) x R, where [ > N, defined by

{—e—“”“‘)V [ PIVY] = ro()[ f (x, uo(9)) +uo(s) fulx, uo(s) ¥ = uyy, x €,

G(s, , ¥)

—e POV [*POVY ] — ro()[ £ (x, uo(s)) + uo(s) fu (x, uo(s) ¥ — uypr
= iy — o()[BGx, uo(s)) + uo(s)Bu(x, ug(s) | — nyr :
fQ Py 2dx + faQ e*Py2ds — (fsz eap(x)¢12dx + fasz eap(x)¢%d5)

we have that G(0,0,¢1) = 0 and the Fréchet derivative D, y)G(0,0,¢1) : (—¢€,8) x R x

_1
WIZ(Q) — LI(Q) x Wl1 T(0R) x R with respect to (u, %) at (0,0, ¢1) is a homeomorphism
by the standard argument. Then an application of the implicit function theorem implies that

G(s,u, ) =0 (u, ¥) = (u(s), ¥(s)), Is| <1,

w(0)=0,v¥(0) =¢; and u(s) and ¥ (s) are both real analytic at s = 0 (see Zeidler [64]). Here
¥ (s) is positive on € by the positivity of ¢ on € and the continuity of ¥ (s) on s. Hence we
obtain that p(s) = w1 (s) and ¥ (s) = ¥ (s) by uniqueness.

Now we differentiate by s the equation (4.18) with u© = @1 (s) and ¥ = 1 (s), and then obtain
the equation for s = 0:

—_e Py . [e”‘P(X)Vw{(O)]
—1f (X, 09{(0) = 24(0) f (x, 0)p1 — 241 fu(x, 0] = 1 (0)¢h1, x €,
% vr{ (0) — M B(x, 009 (0) — AH(0)B(x, 0)p1 — 241 Bu(x, 0)pF = 1} (0)h1, x € DL,
4.19)
where we have used the fact that Ag(0) = Ay, ug(0) =0, u1(0) =0 and u6(0) =yY1(0) = ¢1.
Multiplying the first equation of (4.19) by e**®¢; and integrating the result over 2, it follows
that
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i’ (0)( / P g2y 1 / P (xw)%ds)

Q 02
:—A6(O)< / PO f(x, 0)p7dx + / e“”(x)ﬁ(x,owfds)
Q 02
—2)\1( / PO £ (x, 0)p3dx + / e“P(x)ﬂu(x,0)¢13dS). (4.20)

Q IR

This combined with the expression of A(,(0) and the variational characterization of A gives that

25(0) (o e f(x,00¢7dx + [, e*F @ B(x, 0)$7dS)

4.21)
Jqe®P@¢dx + [,o e*P®¢idS

n1(0) =
Thanks to the variational characterization of A, it follows that
/e“P(x)f(x,0)¢>12dx —i—/eap(x)ﬂ(x, 0)p2dS > 0.
Q aQ
Furthermore, when A (0) = 0, we still need to compute the expression of 17(0) since 117 (0) = 0.

Differentiating twice by s the equation (4.18) with u = 1 (s) and ¥ = v (s) and letting s =0,
similarly, we have

14(0) / PO gldx + f PO grds

Q I

— 4 / PO £, (e, 002y (O)dx + / PO B, (x, 002 (0)dS

Q 02

—25(0) f PO £ (x, 0)pPdx + / “PD g (x, 0)pdS

Q 02

— ( / “POU3 0 (x, 017 + 2 fu(x, 0)ugy(0) | pFdx

Q

n / PO (38, (x, 0047 + 28, (x, O)u) <0>]¢%d5). (4.22)

Q2

In (4.22), there are u(0) and ¥ (0) to be determined. Here, /] (0) satisfies (4.19) with 1,(0) =
y,’l (0) =0, which coincides with (4.11). To consider ug(O), we substitute (A, u) = (Ag(s), s¢1 +
sz1(s)) into (1.6), and then obtain
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{_v (@ POV (@1 + 21(5))] = 20()e®P D) f(x, s¢1 + 521 ()) (1 +21(5)), x €Q,

05 (1 +z1(5)) = Ao()B(x, 51 + 521(5)) (P1 + 21(5)), x €9Q.
(4.23)
By differentiating (4.23) with respect to s, and letting s = 0, there holds that
—V - [e2POVZ (0)] = 11€*P® f(x, 002 (0) + 11e*PD £, (x, 0097, x €, 424)
372, (0) = 11 8(x, 02, (0) + A1 Bu(x,0)¢?, x €9Q.

Note that ug(s) =2z} (s) + 52} (s). Then ug(0) = 2z} (0). According to definitions of ¥ (s) and
uo(s), we see that /1 (0), ug(0) and 2/ (0) do not belong to N (D, F (%1, 0)). Notice that

fe“P(x)fu(x,O)¢l3dx ~|—/eap(x),3u(x,0)¢13dS=O

Q Q2

since A,(0) = 0. Then by (4.6), the solution of (4.11) exists and is unique, so does the solution
of (4.24). Now, we must have v/{(0) = ug(0) = ¥, where ¥ is defined as in (4.11). This together
with (4.22) and the expression of A;j(0) yields that

205(0) ([ €*P@ f(x, 0)pfdx + [, P B(x, 0)p7dS)

1
0) =
= [q PO 2dx + [, e PDpIdS

(4.25)

To sum up the above discussion, we have that under the assumptions (H1) and (H3), the
trivial steady state u = 0 is stable for 0 < A < A1, and unstable for A > A;. If u = 0 and the
only positive solutions are physically meaningful solutions, then the transcritical bifurcation is
superscritical (resp. subscritical) and the positive bifurcating solution is stable (resp. unstable) if
14(0) > 0 (resp. A,(0) < 0). Furthermore, when A (0) = 0, the pitchfork bifurcation is forward
(resp. backward) and the positive bifurcating solution is stable (resp. unstable) if A;(0) > O (resp.
16(0) < 0).

4.2. Local bifurcation from Iy,
In this subsection, we discuss the bifurcations on I',; = {(0, u1) : u1 > 0, u1 € R}. Notice that

F@O,uy)=0and D, F O, uy) = (V- [e“P(x)V], 3%) for any given constant u, > 0. Then we see
that N (D, F (0, u,)) = span{1}. Set (y1, y2) € R(D,F (0, uy)) and w € X with

V. [e”‘P(x)Vw] =y, X€,
ow =y, x €08.

Integrating the above equation over €2, it follows that

/eap(x)yzdS:/eaP(x)aﬁwdszfv.[eaP(x)vw]dx:/yldx.
50 aQ @ «

This means that (y1, y2) € R(D, F (0, uy)) if and only if
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/ yidx = / P y,4s. (4.26)
Q o2

Thus, codimR (D, F (0, uy)) = 1 and D, F (0, u,) is a Fredholm operator with index zero. Then
we decompose the spaces X and Y by

X = N(DuFO,u,)) ® X1 and ¥ = R(D,F(0, 1)) ® Y.

In the following, referring to Section 2.2 in [26], we use the Lyapunov-Schmidt reduction tech-
nique to investigate how bifurcation occurs. When dimY; = 1, there exists ¢ € Y satisfying
lelly = 1 so that Y1 = span{¢}. Applying the Hahn-Banach Theorem [63], we see that there
exists a vector [ in the dual space Y* of Y satisfying that (/,p) = 1 and (/, y) = O for all
y € R(D,F(0,uy)),in which (-, -) : Y* x Y — R is the duality between Y* and Y and is defined
by

(v, u) =/v(x)u1(x)dx—/eap(x)v(x)uz(x)dS,
Q aQ
forall v e Y* and u = (u1, u») € Y. Here we can choose [ € Y* such that
(I, u) =/u1(x)dx —/eap(x)uz(x)dS
Q aQ

and then N(I) = R(D,F(0,u,)). Now, we let P be a projection operator from Y to Y; along
R(D,F (0, uy)), namely, Py = (¢, y)p forye Y. Setu =u,+o0 +n, where o € R and n € X;.
Thus, F (A, u) =0 is equivalent to the following system

PFAuy+0+n=0, I—-—P)Fruy+0o+n)=0. “4.27)
By a simple calculation, we have (I — P)F(0,uy) =0and (I — P)Ds F(0,uy) = D, F (0, uy).

From the implicit function theorem, there exist an open neighborhood U of (0, 0) in RZ, and a
continuously differentiable map 7 : I/ — X such that 7(0, 0) =0 and

(I = P)F(huy+0 +7(h,0))=0. (4.28)

Substituting n = 77(A, o) into the first equation of (4.27) and then calculating the inner product
with [/, we obtain that

G, 0) 2 (I, PF(\, us +0 +ii(r,0)))

(4.29)

From above argument, we reduce the original bifurcation problem to the problem of find-
ing zeros of G(A, o). By (4.28), we see that (I — P)D,F (0, u,)[1 4+ 15(0,0)] = 0. Since
D, F(0,u,)[1]1=0, 5, € X1 and D, F (0, u,)x, is an isomorphism, then 7, (0, 0) = 0. Clearly,
G(0,0) =G4(0,0) =0. Notice that
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G;.(0, 0):u*/eap(x)f(x,u*)dx+u*/eap(x)ﬁ(x,u*)dS.
Q 0Q

By the implicit function theorem, if G, (0, 0) # 0, then there exist a constant § > 0 and a continu-
ously differentiable mapping o > A, from (—4§, §) — R suchthat G(A,,0) =0foro € (-6, 9),
i.e., (1.6) with A = A, has a positive solution u4 + o + 77(As, o). This combined with Lemma 4.2
implies that (0, u,) € R x X is not a bifurcation point of the map F when G, (0, 0) # 0. More-
over, we have F, (0, u) ¢ R(D,F (0, -)). Then the following conclusion holds true.

Theorem 4.5. Assume that f, 8 satisfy (H1) with f € C*(2 x R), g € C*(dQ x R), and also
satisfy

(H2) /e“P(X)f(x, uy)dx + / PO B(x, uy)dS # 0 for some uy, > 0.
Q Q2

Then there exists no positive solution of (1.6) bifurcating from (0, u,.), that is to say, the solution
set of (1.6) near (0, uy) consists precisely of the trivial curve T'y,.

Next, we consider the bifurcation problem when G, (0, 0) = 0 holds. Under the assumption
(H2), we have VG (0, 0) = (0, 0). To find the zeros of G (X, o), we need to calculate the Hessian
matrix of G at (0, 0), which has the form:

(4.30)

Hess(G) = (GM 0,00 Gys(0, 0)) '

Gka (Oa 0) GO’O’ (07 0)
From Lemma 2.5 in [39], we have the following results:

(1) If det Hess(G) > 0, then (0, 0) is the unique zero of G near (0, 0);

(ii) If det Hess(G) < 0, then there exist two CP~! curves (A1(s), o1(s)) and (A2(s), o2 (s)) for
s € (=46, 8), such that the solution set of G(A, o) = 0 consists of precisely these two curves
near (0, 0), which satisfy (A1(0), a1(0)) = (A2(0), 02(0)) = (0, 0). Moreover, s can be re-
scaled so that (1 (0), {(0)) and (15(0), 05(0)) are the two linear independent solutions
of

G11.(0.0)x% + 2G5 (0. 0)xy + G (0. 0)y* = 0.
A straightforward calculation gives that G4, (0,0) =0 and
G10(0,0) = f PO f(x,ua) + fulx, us)uy Jdx + / e PO[B(x, us) + Bulx, u)u]dS.
Q 0
Notice that (I — P)(DA]-'(O, uy) + Dy F (0, u)[1n,(0, 0)]) = 0. This together with the fact that
7,.(0,0) € X and D; F(0,uy) € R(D,F (0, uy)) means that D; F (0, uy) + D, F (0, u)[1,(0,

0)] = 0. Moreover, since
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Gy =, Dy F + 2Dy F(15.] + Dyu Fliin, 1x] + Dy Flijanl)
= (I, DjnJF + 2D, Fnp] + Dyu Flin, 12.1),

we have

G32(0,0) =2 / PO f (o, ) + s fu (6, ug) Jordx
Q

_}_Z/eaP(x)[ﬂ(x’ u*)‘i‘u*ﬁu(xv u*)]UIdS,
191

where v is the unique solution of
V- [e2POVo] 4+ PO f(x,u)u, =0, xeQ,

Biv = B(X, )ity X e, (4.31)
Jov(x)dx =0.

Thus, we have the following result.

Theorem 4.6. Assume that f, 8 satisfy (H1) with f € C*(2 x R), g € C*>(322 x R), (H2) and
(H4) [eap(x)f,, (x, uy)dx + / eap(x)ﬁu(x, u,)dS # 0 for some u, > 0.
Q 02

Then the solution set of (1.6) near (0, uy) consists exactly of the trivial solution curve 'y, and
the curve

X1 ={(1(s), u1(s)) 15 € (=68,8) CR},

where Ai(s) and ui(s) = us + o1(s) + 71(r1(s), o1(s)) are C' functions such that 11(0) =
01(0) =0, A1(0) =1 and

_Jo @ POLf & ) F s ful ud) ordx + fyg DB, ua) + wfu(x, 1) [u1dS

al (0) N fQ eaP(X) [f(-xv M*) + fu (.X, u*)u*]dx + fE)Q eaP(X) [ﬁ('x’ I/l*) + ﬂu(-x’ u*)u*]ds

)

with v1 defined as in (4.31).

Proof. If the f, 8 satisfy (H1), (H2) and (H4), then VG (0, 0) = (0, 0) and det Hess(G) < 0.
Thus, there exist two C?~! curves (A1 (s), o1(s)) and (A2(s), 02(s)) for s € (=38, 8), which sat-
isfy (A1(0), 01(0)) = (A2(0), 02(0)) = (0, 0), such that the solution set of G (X, o) = 0 consists of
precisely these two curves near (0, 0) and that (1] (0), o{(0)) = (1, 0{(0)) and (15(0), 65(0)) =
(0, 1). It is noticed that the solution curve (Az(s), 02(s)) = (0, 1)s + o(s) of G = 0 is correspond-
ing to the trivial branch I',;; = {(0, u1) : u; > 0}. Hence, we obtain the existence of two solution
curves of (1.6), which are tangent to each other at the bifurcation point. O
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In what follows, we study the stability of bifurcating solution (11(s), u1(s)) in Theorem 4.6.
Consider the linear eigenvalue problem (3.1) at (A1(s), u1(s)), which has the form:

—e POV [ POVY ] — ()] f w1 () +ur(s) fuc,ur ()] =y, xeQ,
Oy — A ()[BQx, ui(9)) +ur()Bux, u1() | = pip, x €09
(4.32)
We still denote by (121(s), ¥1(s)) the principal eigen-pair of problem (4.32). Obviously, ©1(0) =
0 and v1(0) = 1. Multiplying the first equation of (4.32) by ¢**®) and then integrating over 2,
it follows that

o ( [ [ erOueas)

Q 02

=- M(s)(/ e POLF O un) + fule, ) Jdx + / e PO[BCx, 1) + B x. unun ]dS).

Q aQ
Taking s — 0, we see that

w600
s—0 A1(s) fQ e P dx 4 fasz e?PN)ds”

Therefore, we can conclude that under the assumptions (H1), (H2) and (H4), there exists a
positive solution curve X1 = {(u1(s), u1(s)) : s € (0,8) € R, § > 0} of (1.6) bifurcating from the
trivial branch I';;; = {(0, u1) : u; > 0}. Moreover, when G, (0,0) < 0, the positive bifurcating
solution of (1.6) is stable (resp. unstable) for s € (0, §) (resp. s € (=4, 0)); when G, (0,0) > 0,
it becomes unstable (resp. stable) for s € (0, §) (resp. s € (-4, 0)).

4.3. Local bifurcation from (0, 0)

It is easy to see that in the previous subsection, if u, is replaced by 0, then there must be
G,.(0,0) =0, and the argument for Theorem 4.6 can also be applied to the point (A, u) = (0, 0)
with some modification. Thus we have the following conclusion.

Theorem 4.7. Assume that f, B satisfy (H1) with f € C*(Q x R), g € C?(dQ x R), and the
condition

(H3) / P £ (x,0)dx + / P B(x,0)dS £0.
Q Q2

Then the nonnegative solution set of (1.6) near (0, 0) is the union of I'o and T'y,,.

In fact, Theorem 4.7 is valid since det Hess(G) < 0 at the bifurcation point (0, 0), where
G\, 0)={l,F(r, o0+ 1n(r,o0))). However, when the condition

(H3)” / P £ (x, 0)dx + / PO B(x,0)dS =0

Q EiY)

29



Z. Li, B. Dai and X. Zou Journal of Differential Equations 363 (2023) 1-66

is satisfied, we have det Hess(G) = 0 at the bifurcation point (0, 0), and Lemma 2.5 of Liu, Shi
and Wang [39] can not be applied to G. In this degenerate case, we need to further investigate
the bifurcation problem at (0, 0). Assume that f € C3(2xR), g€ 332 x R). Then 7 and G
are C7 in a neighborhood U of (A, o) = (0, 0). Since F(A,0) =0, it follows that (A, 0) =0,
hence #;.(0,0) = 0 and #,,(0,0) = 0. Define .#(A,0) := (I — P)F(A,0 + (A,0)) =0 for
(X, 0) € U. It is easy to calculate that

g

Z—j = = P)D,F(0,0)[1+175(0,0)] = D, F (0, 0)[775(0,0)] =0,

thus 74 (0, 0) = 0 from D,F(0,0)[1] =0, D,F(0,0)|x, : X1 = R(D,F(0,0)) is an isomor-
phism and 7, (0, 0) € X;. For the second derivatives of .%, we calculate that

2.7
m(O, 0) = (I — P)(D3uF(0,0)[1 + 715 (0,0)] + Dyus F(0,0)[1 + 715 (0, 0), 7.0, 0) ]

+ Dy F(0,0)[ 7155 (0,0)])
= D;u F(0,0)[1] + Dy F(0,0)[ 7155 (0, 0)] = 0.

In view of (H3)", there holds that D;,F(0,0)[1] € R(D,F(0,0)), and then 7j;5 (0, 0) = & is
the unique solution of

V- [e*POVE] 4+ 4PW f(x,00=0, xe€,
9§ = p(x.0), x €0Q, (4.33)
fgg(x)dx =0.

Similarly, the equation

2.7
S70.0=0-P) (Dumo, O)[1 + 710 (0, 0] + DuF (0, 0)[i50 0, 0)])

= D F(0,0)[1]* 4 DuF(0,0)[fis0 (0,0)] =0

implies that 7,4 (0, 0) = 0 since D,,, F (0, 0)[1]2 =0 and 754 (0,0) € X.
Since 7(A, 0) = 0, there should be G (A, 0) = 0. Now, we define

1
~G(, o), ifo#£0,
o

Go(1,0), ifo=0.

HO. o) = (4.34)

Firstly, we check that H (A, o) is C? at ¢ = 0 in U. We calculate that
1 .1/
H;(A,0)=1lim —(H(,0)—HM,0)=1m — | —G(A,0) — Gs(A,0)
o—>00 o—>00 \O

.1 1
= lim ;(G(A, 0) = G(1,0) = Gy (%,0)0) = 5Goo (2.0).
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1 1/1
Hyo(X,0)=1lim —(H,(A,0) — Hy,(A,0)) = lim — | —=Gp(A,0) — G5 (A,0)
o—>00 c—-00 \O

1 1
= lim —Z(GA()», 0) = G(A,0) = Gro (X, 0)0) = = Goo (1, 0),
o—00 2
H) (A, 0) =Gy (A,0), HuR, 0 =Gus4,0),
and

1
Hyo (A, 0) = linb—(Ha(?»,O) — H5;(2,0))
o—00

(—G(A,0)+0GU(A,0) 1 )

_GGG ()\» 0)

im
= lim —
o2 2

o—>00

1 1 1
= lim07 <_G()\.,0) +0Gs(\,0)— EGJJ(A,0)> = gGUUU(A,O).

o—>0 0~

Thus H, and H,, are well-defined for o = 0. In addition,

2 o? o3
Hyo(X,0) — Hy(X,0) = —3 G,0)—0Gs(A,0)+ TGO'O'()‘" o) — ?Gaaa()\’ 0)
o
=o(0),

1
Hy. (A, 0) — Hyp (X, 0) = ;GM(X, 0) — G (2,0)
1
=[G (4, 0) = G111, 0) = G1p (1, 000 ] = 0(0)
and

1 1 1
Hyo (A, 0) — Hyo (2, 0) = —;Gx(k, o)+ ;Gm(k, o) — EGma(K, 0)

1 1
=—= [Gm, 0) =G (4,0) + 5Groo O, O)az} =0(0),
o

which means that H € C? at o =0 in Y.

Next, we show that H(0,0) =0, VH(0,0) = (H, (0, 0), H,(0,0)) = (0, 0), and the Hessian
matrix Hess(H) is non-degenerate. Calculating the partial derivatives of H at (0, 0), it follows
that

H(0,0) = G4 (0,0) = (I, D,F(0,0)[1 + 7 (0,0)]) =0,
H,(0,0) = G)4(0,0)
= (1, D F (0, 0)[1 + 716 (0,0)] + Dyus F (0, 0)[7:.0, 0), 1 + 71 (0, 0) ]
+ Dy F (0, O)[ﬁ)»a (0, O)]>

= (I, D3, F (0, 0)[1])=/eap(x)f(x,0)dx+/e“P(x),3(x,O)dS=O,
Q 02
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and
1
H;(0,0) = EGM()», 0)

1
= <1, Dy F (0, 0)[1 + 5 (0,0)]* + Dy F(0, 0)[igo (0, 0)])

1
=5 (1. DwFO.O[1T) =o0.
Recall that 7, (0,0) = ,.(0,0) = 73,(0,0) = 755 (0,0) = 0, and 7,4, (0,0) = & is the unique
solution of (4.33). For the Hessian matrix
H,, He
Hess(H) = ,
(H) (HAU HO'O')

we have the following evaluations at (0, 0):

H),.(0,0) = G,5(0,0)
= <1, Dy F[ 1+ 716 | 4 2DpF[712: 1+ 2] 4 2D0u F o | + 2DuuF | 7rs 1]

+ Du}—[ﬁkkn] + Duuuf[ﬁks ﬁ)u 1+ 77](7] + Duu}—[flkkv 1+ ﬁo]>

- (1, D3 F (0, 0)[1] +2D3, F (O, 0)[&1])
=2 [ "D fx, 0)&1 (0)dx +2 [3 e*PW B(x, 0051 (x)dS =2 [, PV [dx,

Hyo(0,0) = 5G45(0.0)
= %(l, DAuuf[] + ﬁo]z + D)Lu]:[ﬁaa] + 2Duu]:[ﬁ}»ov 1+ ﬁa] + Du]:[ﬁ)mo]

+ DLtuuf[ﬁAs I+ ﬁov 1+ ﬁa] + Duu]:[ﬁ)u ﬁaa]>

<z, Dy FO,0[1]7 + 2D, F (0, 0) 20 1])

1
2
Jo @™ fu(x,0)dx + [, e*"® B, (x, 0)dS,

and

1
Hs o (O’ 0) = gGaaa (0, 0)

1

-3
1 3

_ §<1, Do F(0,0)[1] >=0.

Hence from Lemma 2.5 of Liu, Shi and Wang [39], we see that if det Hess(H) < 0, then the

solution set of H(A,o) =0 near (A, o) = (0, 0) is a pair of intersecting curves. Consequently,

the solution set of (1.6) near (A, u) = (0, 0) is precisely the union of trivial solution curve Iy

(1 D {1 + 16 + 3Dl 1+ 1] + DuF oo )
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and the pair of intersecting curves which solves H (A, o) = 0. Here, the two intersecting curves
solving H (X, o) = 0 have the form

{(i(s),ui(s)) |s| <8} (G=1,2)

for some 8 > 0 with u; (s) = 0;(s) + 7; (A; (s), u; (5)), where (1}(0), o{(0)) and (15(0), 05(0))
are non-zero linear independent solutions of

H;5(0,0)x? + 2H;,4 (0, 0)xy = 0.

Then we choose (A} (0),0/(0)) = (0, 1), (15(0), 05(0)) = (1, —2’}%(?0{’3)) such that the curve

{(A1(s),u1(s))} is consistent with the trivial solution set I',,, while the curve X, = {(A2(s),
u2(s))} must be distinct from I'g or I, . Thus, the following theorem is established.

Theorem 4.8. Assume that f, 8 satisfy (H1), (H3)" with f € C3(Q xR, g€ C3(Q x R), and
the condition

(H5) /e“P(X)fu(x,O)dx+/6“P("),Bu(x,0)d57é0.
Q

Q2

Then the solution set of (1.6) near (0, 0) consists exactly of the curves I'y, ', and

Ty ={(A2(s), ua(s)) : s € (=48,0) CR},

where Ay (s) and uy(s) = o2(s) + 1(Aa(s), 02(s)) are C! functions such that A»(0) = 02(0) =0,
15(0) =1 and

Jo e WIVE Pdx
fQ eaP(x)fu (x,0)dx + faQ eaP(x)ﬂu (x,0)dS ’

03(0) = —

with &1 defined as in (4.33).

Remark 4.9. From Theorem 4.8, it can be seen that if [, P £ (x, 0)dx + [oa P, (x,
0)dS < 0, then there exists a negative solution curve %, of (1.6) bifurcating from the line of
trivial solutions I'g and I',;, which has the form ¥, = {(A2(s), u2(s)) : s € I = (=4,0) C R}.
However, this solution has no biological significance.

Finally, we investigate the stability of positive bifurcating solution (A2(s), ua(s)) for s € (0, §)
in Theorem 4.8. Consider the linear eigenvalue problem (3.1) at (A2(s), u2(s)), which has the
form:

{—e‘“”mv [ POVY] = ra()[ £ (x, ua(s)) + uals) fux,ua ()] = nyy, x €,

Oy — Aa(s)[B(x, ua(s)) + ua(s)Bu(x, ua ()| = p, x €9K2.
(4.35)
We still denote by (121(s), ¥1(s)) the principal eigen-pair of problem (4.35). Obviously, 11 (0) =
0 and ¥1(0) = 1. Moreover, A2(0) = u2(0) =0, A5(0) = 1 and u},(0) = ¢5(0). Substituting A =
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Xa(s), u = ua(s) into (1.6), differentiating twice with respect to s, and then letting s = 0, we
obtain that

—V - [e*POVUS(0)] =27 f(x,0)05(0), x €,
drus(0) =2B(x,0)05(0), X €,

which leads to that u/(0) = 20,(0)&;, where &; is the unique solution of (4.33). Similarly by
differentiating (4.35) and setting s = 0, we get

(4.36)

—e PV [ POVY(0)] — f(x,0)=p[(0), xeQ,
¥ Y1 (0) — B(x, 0) = ) (0), x €99.

By multiplying the first equation of (4.36) by P ™) and integrating over €, it is inferred that
w;(0) = 0 and then v/{(0) = &;. Next, differentiating (4.35) twice by s and taking s = 0, we have

_e—aP(x)V . [eaP(X)VI//i/(O)]
=2f(x,00& — 4 fu(x,0)0,(0) — 15(0) f (x, 0) = w7 (0), x€Q, (4.37)
3 v (0) = 2B(x, 0)&1 — 4By (x,0)0,(0) — 15(0)B(x,0) = n(0), x €9,

where we have used the fact that | (0) = 0 and | (0) = &;. By the assumption (H3)", multiply-
ing the first equation of (4.37) by e**®) and integrating over 2, we derive that

u’{(O)(/e“P(X)dx+/e‘“”<x>ds)

Q IR

=2 [0 oo+ [T 06 0ds)

¢ oe (4.38)

—4030)( / PO £, (x, 0)dx + / e*P @B, (x,0)dS )
Q aQ
= Z/e"‘P(X)Wéllzdx >0,
Q
which implies that {/(0) > 0.
Therefore, we can conclude from the above arguments and Theorem 3.4 that under the as-

sumptions (H1), (H3”) and (HS5), the trivial solution (A, 0) of (1.6) is unstable for A € (0, co)
and the positive bifurcating solution (A2(s), u2(s)) is stable for s € (0, §).

5. Application to a parabolic equation with monostable nonlinear boundary condition

In this section, we consider a special case of (1.5) with f(x,u) =0 and B(x,u) =r(x)b(u),
ie.,
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u, =e POy, [e"‘P(X)Vu], xeQ,t>0,
Ou = Ar(x)b(u)u, x€d,t>0, 5.1
u(x,0)=up(x) >0, x €,

where Q € RN (N > 1) is abounded domain with smooth boundary €2, X is a positive parameter,
r:9Q — R is of class C!'*?(3Q) for some 6 € (0, 1) and b: R — R is C3 function satisfying

(AD) b(0) >0, b(1)=0, b'(1) <0, [ub(u)]” <0in (0, 1),
b>0in (0,1), b <0in (1, +00).

Clearly, b(u) = 1 — u satisfies the condition (A1). Moreover, for the parabolic problem above we
have

(A2) X:={uc H' (Q):0<u(x) <lae. x € Q}isthe phase space for (5.1)
keeping analogy with several problems occurring in population genetics where solutions with

0 <u <1 are of interest.
Consider the steady state solutions of (5.1) satisfying 0 < u < 1, which satisfy

(5.2)

V. [e"‘P(")Vu] =0, xeq,
Oiu =Ar(x)b(u)u, x € of.

For application of the results of Section 4, we define a nonlinear mapping F : R x WZZ(Q) —

_1
L) x W, T (@)1 > N as

Flo,u) = (v [ POV, du — Ar(x)b(u)u) . (5.3)

The aim of this section is to study the bifurcation and stability structures of steady states of
(5.1). Assume that b satisfies (A1). Clearly, (5.2) has the trivial solution curves

IFp:={(Ax,0):2>0}, Ti:={(,1):12>0}
and
Iy, :={0,u1):0<u; <1}.
We first investigate bifurcation from the solution set I'g and I"y as follows:
Proposition 5.1. Suppose that (A1) holds true and r : Q2 — R is sign-changing on 2.
(i) If

/ P®r(x)ds =0, (5.4)
0Q
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then there is no bifurcation from I'yp and T'y.

(ii) If
/ @ r(x)ds <0, (5.5)
0Q

then (A1,0) is a bifurcation point with respect to the trivial branch Ty and there is no
bifurcation from T'1, where A1 is the unique positive principal eigenvalue of

—v-[ea”x)w]:o, x e, 5.6)
30 = Ar(x)b(0)v, x €9Q. '
(iti) If
f POrx)ds >0, (5.7)

Q2

then (71, 1) is a bifurcation point with respect to the trivial branch T and there is no
bifurcation from Ty, where A1 is the unique positive principal eigenvalue of

—e POV [2POVH] =0, xeq,
Uiy = Ar(x)b' (¢, x €09

Proof. (i) We only prove the case related to I'g. Suppose that A > 0 is a bifurcation point with
respect to I'g. From Lemma 4.2 (i), then X is the principal eigenvalue of (5.6), which is impossible
by (5.4) and Theorem 2.2 (iii). The proof for I'y is similar.

(ii) It can be seen from Theorem 2.2 that when (5.5) holds, (5.6) admits a principal eigenvalue
A1 > 0 since b(0) > 0. Thus, A1 is a bifurcation point with respect to I'g. On the other hand,
since b’'(1) < 0 and (5.5) holds, there is no bifurcation from I';. Finally, part (iii) is similar to
part (ii). O

In Proposition 5.1, the results of part (ii) and part (iii) seem to be symmetric. Actually, the
change of variable # = 1 — u allows us to transform all analysis made for I'g and I'j, yielding
relatively symmetric results that can be read by interchanging the roles of u =0 and u = 1. In
the following, we mainly consider the cases (5.4) and (5.5).

5.1. Case (5.4)

It follows from Proposition 5.1 (i) that no bifurcation occurs from I'g and I'y. That is, the
bifurcation theory for simple eigenvalue can not be applied to I'g and I'y. Indeed, we can calculate
that

D, F(0, u)epl = (V . [eOlP(x)Vd)]’ 2_;’) ,

DyuF (0, @)[¢] = (0, —r (x)[b(@) + b’ (@)1p)
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for ¢ € le(Q), where u =0 or u = 1. Since N(D,F (0, u)) = span{l}, by (5.4), it holds that
D, F(O,u)[1] € R(D,F(0,u)). Then the transversality condition of Crandall-Babinowitz theo-
rem [20] is not satisfied. Moreover, we see that the conditions in Theorems 4.6, 4.7 and 4.8 are
also not satisfied. So we need to use other approach to study bifurcation from (0, #) or I'y,.

In the following, we perform a Lyapunov-Schmidt reduction to show the solution set bifurcat-
ing from I', . Notice that D, F (0, u;) = (V - [¢*P™V], %) and N(D,F(0,u1)) = span{1} for
any constant 1 > 0. Make the decomposition

X = N(DyF©,u1) @ X, and ¥ = R(D,F(0,u1)) ® Y.

Define the operator / € Y* by

i,y = / yi(x)dx — / POy, (x)dS, Vy=(y1,y) €Y,
Q Q2

and then N(I) = R(D,F(0,u1)). Now, we let P be a projection operator from Y to Y; along
R(D,F(0,uy)), namely, Py = (¢, y)p forye Y. Setu =uy+o0 +n,where 0 € R and n € X;.
Following the argument in Section 4.2, there exist an open neighborhood I/ of (0, 0) in R?, and
a continuously differentiable map 7 : I/ — X such that 17(0, 0) = 77, (0, 0) = 0 and

(I —-P)YF,u1+o+n,0))=0. 5.8)
Then solving (5.2) is equivalent to finding zeros of G (X, o) =0, where

G, o) 2 (I, PF(Au1 +0 +i(r,0)))

=, F,ur o0+, o))
(5.9)

= A/eap(x)r(x)b(ul +0o 40k, 0)) - () +0 +7(x,0))dS.
aIQ

In case (5.4), there holds that Dy F(0,u;) € R(D,F(0,u1)), VG(0,0) =0 and 7, (0, 0) = v;
is the unique solution of

v.[eaf’mw]:o, x e,
ozv=rx)b(uu;, x €I, (5.10)
Joqv@)dx =0.

Moreover, we can derive that G, (0, 0) = G4+ (0, 0) = 0, which implies that Hess(G) = 0. Thus
one can not apply Lemma 2.5 of Liu, Shi and Wang [39] to G. Meanwhile, the assumption (H4)
in Theorem 4.6 does not hold. To overcome this difficulty, we define

WL, 0)= / PO rObw +o +7(0,0)) - (u) +0 +7(h, 0))dS. (5.11)
aQ

Thus, solving (5.2) is transformed to find zero of W(A,o) = 0 since we look for non-
trivial solution to (5.2) with A > 0. Notice that ¥ € C? for (A,0) € U and ¥(0,0) =
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urb(uy) fm e*P@r(x)dS = 0. Then we have the following results regarding the existence of
nontrivial solution of (5.2) bifurcating from I' ;.

Lemma 5.2. Suppose that (A1) and (A2) hold, and r : Q2 — R is sign-changing on a2 and
satisfies (5.4). The following statements are valid:

(i) The point (0, i), where 0 < iy < 1 and b(uy) + b'(uy)iuy =0, is a bifurcation point of
(5.2) with respect to 'y, and the solutions of (5.2) near (0, u1) consist exactly of the curve
'y, and

S1={(1(s), u1(s)) : s € (=6,8) CR},

where A1 (s) and u1(s) = ity + o1(s) + (A1 (s), o1(s)) are C' functions such that 11 (0) =
i1b(iiy) [0 e @r(x)[v1]7dS

— / — 4 = —
01(0) =0, ,(0) = 1 and o{(0) = 2 [0 PO Vy 7dS

, where v| € X is the

unique solution of (5.10) with u; = u;.

(ii) If b(u1) +b'(upuy Z0 with 0 < uy < 1, then (0, uy) is not a bifurcation point of (5.2) on
Cy,.

(iii) There is no nonconstant solution of (5.2) near (0, 0) and (0, 1).

Proof. 1. For part (i), we note that [ub(u)]/|u:() = b(0) > 0, [ub(u)]/|u:l =b(1) <0 and
[ubu)]” = 2b'(u) + ub" (u) < 0 for u € (0, 1), then there exists a unique i € (0, 1) satisfy-
ing b(uy) + b’ (uy)uy = 0. From the information of the partial derivatives of 7 at (0, 0), by (5.4),
we calculate that

v, (0,0) =0, W¥;(0,0)=0,

W;5,(0,0) = [28"(uy) + urb" (u1)] / POy ()[40, 0)]dS
02

= [26'u1) + urb" )] f PO u]as.
Q2

W36 (0,0) = [26 () + uy b (u1)] / “POr(x)[14 750, 0)]7(0, 0)dS
a2

= [2b' (1) + u1b" ()] f P Or(xyvi (x)dS,
Q2

Woq(0,0) = [26"(u1) +u1b" (uy)] / PO r@)[1+ 76 0,0)]dS = 0.
IR

At the point (0, i1), by (5.10), we can infer that

1
G )fe“P<X>|vU1|2dx >0,
ui

Q

/eap(x)r(x)vl(x)dS =

i)

urb
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which implies that

W0 (0,0) =26 (u1) + u1h” (uy)] / P (x)v1(x)dS < 0.
Q2

Thus we conclude that the Hessian matrix of W at (0,0) and u; = u is indefinite and non-
degenerate since

detHess(W) = W;, (0, 0) - W, (0, 0) — Wy, (0,0)> = —W; (0, 0)> < 0.

It follows from Lemma 2.5 of Liu, Shi and Wang [39] that the solution set of W(A,0) =0
near (A, o) = (0, 0) is a pair of intersecting curves. Consequently, the solution set of (5.2) near
(&, u) = (0,0) is precisely a pair of intersecting curves which solve W(%, o) = 0 and has the
form

{i(),ui(s)) :Is| <8} (1=1,2)

for some § > 0 with u; (s) = 0;(s) + 7; (A; (5), u; (5)), where (17 (0), o{(0)) and (1;(0), 55(0))
are non-zero linear independent solutions of

W;5.(0,0)x% 4 2W;, (0, 0)xy = 0.

Now we choose (1}(0), 0/ (0)) = (1, —2“{;;(?6?3)), (45(0), 04(0)) = (0, 1) such that the curve
{(A2(s), u2(s))} coincides with the trivial solution set I',,, while the curve S1 = {(A1(s), u1(s))}
must be distinct from I, . This proves part (i).

2. For part (ii), we suppose that u; € (0, 1) and b(u1) + b'(u1)u; # 0. Notice that W(0,0) =0

and

W;.(0,0) = [b(ur) + urd' (uy)] f e*POr(x)7,(0,0)dS
Q2

= [bQu1) +u1b'(u)] / PO (x)vy (x)dS
Q2

_ b)) +uib'(up) / 2P|V, |2dx #0.
uyb(uy) J

It follows from the implicit function theorem that the unique solution set of W(A,0) =0 in a
neighborhood U] C U of (0, 0) consists of the graph of a C? function A = A(¢) for (A, o) € U],
which satisfies A(0) = 0. Recalling the equation (5.2), we see that for A =0, u = u1 40 +7(0, 0)
must be a constant. This combined with 7 € X1 means that (0, o) = 0. Thus, we obtain that

W(0,0) = / PO r(0b(uy + ) - (w1 +0)dS = b(uy +0) - (1 +0) / PO r(x)dS =0.
2 02
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By the uniqueness of solution of W(X, o) =0 in U, we must have A(c) = 0 near o = 0. There-
fore, the solution set of (5.2) near (0, uy) is only the branch I, and no bifurcation occurs. This
proves part (ii).

3. Finally, for part (iii), we let &z € {0, 1}. In this situation, we still have 7(0, o) = 0, which
implies that 7, (0, 0) = 1754 (0, 0) = 0. Moreover, since v; € X1, from (5.10) with u; € {0, 1},
one can derive that 7, (0, 0) = v; =0. By (5.8), we calculate that

0= (I — P)(DuuF(0,d1)[1 + 75(0,0)] + Dy F (0, &t1)[ 1 + i (0, 0), 7,0, 0)]
+ Dy F(0, 1) [ 7150 (0, 0)])
= Dkuf(ov ﬁl)[l] + DM}—(O, ﬁl)[ﬁxa (07 0)],

and
0= (I — P)(DuuF(0,01)[71.(0,0)] + Dyu F(0, 1) [ 7.0, 0), 7,(0, 0)]
+ D, F(0,i1)[i12.(0,0)])
= DM]:(O? ﬁl)[ﬁk)\(o’ 0)]
Note that

(I, D F (0, a)[1]) = [b(Gy) + 16 (1)) / e“POr(x)ds =0.
Q2

Then Dy, F(0,i1)[1] € R(D,F (0, i1)). We now can infer that 3,0, 0) = 0 and i, (0, 0) =
vy € X is the unique solution of

V. ccP(x)V — Q
{ [e v] =0, xeQ, 5.12)

v =r)b@) +a1b'(G1)], xe€dQ.
Hence, we have that ¥, (0, 0) = W, (0,0) =0 and
U, (0,0) = [b(#)) +ﬁlb’(ﬁl)]/eap(x)r(x)vg(x)dS :/eap(x)|Vv2|2dx #£0.
IQ Q

This leads to that det Hess(¥) < 0. Likewise, the intersecting solution curves of W(A,0) =0
near (0, 0) coincide with the trivial solution sets I'g, I';, for ity =0, and 'y, T, for &#; = 1. This
completes the proof. 0O

Remark 5.3. Lemma 5.2 implies that the point (0, iz1), where 0 < ity < 1 and b(i1) +b'(it1)it] =
0, is the unique bifurcation point of (5.2) with respect to I, .

The following lemma can help us getting better understanding of the bifurcation and stability
structures of nonconstant steady states to (5.1).
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Lemma 5.4. Let u) be a nontrivial steady state of (5.1) for A > 0. Then the operator
D F(h,up): WA(Q) — LI Q) x W, ' 0Q),1 > N, given by

DuF G, unlvl = (V- [POV], b0 — Ar ()b + b )

forallv e WZZ(Q), is an injective mapping.

Proof. Suppose to the contrary that D, F (A, u;) is not injective. Then the elliptic problem

[,aP(x) —
{v [e2P0VE] =0, xeQ, 5.13)

3§ = Ar(0)[b(up) +urb'w)1§,  x €99

admits a nontrivial solution & € Wl (€2). By elliptic regularity (refer to [44]) & is a classical
solution of above equation. By applying the maximum principle and Hopf’s Lemma, we obtain
that u; >0and 1 —u; > 0 on 2. Thus b(u,) > 0 on Q.

Define a function { = fm) By letting & = ¢u; b(u;) into (5.13), we have

V- [e2POVE] =V - [e*POV (curb(uy))]
L) [v -V (Curb(u)) + VP - V(;u;\b(uk))]
— P [uxb(uk)AE +2V¢ - V(b)) + ¢ A(urb(uy))
+u3bu;)VP -V + (VP V(ukb(u,\))] =0 inQ,
and

_3(¢urbwy))
B an

— hr () [b(up) +urb’ w)1gurb(uy)
9¢ / ou,;, /
= uxb(u/\)ﬁ + [b(ur) + urb (”A)]gﬁ = Ar () [b(u;) + uab (up) 1§ usb(uy)
i
= u;hb(u)h)—_, in 0€2.
on
Note that by (A1), there holds
e“P(x)[A(u;Lb(uk)) +VP. V(uxb(ux))]
=V [“POV(u3b(uy))]
=V [(bu) + und ;) e* PO Vuy]
= (bup) + b )V - [P OVU | + (26 (un) + b (3)) e O |Vuy |2
= (26" (u3) + usb" () e |V | < 0.

Then ¢ satisfies an elliptic equation
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AL+ YN b0y + () =0, xeQ,
3¢ =0, x €0Q,

where the coefficients b; and ¢ are smooth and c(x) < 0 for x € Q2. Combining the maximum
principle and the Hopf’s Lemma, we can derive that { =0, a contradiction. O

We can infer from Lemma 5.4 and the implicit function theorem that there is no secondary
bifurcation of steady state solution to (5.1), and have the following result.

Theorem 5.5. Suppose that (A1) and (A2) hold, and r : 92 — R is sign-changing on 02 and
satisfies (5.4). Then for each A > 0 there is a unique nonconstant solution u; to (5.2), which
coincides with a global smooth curve bifurcating from I'y,. Moreover, the bifurcating solution
curve is globally parameterized in A. That is, the mapping

(0, +00) 3 A > up € [WHQ) N X] (I > N),
is smooth.

Proof. It follows from Lemma 5.2 that there is a local smooth solution curve S; of (5.2) bi-
furcating from I, at the point (0, iz1) with 0 < ity < 1 and b(i1) + b'(it1)it; = 0. Clearly, this
bifurcating solution is nonconstant. By applying the implicit function theorem, Lemma 5.2 and
the continuation of S in A, we can extend such local curve to a global smooth solution curve,
denoted by S, parameterized by A, where S coincides with S for A near 0. In view of Lemma 5.2
(iii), since there is no secondary bifurcation of steady state solution to (5.1), the obtained global
solution curve is defined for all A > 0.

For the uniqueness, it is true for A near 0. Suppose that there exists %> 0 such that ; €X\S
is a nonconstant solution to (5.2). By the argument as above, since no secondary bifurcation
occurs, one can get a global smooth solution curve S to (5.2), in which (&, u 3) € S and S does
not coincide with S; for A near 0. This is impossible by the uniqueness of S; near (0, u#1). Thus
the existence of a unique nonconstant steady state solution u; of (5.2) for A > 0 is obtained.
Meanwhile, we see that the mapping (0, +00) 3 A —> uy, € [W(Q) N X]( > N), is smooth.
The proof is completed. O

In the following, we give a stability analysis for the steady state solutions of (5.1). From the
previous argument, we know that (5.1) admits the constant steady states © =0 and u = 1, and
a unique nonconstant steady state u) define for all A > 0. Their stability can be classified as
follows.

Theorem 5.6. Suppose that (A1) and (A2) hold, and r : 922 — R is sign-changing on 02 and
satisfies (5.4). Let u)_be the unique nonconstant solution to (5.2).

(i) The constant steady states u =0 and u = 1 of (5.1) are both unstable for all ). > 0.

(ii) For any A > 0, the steady state u) of (5.1) is globally asymptotically stable, i.e., for any
initial value ugy € X, satisfying uo # 0, 1, the solution u(-, t; ug) of (5.1) converges to u; in
the Wl1 -norm, | > N.

This theorem will be proved by several steps, and the proof for part (i) is as follows.
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Proof of Theorem 5.6 (i). Linearizing the equation (5.1) at # (u = 0 or u = 1), we obtain the
corresponding eigenvalue problem

_ —(xP(x)V_ otP(x)V — Q
{ e [e V] =ny, xeQ, (5.14)

iy — Ar(0)[b@) + @b @]y = py, x € Q.

Since / P )r(x)dS = 0, following the proof of Theorem 3.4 (ii), we have that no matter for

a0
u =0 or for u = 1, the principal eigenvalue p; of (5.14) must be negative. Then by Proposi-

tion 3.2, the constant steady states u =0 and u = 1 of (5.1) are both unstable. O

We now provide a stronger conclusion regarding the instability property of the constant steady
states u =0 and u = 1 of (5.1), which shows that any nontrivial semi-orbit of the dynamical
system generated by (5.1) in X would not converge tou =0 oru = 1.

Lemma 5.7. Suppose that (A1) and (A2) hold, and r : Q2 — R is sign-changing on a2 and

satisfies (5.4). Then for any initial value ug € X, satisfying ug # 0, 1, the solution u(-, t; ug) of
(5.1) has the properties that

flu(,t; MO)HWII(Q) -0 and |lu(-,t;u0) — 1||W11(Q) -0

ast — +o0o, wherel > N.

Proof. We only prove the nonexistence of nontrivial positive semi-orbit converging to u = 0,
and that for u = 1 can be proved similarly.
By way of contradiction, we suppose that there exists ug € X with ug £ 0, 1, such that

NG, 23 u0)lly1 () — 0, as 1 = 400,
for some [ > N. Let 1 = w1 (A) be the principal eigenvalue of the problem

—e POV . [ POVY ] =pny, xeQ,
Oy — Ar(0)bO)Y = i, x €09,

and y; be the eigenfunction corresponding to 41 normalized by |11l ,2(q) = 1. By the proof of
Theorem 5.6 (i), it holds that 41 < 0. Define ® : RT™ — R by

O(t) = /eap(x)u(n t;up)yidx.
Q
We claim that @ is strictly increasing for sufficiently large t.
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For the proof of above claim, we write u(¢) := u(-, t; up) and have that

dd(t
dt( ) :/eap(x)uzlﬁldx — / V- [eaP(x)Vu]dx
Q Q

:/u(t)v-[e“”")vwl]dx_/u(t)e“”x)a;,wldSJr/wle“”x)a,;uds
Q2

Q 082

=—u /eap(x)wlu(t)dx—i—/e“P(X)Iﬂ]u(t)dS

Q Q2

+/\/e°"’<x)¢l[b(u(z)) — b(0)Ju(r)dS.

Q2

Notice that by the maximum principle and Hopf’s Lemma, 0 < u(t) < 1 on § for all ¢ > 0.
Moreover, we see that

lu@® ¢ — 0, as 1 — 400, (5.15)

as the embedding Wl1 () < C(Q) holds for [ > N. Combining (5.15) and the continuation of
b(u) at u =0, and using w1 < 0, one infer that there is 79 > 0 large enough such that

do()
dr

—pi / PO yru(rydx + / PO yu(r)ds

Q Q2

+ A / POy [b(u(r)) — b(0)u(r)dS > 0
I

for ¢ > #y. This proves the claim.

Next we choose t, > fo such that ||u(z,) ”C(ﬁ) < infg u(p). It follows from above claim that
®(t9) < D(t,), consequently, [, e*P®[u(ty) — infgu(ty)]¥1dx < 0, which is a contradiction.
The proof is finished. O

Define a function 7, : X — R as

Tw) = %/ea””wuﬁdx —,\/e“”x)r(x)é(u)ds, (5.16)
Q a0
u
where B = / &Eb(&)dé. Then J, is a Lyapunov function for the dynamical system generated
by (5.1) foroall A > 0, which is a gradient system (see [2]). Further, 7, decreases along the
semi-orbits except at steady states of (5.1). Meanwhile, the corresponding semi-orbit in gradient

system would converge to the set % of steady state solutions of (5.1) as time goes to infinite
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(see [27]). For more details, one can see from [27, Theorems 4.3.3 and 4.3.4] that, for any initial
value ug € X, the omega limit set w(up) associated with the dynamical system generated by
(5.1), which is nonempty, compact, connected and invariant, is contained in ¢’. Then we have the
following result.

Lemma 5.8. Suppose that (A1) and (A2) hold, and r : 92 — R is sign-changing on 92 and
satisfies (5.4). Then the nonconstant steady state u) of (5.1) is a global minimizer of the energy

functional Jy, in X for all . > 0.

Proof. It is known that critical points of 7, defined by (5.16) are weak solutions of (5.2) for
A > 0. Firstly, we show that 7, |x has a global minimizer in X. Define

[r>00:={x€dQ:r(x)>0} and {r <0}:={x € dQ: r(x) <0}

Then for any u € X, we have

1 _ _
Jx(u):E/e“P(x)szdx—)» / PO r(x)Bw)ds — A / PO r(x)Bw)ds

Q {r=0} {r=0}
1 1 (
2 Ee(xminﬁp(){)”u”iﬂ(g) _ EeaminﬁP(x)/lﬁdx _ )\' / eaP(x)r(x)'/.éb(E)dédS
Q {r=0} 0
1 ing P
G 154112
> Eeammﬂ * ”M”Hl(Q) - Ks

where K = K (A, Q,r, b) > 0, which means that 7, is bounded from below in X. Thus one
can define the infimum y := inf,cx J) and take a minimizing sequence {u,,} C X such that
TIn(um) — x as m — oo.

In view of the estimate from below for 7;,, we see that {u,,} is bounded in H!(2). By passing
to a subsequence of {u,,} if necessary, there exists ii; € H'(Q) satisfying that, as m — oo,

ou, — iy in HY(RQ),
o u,, — iy in L*(2) and L?(39),
e i, —> U) a.e.in L,

2
HY(Q)

2

Q) we obtain

which also implies that i, € X. Noticing that ||z, || < liminfy,_ o |[tm ||

x < h@@;) < liminf J5 (up) = x,
m—00

thus, 7, (é;) = x, and then i, is a global minimizer of 7, in X for all A > 0. On the other hand,
by Theorem 5.5, we obtain ¢ = {0, u;,, 1} for all A. So %, must be one of 0, u; and 1.

In the following, we exclude the possibility for i, = 0 or i), = 1. In fact, let ,u(l) be the principal
eigenvalue of (5.14) with u =0, and w? be the corresponding positive eigenfunction satisfying
||1//?||Lz(9) = 1. Since (5.4) holds, then u(l) < 0. For a fixed § > 0, there holds that
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T8y = %fe“”")w(aw?)ﬂdx—A/e“P(x>r(x)B(a¢?)ds

Q Q2

82 P 0,2 P 0)\2
=3 /e“ @ vy dx—x/ea @r)b(0) (7)) dS
Q Q2

183

- T/e‘“"“‘)r(x)b(e)(w?)%ls
Q2

82

_9%9 0 aP(x) (. 0\2 aP(x)(,,0\2 _ Lf33 aP(x) 0\3
== e (1,01) dx+ [ e (1//1) ds 3 e r(x)b(@)(wl) ds,

2
Q aQ aQ

where 6(x) is a function between 0 and 81//?(x) for x € Q2. Then it can be inferred that
T ((Sw?) < 0 for § > 0 small enough. This is to say J; (&) < 0. Since J,(0) = J,.(1) = 0 for all
A>0,and$ 1//? € X for § > 0 small, it must be I, = u;,, consequently, u,_ is a global minimizer
of the energy functional J; in X for all A > 0. The proof is completed. O

In this position, we can complete the proof of Theorem 5.6 (ii).

Proof of Theorem 5.6 (ii). Linearizing equation (5.1) at the steady state u, , we obtain the eigen-
value problem

Py . [eotP(x)Vw] = u, x € Q,

(5.17)
Oy — Ar()[b(us) + unb' ) | = uyr, x €0Q.

The principal eigenvalue 11 of (5.17) has the variational characterization

= inf Ja @ POV Pdx =2 fy0e"Or0[bs) + unb () ]y>ds
Hr= YveH(Q) fQ gaP(x)dex + fasz eotP(x)deS .

Notice that 0 < u; < 1 on Q by the maximum principle, and Wl1 () — C(Q) for! > N. Then
there is a small ball in the Wl1 -topology, with [ > N, which is centered at u, and contained in X.
Thus there holds that

~J w)¥1* <0, Yy e W' (Q),l>N,

since u,, is local minimizer of the functional .7, in Wzl (), > N, by Lemma 5.8. Hence, we
have 1 > 0. However, it follows from Lemma 5.4 that 1 = 0 is not an eigenvalue of (5.17) and
thus w1 > 0. Now, by Proposition 3.2, u, is locally stable. This together with Lemma 5.7 proves
Theorem 5.6 (ii). O
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5.2. Case (5.5)

In this subsection, we consider the dynamics of (5.1) when (5.5) holds. Note that the trivial
solution sets I'g and 'y, of (5.2) intersect at the point (0, 0), while I'y and T, intersect at the
point (0, 1). We first have the following conclusion.

Proposition 5.9. Suppose that (A1) and (A2) hold, and r : 92 — R is sign-changing on 02 and
satisfies (5.5). Then there is no nonconstant solution of (5.2) near (0, 0) and (0, 1).

Proof. Since (5.5) holds true, by Theorem 4.7, the solution set of (5.2) near (0, 0) is a union of I'y
and I',,, which implies the nonexistence of nonconstant solution of (5.2) near (0, 0). Secondly,
if u; is replaced by 1, then Theorem 4.6 can also be applied to the point (0, 1) since f(x,u) =0
and

[ B + e, vias =5 1) [ e Orcoas 0.
Ele; 9%

Thus we can obtain that the solution set of (5.2) near (0, 1) is a union of I'y and I';,;, and then
there is no nonconstant solution of (5.2) near (0,1). O

It can be seen from Theorem 2.2 that problem (5.6) admits a unique positive principal eigen-
value A1 when (5.5) is satisfied, which shows that X is the unique bifurcation point with respect
to ['g. The next result concerning the solution set of (5.2) in the range A € (0, A1].

Lemma 5.10. Suppose that r : 92 — R is sign-changing on 02 and fm e“P@yr(x)dS # 0.
Then for all 0 < A < A1, the only steady state solutions to (5.2) are constant ones.

Proof. Similar to [46, Theorem 3.1], we can infer that for all A sufficiently small, (5.1) only
has the constant steady states. To prove our aim, we suppose to the contrary that there exists
0 <A < A1 such that (5.2) has a nonconstant steady state u; for A = A. Since D, F (A, uz)isa

Fredholm operator with zero index, by Lemma 5.4, we know that D, F ()AL, u3) is a bijection. It

then follows from the implicit function theorem that there iAs aninterval [ := (i -3, A+ 8),8 >0,
and solutions u; () € le(Q),l > N, of (5.2) for all A € I such that u; (1) = u3. One can easily
have that, reducing § > O if necessary, u; (1) € X\ {0, 1} are nonconstant solutions of (5.2) for

allhel.
Choose a sequence {A )} C I satisfying Ay = A —8 as k — 00, and denote us (Ay) by uy,
then

/e“P<X)|w(k)|2dx = x(k)/e“”<X>r(x)b(u(k))ufk)ds =00w)-
Q Q2

This equality implies that the sequence {u )} is bounded in H () and, passing to a subsequence
of {u)} if necessary, there exists it € H! (R2) satisfying that, as k — oo,

o Uy — i in HI(Q),
o) — G in L?(2) and L%(3),
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® Uk —> i a.e.in 9Q.

Thus, i € X is a weak solution of (5.2) with A = A — 8, which is also nonconstant. Now, by
proceeding all precious argument for i, a induction can be applied to obtain a sequence {u;,}
consisting of nonconstant steady states of (5.1), in which A1) = % and A ) —> 0as j — oco. This

is a contradiction with the fact that (5.1) has no nonconstant steady state for A > 0 sufficiently
small. O

In what follows, we consider the local bifurcation from I'y at the point (A1, 0). From the
argument in Section 4.1, one has

Theorem 5.11. Suppose that (A1) and (A2) hold, and r : 92 — R is sign-changing on 02 and
satisfies (5.5). Then (5.6) has a unique positive principal eigenvalue )1, which is a bifurcation
point with respect to Iy, and the nonnegative solution set of (5.2) near (A1, 0) consists exactly of
the curves I'g and

So=1{(ro(s), uo(s)) :s € [ = (0,¢) CR™},

where Ao(s) = A1 + 22(5), uo(s) = s¢o + sz1(s) are C! function so that z;(0) =0,i = 1,2, ¢o
is the positive eigenfunction associated with A1. Moreover, the bifurcation occurring at (11, 0)
is transcritical and the bifurcating positive solution of (5.2) from g is locally asymptotically
stable.

Proof. By Proposition 5.1, A; is a bifurcation point of (5.2) with respect to I'g. Then it follows
from Theorem 4.3 that a positive solution of (5.2) bifurcates from I'¢ near (A1, 0). Moreover, by
applying (4.12) to Sp, one can derive that

b'(0) [qe @ |Vo|>podx
b(0)  [oe*P®|Vgy|2dx

Ao(0) = =241 - (5.18)

Then a transcritical bifurcation occurs at (A1, 0). This combined with (4.21) shows that the bi-
furcating positive solution of (5.2) from I'g is stable. O

The above theorem gives a local branch of nonconstant steady state of (5.2) for A near 1.
Lemma 5.10 presents the uniqueness result for constant steady states to (5.1) in the range (0, A1].
Then similar to Theorem 5.5, from Lemma 5.4, Proposition 5.9, Lemma 5.10 and the implicit
function theorem, we can obtain the following result concerning on a uniqueness result for non-
constant steady state, and we omit its proof here.

Theorem 5.12. Suppose that (A1) and (A2) hold, and r : 92 — R is sign-changing on 02 and
satisfies (5.5). Then for each A > A1 there is a unique nonconstant solution u;, to (5.2), which
coincides with a global smooth curve bifurcating from T'g. Moreover, the bifurcating solution
curve is globally parameterized in A. That is, the mapping

(1, +00) 3 A > u € [WHQ NX] (I > N),
is smooth.
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To end this subsection, we analyze the stability of nonnegative steady states of (5.1). Their
stability can be classified as follows.

Theorem 5.13. Suppose that (A1) and (A2) hold, and r : 92 — R is sign-changing on 92 and
satisfies (5.5). Let u)_be the unique nonconstant solution to (5.2).

(i) The constant steady state u =1 of (5.1) is unstable for all ). > 0.
(ii) The constant steady state u = 0 of (5.1) is globally asymptotically stable for 0 < A < A1,
and unstable for A > Aj.
(iii) For each X > X1, the nonconstant steady state u) of (5.1) is globally asymptotically stable.

Proof. 1. For part (i), since b’'(1) < 0, one can infer from Theorem 2.2 that if (5.5) is satisfied,
then the nonnegative principal eigenvalue of the weighted eigenvalue problem

—e PV . [eaP(x)v¢] =0, xeQ,
¥ = Ar(x)b' ()¢, X €9,

is A1 = 0. Linearizing (5.1) at u = 1, we obtain the eigenvalue problem

—e Py [e“P(x)Vllf] =uy, xe€8,
Gy — ar ()b (DY = i, X €09,

which admits a unique principal eigenvalue @) = w1 (A). Since »'(1) < 0 and (5.5) holds, follow-
ing the proof of Theorem 3.4 (ii), we can derive that ;1 < 0, which together with Proposition 3.2
(i1) means that the constant steady state u = 1 of (5.1) is unstable for all A > 0. Part (i) is proved.

2. Note that (5.1) is a special case of (1.5) with f(x,u) =0 and B(x, u) = r(x)b(u). For part
(i1), since (5.5) holds, we have

/ P f(x, 0)dx + / ¢*PW B(x,0)dS = b(0) / P (x)ds <0.

Q Q2 Q2

It then follows from Theorem 3.4 that the constant steady state u = 0 of (5.1) is locally asymp-
totically stable for 0 < A < A, and unstable for A > A;. Moreover, when A € (0, A1], we see from
Lemma 5.10 that the solution set of (5.2) is {0, 1}. Recall the Lyapunov function 7 : X — R for
the dynamical system generated by (5.1), defined as

1 _
Th(u) = E/eaP(x)WMde —)»/eap(x)r(x)B(u)dS, ueX.
Q aQ

Similar to the proof of Lemma 5.8, one obtain that 7, with 0 < A < X has a global minimizer in
X. Then u = 0 is the global minimizer of the energy functional 7, |x since J,(0) < J,(1) and
the critical point of J; is the weak solution of (5.2). Therefore, from [27], the constant steady
state u = O attracts all orbits dissipating energy, and this completes the proof of part (ii).

3. The proof of part (iii) is similar to that of Theorem 5.6 (ii). We omit it here. O
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For the case (5.7), we can similarly obtain that the principal eigenvalue A is a bifurcation
point with respect to I', and a local bifurcation occurs at (5\1, 1), which ia transcritical. More-
over, the local bifurcating positive solution can be extended to a global one parameterized by
A € (A1, +00). Likewise, we can give a detailed discussion for the stability of the steady state
solutions to (5.1).

6. Application to parabolic equation with sublinear growth and superlinear boundary
condition

In this section, we study the dynamics of the following semilinear parabolic equation with a
nonlinear boundary condition

u, =e *PMy. [e"‘P(")Vu] + 2k —uPHu, xeQ,1>0,
Ojiu = Ar(x)uf, xed,t>0, 6.1)
u(x,0) =up(x) >0, x€Q,

where p > 1,g>1, Q€ ]RN(]X > 1) is a bounded domain with smooth boundary 92, A is a
positive parameter, k(x) € C?(Q) and r(x) € C'*?(3Q) for some 6 € (0, 1). The nonnegative
steady state solutions of (6.1) satisfy the elliptic equation

{V~ [e*P@OVu] + 1e*PDk(x)(1 —uP"Hu=0, xeQ, (6.2)

Ou = Ar(x)u, x € 0Q2.
Obviously, (6.2) has the trivial solution curves
Fo:={(,0):1 >0}, and ', :={(0, u1) : u1 > 0}.

Firstly, from Theorem 3.4, the stability of constant steady state u = 0 of (6.1) can be described
as follows.

Proposition 6.1. Suppose that (H1) holds and k : 2 — R is sign-changing in Q2. Then the fol-
lowing statements hold true:

(i) If [qe*P@k(x)dx <O, then the problem

-V. [e”‘P(x)Vv] = Ae“P(x)k(x)v, x e Q, ©6.3)

Hv=0, xR '
has a unique positive principal eigenvalue )1. Moreover; the trivial steady state u = 0 of
(6.1) is locally asymptotically stable for 0 < A < \1, while unstable for A > Aj.

(ii) Ifo POk (x)dx > 0, then the trivial steady state u = 0 of (6.1) is unstable for all A > 0.

Proof. Clearly, when f(x,u) = k(x)(1 — u”~") and B(x,u) = r(x)u?~", (1.5) is reduced to
(6.1). The existence of positive principal eigenvalue A; of (6.3) can be obtained from The-
orem 2.2. By checking the condition in Theorem 3.4, one can obtain the conclusions of this
proposition directly. O

50



Z. Li, B. Dai and X. Zou Journal of Differential Equations 363 (2023) 1-66

In the following, we will apply the bifurcation results established in Section 4 to obtain the
existence for the nontrivial steady states to (6.1). Notice that the sign of fQ P Mk (x)dx deter-
mines the stability of the trivial steady state to (6.1). Our argument will be divided into three
cases: (1) [ e*P@k(x)dx <0, (2) [ P Wk(x)dx =0and (3) [, e*" ™k (x)dx > 0.

6.1. Case (1): [oe*@k(x)dx <0
First, we discuss local and global bifurcation from the line of trivial solution curve I'.

Proposition 6.2. Suppose that (H1) holds, k : @ — R is sign-changing in 2, and
Joe®P®@k(x)dx < 0. Then

(i) the positive principal eigenvalue Ay of (6.3) is a bifurcation point of (6.2) with respect to
To. Precisely, in a neighborhood of (,1,0) in Rt x X, the only positive solution to (1.6)
lies in the curve

To = {(Ro(s), uo(s)) : s € I = (0,6) CR™},

where ho(s) = A1 4+ 22(s), uo(s) = s¢1 +sz1(s) are C' function so that z;(0) =0,i = 1,2,
@1 is the positive eigenfunction associated with 1.

(ii) Denote by € the connected component of positive solutions of (6.2) which contains the
bifurcation curve ¥ obtained in part (i). Then the following conclusions are valid:
(ii.a) € is unbounded in RT x C(Q).
(ii.b) én {(A, 0)|A is not an eigenvalue of(6.3)} =a.

Proof. When f(x,u) = k(x)(1 —uP”~1) and B(x, u) = r(x)ud="', (1.6) is reduced to (6.2). By
checking the condition (H3) in Theorem 4.3, one can obtain the existence of nontrivial steady
state bifurcation directly.

Denote X = {p € C(Q)|¢ > 00n Q). Clearly, the interior of X is given by X = {p €
C (§)|<p > 0 on ). For two positive constants M1, M, and two functions ¢ € c?(Q) and
@2 € C119(3Q2) with some 6 € (0, 1), consider the following two boundary value problems:

v [eaP(x)Vv] +Mpv=¢;, xeg, 6.4)

05V + Mav =0, X €, ’
and

—V~[e"‘P(")Vw]+M1w=O, x e, 65)

w + Maw = @, x €0Q. ’

By the theory of linear elliptic equation, we define the solution operators Kq : C?(Q) —
C*9(Q) and Kyq : C'H0(0Q) — C*19(3Q) associated with (6.4) and (6.5), respectively, in
the sense that for any given ¢; € c?(Q) (resp. ¢2 € C't@Q)), v= Kapr (resp. w = Kyqer)
is the unique solution to (6.4) (resp. (6.5)). In fact, g and KCyq are two bijections and home-
omorphisms [25]. The result of Amann [3] shows that g and Kjyq can be extended to con-
tinuous linear maps from C(Q) to W7(2) and from C(3Q) to W/'(Q) for any 1 < < oo,
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respectively. It then follows from the strong maximum principle and Hopf’s lemma that Cg
and KCyq are both strongly positive in the sense that Ko € X for any ¢; € X \ {0}, while
Kaqer € X for any nonnegative and nontrivial ¢, € C(9€2). Consider the operator A(A)v :=
Ka((M; + 2P k(x))v) + + Kya(M2v) and choose a constant M; > 0 large enough such that
M + re®? (X>k(x) > 0 on £, then A(X) is also strongly positive. Note that if a nonnegative
function u € C(Q) solves the equation

u— AMu — Ao Pkx)uP) + Kyo(r(x)u?)] =0, (6.6)

then u is a solution of (6.2). Set L(A)v := v — A(A)v and B(L, v) = —A[Kq(e*F @k(x)v?) +
Kaq(r(x)v?)]. By checking the conditions N(L(A1)) = span{¢;}, codimR(L(X1)) = 1 and
L' (A )[¢1]1 ¢ R(L(11)), we can still obtain the local bifurcating solution in part (i) from Crandall-
Rabinowitz’s Theorem [20].

Next, we prove the global bifurcation result in part (ii). Here we can adopt a global bifurcation
theorem [54, Theorems 4.3 and 4.4] to the operator equation L(A)u + B(:,u) = 0, and obtain
the following three alternatives for the connected component %”:

(a) it is not compact;
(b) it meets another bifurcation point (i, 0) with A # Al
(c) it contains a point (A, ) € R x R(L(A1)) \ {0}.

We can prove that the third case is impossible. We observe that u XifueX \ {0} satisfies
(6.6). Suppose to the contrary that case (c) holds, then ¢ € X by the fact that ¥y € ¢ and ¥ # 0.
Since ¥ € R(L(A1)), there exists v € C(RQ) such that v — A(r{)v = . By the positivity of
¢1, we can choose y > 0 large enough so that v, :=v + y¢; € X. Thus v, — A v, =Y €
X, which combined with the strong positivity of .A(11) contradicts Theorem 3.2 in [4]. Hence
case (c) is impossible. As for case (b), we can obtain from Lemma 4.2 (i) that % must be the
principal eigenvalue of (6.3), and then % =0, which is impossible since there is no bifurcation
near (A, u) = (0, 0) by fQ e*PWk(x)dx < 0 and Theorem 4.7. Therefore, % is not compact and
part (ii.a) is proved.

For part (ii.b), suppose to the contrary that there exists a sequence of positive solutions
(Aj,u;) of (6.6) converging to (x,0) € RT x C(Q) with A # 0, ;. Set w; = wi/llujlleg)
then passing to a subsequence if necessary, there exists nonnegative and nontrivial w, such that
wj —> wy as j — 00. Thus, wy — A(\)wy = 0, which means that A is a principal eigenvalue of
(6.3), a contradiction. This completes the proof. O

Secondly, we study the bifurcation from the line of trivial solution curve I'y,.
Proposition 6.3. Suppose that (H1) holds, and [ e*"k(x)dx < 0. Set

T@u):=(1—uP~ 1)/ POk (x)dx +ud™ 1/ PO r(x)ds =0. 6.7)
Q2

If one of the following three conditions holds:

(a) p>q>1;o0r

(b) p=q >1and fQ POk (x)dx < fasz PO r(x)dS; or
(c) g>p>1,and [,,e*"@r(x)dS >0,
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then (6.7) admits a zero u, > 0 and (0, u) is a bifurcation point with respect to I',,. That is, the
solution set of (6.2) near (0, uy) consists exactly of the trivial solution curve I',, and the curve

Xy ={(1(s), u1(s)) 15 € (=68,8) CR},

where A1(s) and ui(s) = uyx + o1(s) + n(A1(s), o1(s)) are c! functions satisfying A1(0) =
01(0) =0, (0) = 1,

(1— puf_l)fQ POk (x)vydx +quf,{_1 fya PO r(x)v1dS
(1= pul ™" [ e@P@k(x)dx + quid ™" [, eaPOr(x)ds

o] (0) =

and vy is the unique solution of

V. [e"‘P(x)Vv] + PO k(x)u, —ub)=0, xeq,
v =rxu, x €9Q,
fQ v(x)dx =0.

Proof. It follows from Lemma 4.2 (ii) that a bifurcation point (0, u,) in I';,, satisfies (6.7). Note
that

T (u) :/e“P(x)k(x)dx —uq—1<up—q/e“”x)k(x)dx —/e“P(x)r(x)dS).

Q Q Q2

Obviously, T(0) = [, e*"®@k(x)dx < 0 and limy, o T (1) = +o0. This implies that there exists
a positive constant u, satisfying (6.7) and then the assumptions (H2) and (H4) in Theorem 4.6
hold. O

The above proposition only shows the existence of bifurcation points on the line of trivial
solution I'y,. In the case p = 2, we can further explore exact number of bifurcation points on
Ty, .

Proposition 6.4. Suppose that (H1) holds, and [ e*F™k(x)dx < 0. Set p =2.

(a) For 1 < q <2, problem (6.2) has only one bifurcation point (0, u,) on I'y,.

(b) Forq =2, szQ PO (x)dx < fm P D (x)dS, then problem (6.2) has only one bifurca-
tion point (0, uy) on I'y,, otherwise, it has no bifurcation point on I',,,.

(c) For g > 2, if fag PO p(x)dS > 0, then problem (6.2) has only one bifurcation point
(0,uy) on Ty, if either [oe®P@k(x)dx > [, e*P@rx)dS, or [qe*PWk(x)dx <

-1
fm PO r(x)dS < 0 and ¢ < EZ:gZ*Z then problem (6.2) has no bifurcation point on

-1
Tuys if [qe*P@Pk@)dx < [P @r(x)dS < 0 and ¢ > 23:33_2, then problem (6.2) has
exactly two bifurcation points (0, u1x) and (0, uzs) on I'y,, where w1, and u, are two zeros
o P(x)
Q€ k(x)dx

Sy e P®r(x)dS”

of (6.7) with u1, < ups. Here ¢ =
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Proof. Thanks to Lemma 4.2 (ii), we know that if (0, u,) with u, > 0 is a bifurcation point of
(1.6) with respect to I, then u, satisfies (6.7). Notice that

T'(u)=(q — 1)u4—2/e“”<x)r(x)ds—/e‘”’(")k(x)dx,
Q2 Q

then when u, > 0 satisfies (6.7) and T”(u) # 0, (0, u,) is a bifurcation point of (1.6) on I';,.
When fasz PO pr(x)dS > 0, T'(u) > 0 for all u > 0. In view of the fact that 7(0) < 0 and
lim, o0 T (#) = 400, we obtain a unique bifurcation point (0, u,) on I'y,, , where u, is the unique
positive zero of (6.7). In the following, we consider the situation fm P r(x)ds < 0.

Suppose that 1 < ¢ <2 and [, e*"™r(x)dS < 0. Then the equation 7’(u) = 0 admits a
unique zero u so that 7'(u) < 0 in (0, %) and T’(u) > 0 in (&, +00). Hence, we can obtain a
unique bifurcation point (0, uy) on Iy, .

Suppose that g =2 and [, e*"™r(x)dS < 0. If [, e*"Pk(x)dx < [, €*"r(x)dS, then
T'(u) > 0 for all u > 0. Since T(0) < 0 and lim,—, o, T (1) = 00, we obtain a unique bifurcation
point (0, uy) on Ty, If [ e*P@k(x)dx > [, e*®r(x)dS, then T (u) < [, e*"Pk(x)dx <0,
which implies the nonexistence of bifurcation point on I',.

Suppose that ¢ > 2 and faQ e®*P@p(x)dS < 0. Then the equation 7’ (u) = 0 admits a unique

N
zero i = (q%l)‘l*2 so that 7’(u) > 0 in (0, @) and 7’(u) < 0 in (i, +00). If [, e*"@k(x)dx >

_1yg-1
fasz e*P@r(x)dS, thené < 1 < EZ—%* , and

T(@)=(1—0) / POk (x)dx +a97! / P®p(x)ds
Q 0

-2 c L
:[1——q ( ¢ )‘1*2]/‘6“P(x)k(x)dx<0,
g—1¢g—1
Q

which implies that 7' («) < 0 for all # > 0. Hence problem (6.2) admits no bifurcation point on

-1
Ty, Inthe case of [ e®”®k(x)dx < [, "™ r(x)dS <Oand ¢ < EZ:%*Z , we can still obtain
the nonexistence of bifurcation point on I',,, . Finally, if fQ POk (x)dx < f 99 PO r(x)dS <
(g="!
(q—2)972>
obtain two bifurcation points (0, u14) and (0, u2,) on I',, . The proof is completed. O

Oand ¢ > then T () > 0. Note that T (0) < 0 and lim,_, oo T (1) = —00, we can exactly

From Theorem 4.7, we have the profile of solutions to (6.2) near (0, 0).

Proposition 6.5. Suppose that (H1) holds, and fQ POk (x)dx < 0. Then the nonnegative so-
lution set of (6.2) near (0, 0) is the union of T'o and T',,, .

6.2. Case (2): [oe*@k(x)dx =0

When fQ e?P®(x)dx = 0, the conditions in Theorems 4.3 and 4.6 cannot hold. If
fasz P (x)r(x)dS # 0, then the condition (H2)’ in Theorem 4.5 is satisfied, which means there
is no bifurcation point on I',,. In the following, we investigate the positive solution of (6.2)
bifurcating from (0, 0).
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Proposition 6.6. Suppose that (H1) holds, and [ ¢*" @ k(x)dx =0 > [, e*"™)r(x)dS. When
p =2 and q =2, the solution set of (6.2) near (0, 0) consists exactly of the curves I'g, I'y, and

Yy ={(2(s), ua(s)) : s € (=48, 8) C R},

where Ly (s) and us(s) = 02(s) + 71(ha(s), 02(s)) are C! functions such that r>(0) = 0»(0) =0,

B  Jq e PO v Pdx
(0 =1, 030) = = Frt, coas

and & is the unique solution of
=V [ePOVE] =P Dk(x), xeQ,
0;£ =0, x €08.

Proof. In this case, we see that f(x,u) =k(x)(1 — uP~1y and B(x,u) =r(x)u. One can easily
check that the conditions (H3)” and (HS) hold. Thus, Theorem 4.8 can be applied to obtain the
desired conclusions. O

Proposition 6.6 establishes the existence of a positive solution (1, 1) of (6.2) for 0 < A < 1,
which satisfies u2; — 01in C(£2) as A \ 0. Next, we show that (6.2) with p = ¢ = 2 has a second
positive solution growing up to infinity as A N\ 0. Suppose that u € C>(RQ) is a nonnegative
solution to (6.2) with p =g = 2. Let u = up; + v, then v satisfies

{v e POVY] + 2 POk (x) (v — 2upv — v2), x € Q, ©5)

9;v = Ar(x) Quayv + v2), x €0Q.

When N = 2 or 3, the Sobolev space W21 (£2) is compactly embedded into L3($2) and the usual

trace operator WZI(Q) — L3(39) is also compact. (1, v;) € (0, +00) x W2l (2) is called a weak
solution of (6.8) if

/e‘”’(x)vm - Vodx —A/eap(x)k(x)(l — 2U2) V3¢ —i—)»/e"‘P(x)k(x)(vk)z(pdx
Q Q Q

- ZK/e“P(x)r(x)uz;Lv;\godS — k/eap(x)r(x)(vk)zgodS =0
aQ aQ

forany ¢ € W21 (£2). It follows from the regularity theory of elliptic equation that a weak solution
of (6.8) belongs to C 2(Q), as the desired sense.
Now we can formulate a constrained minimization problem related to (6.8): for the function

A A
J(v) = g/e‘”’mk(x)|v|3dx - 5/e‘“"@‘)r(x)w|3ds, Vv e M;,
Q Q2

where
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A
M, = [v € Wzl(Q)‘EA(U) = /e“P(")IVvlzdx -3 / PO f(x)(1 = 2up )0?

Q Q

1
2

— )\/eap(x)r(x)uzkvzdx < 1},
30

seek for v, € M, such that
vy #0 and Jy(v)) = inf Jy(v). (6.9)
vVEM),
To achieve this aim, we first prove that

inf Jy(v) <0. (6.10)

veM,,

In fact, when k : Q@ — R is sign-changing in Q and [, 99 e*P™r(x)dS < 0, there exists a suitable
C!-function ¥ defined on £, whose support is contained in a neighborhood of x €  satisfying
k(x) <0, so that J; (v) < 0. Then J,(ev) < 0 and E; (ev) < 1 for sufficiently small ¢ > 0. This
proves (6.10).

Proposition 6.7. Let N =2 or 3. Suppose that (H1) holds, k : Q@ — R is sign-changing in Q
and [oe*"Ok(x)dx =0> [, e*P @ r(x)dS. Then we can find a constant i > 0 satisfying that
for X € (0, \], there exist some constant C()) > 0 and a minimizing sequence for (6.9), i.e.,
J.(vj) \infyep, Ji(v) € [—00,0), such that ||v./||W2'(Q) < C(A).

Proof. Decompose the space W, () =R @ W, in which W = {§ € W)(Q)] [ £dx = 0} is
equipped with a reduced norm || - ||w in W21 (). Clearly, forv=c+£& € W21 (2) with c € R and

EeW, ”v”%’Vz‘(Q) and |c|? + IIEII%V are equivalent. One can also verify that for £ € W, ||§||%,V is

equivalent to fQ |VE |2dx. In addition, since W C L%(2), L2(32) are both continuous, we can
find constants Cy > 0 and A* satisfying that Co||§||%4, < E, (&) for all £ € W and A € (0, A*].
Based on this fact, a similar manner as that in [58, Proposition 5.2] can be carried out to prove
that for any {v;} € W2l (€2) satisfying that £ (v;) < 1 and ||v; ||W21(Q) — +o0as j — 400, where

vj=c;j+&; € R® W, there exists a constant C1(A) > 0 such that lim sup f—’ w <Ci(A) and
Jj—>+00

Ci(A) — 0 as A \ 0. Since W C L*(Q), L}(3Q) are both continuous and [, ¢*”®@k(x)dx >
Jo0€“P @7 (x)dS, there exist constants g9 > 0, C» > 0 and A € (0, 1*) so that

Ci) < %0 for & € (0, 4], 6.11)
and

/e“f’(”k(x)u +&Pdx — / PO r()1+£PdS>C, foré € Wand ||€||w < eo. (6.12)
Q Q2
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Now, we complete the proof. On the contrary, suppose that there is A € (0, A] such that
a minimizing sequence {v;} C M, contains a subsequence, still denoted by {v;}, satisfying
||vj||W21 (@ —> Foo as J — +o00. Since E; (vj) < 1, for the subsequence {v;}, it follows from
(6.11) that lim sup | &£
Jj—+oo

Jjo(A) > 1 so that for any j > jo(A),

W < %0 where v; =c¢; +&; € R ® W. Hence, by (6.12), we can find

3 3 3 3
A i Aci

dx——| /| /eaP(x)r(x)‘l+—$] leJ1
3 Cj

Ale: 13 .
L)) = % / eaP(x)k(x) '1 + i_] ds > TCz,
J

a contradiction with (6.10) as j — +o00. The proof is completed. O

Consequently, we can obtain the existence of a second positive solution growing up to infinity
as A\ 0.

Proposition 6.8. Let N = 2 or 3. Suppose that (H1) holds, k : Q — R is sign-changing in 2
and [ P Ok(x)dx =0 > [, e*P©@r(x)dS. Then Eq. (6.2) with p = q =2 admits a positive
solution (A, u;) for 0 < A K 1, which satisfies that u) > u,. In addition, u) — 400 in C(Q) as

ANO.

Proof. By Proposition 6.7, the standard compactness argument can be carried out to show that
there are a subsequence of {v;}, still denoted by {v;}, and a function v, € Wzl(Q) for A € (0, A]
such that v; — v, weakly in Wzl(Q) and v; — v; strongly in both L3(Q) and L3(3K2). Then
taking j — +oo yields that

A A

Ji(vj) — —/eap(x)k(x)|vk|3dx— —/‘eap(x)r(x)|vx|3d5=Jk(vx)z inf J, (v) > —o0.

’ 3 3 veM,,
Q aQ

It follows from the lower semi-continuity of E) (-) that E; (v)) < 1. Here, the minimizer v can
be chosen as a nonnegative function (if not, then vy, can be replaced by |v,|).

In what follows, we show that E, (v)) = 1. By way of contradiction, suppose that E; (v;) < 1,
which means v, is an interior point in M. Then for any ¢ € WZ] (R), v +sp e M, (Is|] K1)
and

d
gh(vx +5¢)|s=0 =0. (6.13)

A straightforward calculation gives that

d
3 0+ 59)li=0 =1 f P fe(x) (v3) pdx — f EPOr) (1) *edS |, Vo e Wy ().
Q 02

When ¢ = v,, we have d%JA(vA + 5¢)|s=0 = 3J1(v)) < 0, contradicting with (6.13). Hence,
E; (v;) = 1. Moreover, v, >, 0 and J; (v)) =infyep, Jo(v) < 0.
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In the following, it suffices to show that for any ¢ € W21 (2), the minimizer v, satisfies
J{ (v)¢ + K E; (v))¢ = 0, in which K is the corresponding Lagrange multiplier. Taking ¢ = v;,
gives that K = —3J, (vy)/2. Let V) = v, /K, then (X, V,) is a weak solution of (6.8), which is
nonnegative and nontrivial. Moreover, the strong maximum principle and Hopf’s Lemma imply
that V, > 0 on . Therefore, we obtain a second positive solution u; = us; + Vj of (6.2) as
desired.

Finally, we prove that u; — 00 in C(2) as A \ 0. On the contrary, suppose that A i N0
and [luy,; ”C(ﬁ) < C3 for some constant C3 > 0 as j — +o0. It then follows from Amann’s L”
regularity theory [3, Proposition 3.3] that ||u;; ||W11(Q) is bounded in j > 1 for any 1 </ < +4-o00.
By the standard L” theory and the Arzela-Ascoli theorem, we find a subsequence of {(2;, uy;)},
still denoted by {(% . u;,)}, and a function & € C%(Q) such that A; \, 0 and uy,; — i in Ci(Q),
where i is a nonnegative constant. However, Proposition 6.6 and Theorem 4.5 imply that there is
a unique bifurcation curve near (0, 0) and (6.2) has no bifurcation point on I';,,, a contradiction.
Consequently, we obtain that u; — +o00 in C(Q) as A \(0. O

6.3. Case (3): [q POk (x)dx >0

When fQ Pk (x)dx > 0, the condition (H3) in Theorem 4.3 is not satisfied, but the con-
dition (H3)' in Theorem 4.7 holds. Hence, the nonnegative solution set of (6.2) near (0, 0) is the
union of I'g and I',,. The following proposition shows the exact number of bifurcation points
with respect to I';,, which can be proved by a similar argument as Proposition 6.4.

Proposition 6.9. Suppose that (H1) holds, and [ e* P k(x)dx > 0. Set p = 2.

(a) For 1 < q <2, problem (6.2) has only one bifurcation point (0, uy) on I'y,.

(b) Forq =2, szQ POk (x)dx > fm e*P®p(x)dS, then problem (6.2) has only one bifurca-
tion point (0, uy) on I'y,, otherwise, there is no bifurcation point on I',,,.

(c) For g > 2, if fasz PO p(x)dS < 0, then problem (6.2) has only one bifurcation point
©O,uy) on T'y,; if either fQ POk (x)dx < fBQ PO r(x)ds, or fQ POk (x)dx >
fm PO p(x)dS > 0 and ¢ < Eq_égz_;, then problem (6 2) has no bifurcation point on

Ty ; lfo POk (x)dx > f QeocP(%)r(x)dS >0and ¢ > ( 2)q —, then problem (6.2) has
exactly two bifurcation points (0, u1x) and (0, uzy) on I',,, where w1y and u, are two zeros

fQ POk (x)dx

0f(67) with Ul < UDQx. Here ¢ = W.

7. Summary and discussion

In the theory of differential equations, steady-state bifurcation refers to the phenomenon that
the non-trivial steady-state solution of the considered system goes from non-existence to ex-
istence or from existence to non-existence near the steady-state solution when the parameters
change, which is often related to a breaking of symmetry [32]. One important tool for solv-
ing such problem is the Lyapunov-Schmidt reduction which reduces the original problem to a
finite-dimensional one. A wide used steady-state bifurcation theorem is established by Cran-
dall and Rabinowitz [20,21], which deals with the case for simple eigenvalue. Such a result is
very convenient, since in applications, only some linearized operators need to be checked, and
the Lyapunov-Schmidt reduction is not required. Recently, Liu et al. [39,40] formulated two
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symmetry-breaking bifurcation results in two kinds of degenerate cases, which are the comple-
ment of the work of Crandall and Rabinowitz [20,21]. Lyapunov-Schmidt reduction method is
the main tool used in the work of Liu et al. [39,40].

In this paper, we study a general reaction-diffusion-advection single population model, where
the boundary condition is assumed to be nonlinearly dependent on the population density, more
complex than some existing work where the population is supposed to undergo the homogeneous
no-flux boundary condition, or homogeneous Dirichlet boundary condition, see, e.g., [9,12,13,
30,34]. Firstly, we prove the existence of the principal eigenvalue of an eigenvalue problem with
indefinite weighted function. Then in Section 3, in order to study the stability of the trivial steady
state u = 0 to system (1.5), we establish the relationship of the stability of any nonnegative steady
state u = i to (1.5) and the sign the principal eigenvalue 11 (%, it) of the linearized eigenvalue
problem at u = . In Section 4, we provide three types of bifurcation results for system (1.5),
which show the existence of the nonconstant positive steady states:

(i) The first type of bifurcation result is obtained by the Crandall-Rabinowitz bifurcation the-
orem, which shows that when (H1) and (H3) are satisfied, there exists a critical value A
such that a nonconstant positive steady state ug, will bifurcate from I'g for |A — 11| K 1
(see Theorem 4.3);

(i) The second type of bifurcation result is performed by the Lyapunov-Schmidt reduction,
which shows that under the assumptions (H1), (H2) and (H4), system (1.5) admits a non-
constant positive steady state u1; bifurcating from I';;; for 0 < A < 1 (see Theorem 4.6);

(iii) The third type of bifurcation result concerning the degenerate simple eigenvalue is also
derived by the Lyapunov-Schmidt reduction, which shows that under the assumptions (H1),
(H3)” and (HS5), system (1.5) admits a nonconstant steady state u; bifurcating from (0, 0)
for 0 < A <« 1 (see Theorem 4.8).

Moreover, the stability of the above bifurcating steady state is provided by calculating the sign
of the associated principal eigenvalue. We point out here that the second type of bifurcation
(Theorem 4.6) and the third type of bifurcation (Theorem 4.8) can also be obtained by employ-
ing the crossing curve bifurcation result in [39, Theorem 2.1] and the bifurcation result from a
degenerate simple eigenvalue in [40, Theorem 2.3], respectively. In this paper, we only use the
Lyapunov-Schmidt reduction method to derive the second and third bifurcations, in order to bet-
ter understand the conditions under which the second and third bifurcations appear, under which
conditions they cannot appear, and how these two bifurcations appear.

As applications of our main result, we also investigate two special cases of system (1.5). For
the case of Eq. (5.1), where the species is supposed to adopt zero interior growth and nonlinear
boundary reaction of monostable type, we present a complete global dynamics when the coef-
ficient of linear term in the boundary condition is sign-changing; see Theorems 5.6 and 5.13.
Especially, we use the Lyapunov-Schmidt reduction method to obtain the fourth type of the
steady state bifurcation from the trivial solution curve I',,; see Lemma 5.2. As for the case of
Eq. (6.1), where the species is supposed to adopt sublinear growth and superlinear boundary con-
dition, we show the stability of trivial steady state # = 0 and provide some sufficient conditions
on the existence of three kinds of bifurcating positive steady states. Furthermore, we extend the
first local bifurcation for (6.1) to be a global one, show the exact number of bifurcation points
for the second local bifurcation for (6.1) with p = 2 (logistic interior growth case), and establish
the existence of an additional positive solution occurring near the third type of the bifurcating
positive steady state; see Propositions 6.2, 6.4, 6.8 and 6.9.
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Now, we give some conclusions for our original model (1.1), which has only one trivial steady
state u = 0 for all d > 0 and @ > 0. Recall the transformation in Section | and set the following
conditions:

(C1) [ ed PO F(x,0)dx + [;oed 7™ B(x,0)dS < 0;
(C1Y [oedP D F(x,0)dx + [, ed"® B(x,0)dS > 0;
(C1)" [ e @ F(x,0)dx + [, ed"™ B(x,0)dS = 0;
(C2) [ ed PO F,(x,0)dx + [, e "® B, (x, 0)dS # 0;
(C3) er%P(x)F(x, edP @y ydx + fme%P(")B(x, e y,)dS # 0 for any u, > 0;
ed F x,e% uy)dx + ed B x,e§ Uy =0 for some u, > 0;
(Cs)/ o P(x) ( P(x) )d . P(x) ( P(x) )dS 0 f 0
(C4) er%TaP(x)Fu(x, edP@y ydx + fme%P(")Bu(x, ed”™y)dS # 0 for some uy > 0.

Then we can conclude that, under the assumption (H1),

(i)

(ii)

(iii)

(v)
(v)

if F(x,0) is sign-changing in 2, B(x, 0) is sign-changing on 9<2, and (C1) holds, then
there exists a critical value d = )3—1 > 0 such that the trivial steady state u =0 of (1.1)
is locally asymptotically stable for d > dy, while unstable for 0 < d < dy. Moreover, a
positive steady state uog = Y /4G, of (1.1) will bifurcate from u = 0 near d = dy, and
there is no bifurcation occurring at u = 0 for sufficiently large d > dy (see Theorems 3.4
(i), 4.3 and 4.7);

if F(x,0) is sign-changing in Q, B(x,0) is sign-changing on 92, and (C1)’ holds, then the
trivial steady state u = 0 of (1.1) is unstable for all d > 0, and (1.1) admits no nontrivial
steady state near u = 0 for sufficiently large d > 0 (see Theorems 3.4 (ii), 4.7);

if F(x,0) is sign-changing in , B(x, 0) is sign-changing on %2, and (C1)" holds, then the
trivial steady state u =0 of (1.1) is unstable for all d > 0. Furthermore, if (C2) is satisfied,
then a positive steady state usg = e*¥ /iy, will bifurcate from u = 0 for sufficiently
large d > 0, which is stable (see Theorems 3.4 (ii) and 4.8);

if (C3) holds, then there is no bifurcation occurring at ¢**®)/4
and sufficiently large d > O (see Theorem 4.5);

if (C3) and (C4) hold, then a positive steady state uyg = Y /451, will bifurcate from
Py for sufficiently large d > 0, which is stable when fQ e%TaP(x)Fu (x, ed Py )dx +
fmez?aP(X)Bu(x, edP @y )dS < 0, while unstable when erZTaP(X)FM(x, edP@y ydx +

Joa e%TaP(x)Bu(x, edP®y,)dS > 0 (see Theorem 4.6).

uy for any constant u, > 0

7.1. The effects of advection rate

From Section 4.1, we see that the first type of the positive bifurcating steady state occurs
at the critical value A1, which is the unique positive principal eigenvalue of (4.3), and the sign

of A,

(0) determines the bifurcation direction. It was found in [9, Section 3] and [42,67] that the

positive principal eigenvalue of the linear diffusion-advection operator with the no-flux boundary
condition may not be monotone with respect to the advection rate, and the theoretical result about
the monotonicity with respect to the advection rate is still unsolved. It is also difficult to discuss
the dependence of A1 and A6 (0) on the advection rate o (or a in model (1.1)). Here, we use the
finite element and finite difference methods [65] to approximate the principal eigenvalue of (4.3)
and the value A((0) in two situations: P(x) = f(x,0) = F(x,0) and P(x) = x.
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Fig. 1. The effects of advection rate a on the critical value A1 and the value k6 (0) determining bifurcation direction. Here,
the diffusion rate d = 2, and the function determining the advection direction is P (x) = x, which means the species lives
in the river environment.

Choose the logistic interior growth f(x, u)u = k(x)[1 — u]u and the nonlinear boundary func-
tion B(x,u)u = —u?. In the situation P(x) = x, which means that the species lives in the river
environment, Fig. 1 shows that for different resource functions k(x) = sinx or k(x) = 1 — x, the
principal eigenvalue A and the value A;,(0) may be monotone or nonmonotone with respect to
the advection rate a. In the situation P(x) = f(x, 0) = F(x, 0), which represents the advection
direction along the gradient of the resource, Fig. 2 also shows that for different resource func-
tions, the dependence of the principal eigenvalue A1 and the value A,(0) on the advection rate
a is different, and the advection rate can even affect the bifurcation direction. As for the second
and the third types of the positive bifurcating steady states, it can be seen in Theorems 4.6 and
4.8, respectively, that A} (0) = 1/,(0) = 1, which means that these two types of bifurcations occur
at the right side of A = 0. Hence, the advection rate cannot affect the bifurcation directions of the
second and the third types of steady state bifurcations.

Next, we display the influence of the advection rate on the density distribution of the species
u. In river environment, i.e., P(x) = x for x € (0, 2r), Fig. 3 (a) and (b) show that when the
advection rate is not too large (¢ = 0.2 or a = 1), the density of the species u converges to a
positive steady state, and such steady state concentrates more on the downstream end x = 2w of
the river as the advection rate a increases. However, Fig. 3 (c) shows that when the advection
rate a is large (a = 2), the species becomes extinct. These numerical results are consistent with
the “drift paradox” in the literature [5,28]. When the species undergoes the directed movement
along the gradient of the resource, i.e., P(x) = F(x, 0), Fig. 4 shows that the steady state concen-
trates more on the maximum point of resource F (x,0) = sinx as the advection rate a increases.
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Fig. 2. The effects of advection rate a on the critical value A and the value A6 (0) determining bifurcation direction.
Here, the diffusion rate d = 2, and the function determining the advection direction is P(x) = f(x, 0) = F(x, 0), which
represents the directed movement along the gradient of the resource.

Meanwhile, Fig. 3 together with Fig. 4 shows that advection direction can also affect the density
distribution of the species.

7.2. The effects of nonlinear boundary condition

Section 5 exhibits a complete global dynamics for the reaction-diffusion-advection model,
which admits zero interior growth and monostable nonlinear boundary condition. For Eq. (5.1),
Lemma 5.2 and Theorem 5.11 establish the existence of a positive steady state bifurcating from
I'y, and I'p, respectively, under different assumptions. Moreover, Theorems 5.6 and 5.13 show
that the solution of (5.1) converges to a nonconstant positive steady state. The above results for
the dynamics of (5.1) are quite similar to that of the model with interior growth of monostable
type and no-flux boundary condition (see [10,24,35]). Clearly, the nonconstant positive steady
state of (5.1) appears due to nonlinear boundary conditions, but the nonconstant positive steady
state of the model considered in [10,24,35] appears due to nonlinear interior reaction.

Models (1.2) and (1.3) only contain logistic interior growth and linear boundary condition.
It is shown in [12, Section 3] that the global dynamics of such scalar parabolic problem is only
determined by the sign of the principal eigenvalue of the linearized operator at zero. Section 6
shows that the dynamics of the reaction-diffusion-advection model with logistic interior growth
and nonlinear boundary condition is more complex. Proposition 6.2 establishes the existence
of a global parameterized bifurcating positive steady state ug from (A1, 0). Such result for the
first type of the bifurcating solution is classical. One can refer to [12, Section 3] for some similar
results for the model with linear boundary condition. For the second type of the bifurcating steady

62



Z. Li, B. Dai and X. Zou Journal of Differential Equations 363 (2023) 1-66

;
e | Tea———

0.15- ’
0.1 L
0050 s
60 — e
40 T— < ///)< 2
20 ——
¢ o 90 N

(b)a=1

at time 60

Density distribution

01t

(d) Density distribution in time 60.

Fig. 3. The effects of advection rate a on the density distribution of the species which lives in the river environment.
Here, d =2, P(x) = x, F(x,u) = (1 —u)sinx, B(x,u) = —e~a%/dy for x € (0, 27), and the initial data is ug(x) =

0.1 ;. x a .
0.le d 2 .¢d ™ for x € (0, 27).

state u1,, Propositions 6.4 and 6.9 show that model (6.1) can even admit exact two bifurcation
points on I',,, . As for the third type of the bifurcating steady state us, Proposition 6.8 shows the
existence of the other steady state for 0 < A « 1, which is large than u,; and will grow up to
infinity as A N\, 0. Such multiplicity and growing-up property can not occur for the model with
logistic interior growth and linear boundary condition.

At the end of this paper, we remark that in Theorem 4.8, the assumption (H3)” is a degenerate
condition for the function G (A, o), and the assumption (HS) serves as a non-degenerate condition
for the function H (A, o). However, when (HS) is invalid, a second degenerate case happens for
the function H (A, o). Then one can still define function related to H and adopt Lemma 2.5 in
[39]. In that case, a second degenerate bifurcation will occur at some points (0, uy) with u, > 0.
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