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Abstract In this paper, a very general model of impulsive delay differential equations
in n-patches is rigorously derived to describe the impulsive control of population of
a single species over n-patches. The model allows an age structure consisting of
immatures and matures, and also considers mobility and culling of both matures and
immatures. Conditions are obtained for extinction and persistence of the model system
under three special scenarios: (1) without impulsive control; (2) with impulsive culling
of the immatures only; and (3) with impulsive culling of the matures only, respectively.
In the case of persistence, the persistence level is also estimated for the systems in the
case of identical n patches, by relating the issue to the dynamics of multi-dimensional
maps. Two illustrative examples and their numerical simulations are given to show
the effectiveness of the results. Based on the theoretical results, some strategies of
impulsive culling are provided to eradicate the population of a pest species.
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1 Introduction

In recent years, the study of population dynamics for species with age structure and
spatial structure has attracted increasing attention in the communities of mathemati-
cal biology and applied dynamical systems, see, e.g., Smith and Thieme (1991), So
et al. (2001), Li and Zou (2010), Weng et al. (2010) and Xu (2005). In the real world,
many species have two major life stages: immature and mature stages. Taking a single
species as an example, the consideration of maturation time naturally brings a delay
into the model, leading to a delay differential equation (DDE); further incorporation
of spatial mobility may naturally modify the delayed term to one with both the tem-
poral delay and spatial non-locality. In their earlier work, Smith and Thieme (1991)
formulated a system for the population of a single species living in n-patches with the
maturation age and established the generic convergence of the system by the theory
of monotone dynamical systems. By similar derivations, So et al. (2001) and Weng
et al. (2010) presented two models for a single age-structured species living in two
and three patches, respectively, and investigated the stability and the Hopf bifurcation
of the systems. Xu (2005) further investigated the uniform persistence, global stabil-
ity of equilibria and the Hopf bifurcation for a structured population in two identical
patches.

On the other hand, some real world problems involve abrupt changes of populations
by human’s intervening at some time moments. For instance, in pest control, in order to
eradicate a pest species, spraying adulticides or larvicides may be exercised at certain
times of the year that coincide with critical stages in the matured pest’s development
or in the larval’s growth. Another good example is harvesting of fish or other animal
species in animal farms, in which a population is typically harvested only at some
discrete times. Population dynamics with such abrupt removals or culls are described
by systems of impulsive differential equations (IDEs). For some fundamental results
on IDEs, a reader is referred to Lakshmikantham et al. (1989), Gopalsamy and Zhang
(1989), Bainov and Stamova (1997), Stamova (2009), Liu and Ballinger (2002), Nieto
(2002), Yan (2009), Yang and Xu (2006) and the references therein.

When applying culling to an age structured population, there can be culling of imma-
tures and culling of matures. Simons and Gourley (2006) proposed a stage-structured
population model for species whose adult members are subject to impulsive culls, and
obtained some extinction criteria for their delayed impulsive systems. Later, Terry
(20104, b) studied a two patch model with an impulsive adult culling regime to control
the pest with different birth functions in one or two patches. Gourley et al. (2007)
derived the impulsive control strategy involving culling of both the immature and the
mature of the host population, and explored the possibility to eradicate vector-borne
diseases via age-structured culling of host. However, to the authors’ best knowledge,
no existing work has discussed the impulsive control for age-structured populations
in multi-patchy environment. Moreover, in some situations , the goal of population
control is not complete eradication of a species, but is, instead, a sustainable harvest-
ing (e.g., in fishery management). In other words, persistence of the age-structured
population in a patchy environment should also be of interest and significance when
applying impulsive culling. In addition, for resource management purpose, it should
also be important to predict or estimate the population in the long time in every patch,
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when the population is persistent. Mathematically, this corresponds to the eventual
lower and upper bounds of solutions to the model systems, and it turns out to be very
challenging since there are few, if not no at all, effective methods in the literature.

Motivated by the above discussions, we rigorously derive a model for the population
of a single age-structured species living in n-patches, incorporated with impulsive
culling control of the population. The model is very general in the sense that it allows
the control strategy to be implemented in some chosen patches or all patches, and
it allows culling of both immatures and matures. For three special cases, we offer
detailed analysis which leads to some more explicit conditions for extinction and
persistence: (1) non-impulsive control; (2) impulsive culling of the immatures; and
(3) impulsive culling of the matures. In these three cases, the model system reduces to
an autonomous DDE [for (1)], a non-autonomous DDE [for (2)] and a true impulsive
DDE [for (3)] respectively.

The rest of the paper is organized as below. We derive the general model in Sect. 2
and give some preliminaries in Sect. 3. In Sect. 4, we establish the threshold dynamics
on the persistence and extinction for the model. The criteria are helpful in determining
whether or not the culling is needed. In Sect. 5, we discuss extinction when the impul-
sive culling is implemented to immature only; and in the case of periodic culling, we
obtain conditions for persistence of the population. Moreover, by some results on the
dynamics of multi-dimension maps, we give an estimate of persistence level for the
model system in the case of identical patches and with or without culling of the imma-
tures. In Sect. 6, we derive some results on extinction and instability in the case of
culling of the mature only, and show that the extinction (eradication) can be achieved
by choosing some patches to cull. The main ideas used to deal with extinction and
persistence in these sections are closely related to the theories of persistence, mono-
tone dynamical systems and map dynamics, e.g. in Thieme (1993), Smith (1995),
Zhao (2003), Zhao (2017), Yi and Zou (2010), etc. In Sect. 7, we give two illustrative
examples, and present two practical schedules for eradicating a pest species by culling
immatures or immatures respectively. To make the reading smoother, we leave some
proofs to the two appendices.

2 Model description

Consider the population of a single species with age-structure that lives in n patches.
Letu; (¢, a) be the population density at time ¢ with age a, d; (@) > 0 denote the natural
death rate at age a, p;j(a) > 0 be to the migration rate of the individuals at age a
from patch j to patch i fori = 1, 2, ..., n. In the absence of culling, by the standard
von-Foester equation, we have

du;(t,a) dui(t,a)
o + Y = —di(a)ui(f,a)+iji(a)uj(tva)

J#i
= " pij@ui(t.a)t,a > 0. 2.1)
J#

Now, assume that a culling strategy is implemented to control the population of the
species by removing some individuals at some pre-scheduled times (see, e.g. Simons
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and Gourley 2006). The culling strength is typically assumed to be proportional to the
population of the present time, meaning that

Aui(te, a) = ui (7, a) —u;i (1, a) = —ci(@ui(t ,a), a>0,k=12,...,
2.2)
with cji (a) being the culling rate at the kth culling time for the population of age a
in patch i. Thus, the population dynamics under culling can governed by a system
obtained by incorporating the above culling terms into (2.1), leading to the following
impulsive system

du; (t, du; (t,
. gt D 4 o a(a D di@ui, )+ Y pii@ust,a) = Y pij@us e, a)

J#i J#i
— Y cik@uit. )t — 1), t.a=0, i=12,....n

O<t <t

2.3)
where § (¢) is the Dirac delta function. For convenience, we assume u; (f, <) = u; (t,;|r ,0)
throughout this paper.
Next, let » > 0 be the age at which an individual becomes a producing adult. For
simplicity, we follow (So et al. 2001) to assume that fori =1,...,n,k=1,2,...,

o _jd@, 0<a=<r, = [pl@, 0<acxr,
di(a) = {diy a>r, pij(a) = {Pijs a>r,

9 0 S S 9
cik(@) = {g{-ia) a >Z '
LK» .

The adult population in the ith patch is then given by x; () = froo u;(t,a)da. In
addition to the condition u; (¢, c0) = 0, there is also the condition ata = 0: u; (¢, 0) =
b;(x;(t)) since the new born individuals are produced by the adults, where b;(-) is

birth function for the species in patch i. Integrating (2.3) w.r.t. a from O to r gives

dx; (1) 0 dui(t, a)
T Z/r |:_ 5a —di(a)ui(l,a)+;pji(ll)uj(ha)

=Y pijl@uit,a) = Y cnl@uit, a)d( — zk)} da

J#i O<tx <t

= wi(t,r) —dix; (1) + Y pjix;(t) = Y pijxi(t) — Y Cixi(D8(t — ).

J#i J#i O<tp<t

Forany givens > —r, setting Ul.s(t) =ui(t,t—s),s <t <s+randa =t—s € [0, r],
we have
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dUs (1
J# j#i
- Z ck(t — U (1)8(t — 1r).

O<n <t
Denoting U*(t) = Ui (t) + - - - + U; (t), we get

dU* (1)
dt

=—d(t —)U () — Y alt — U D8t — 1) (2.4)

O<t <t

Solving the above linear ODE and noting that U JS () = uj(s,0) = bj(x;(s)), we
obtain

t—s
U’(t) = U’(s) exp {_/0 d(a)da} 1_[ [1 —cr(te — 9)]

sS<tp <t
t—s
= exp (—/ d(a)da) l_[
0

s<tp<t

[ =it — )] Y bj(x(s)).
j=1

Setting ﬁ(t —5) =d(t —s)+np(t —s), U’ (t) then satisfies

dUi® _ d Us U’ US(t)8 25
= t—=s)U; () +pt—s)U (1) — Z c(t —s)U; (1)d(t —1). (2.5)

O<t <t

Applying the impulsive version of the constant-variation-formula (see, e.g. Laksh-
mikantham et al. 1989) to the linear inhomogeneous system (2.5), we then obtain

t
US () = U} (s) exp (— / d(t—é)d%‘) T 11 = et — )1

s<ty<t

t t
+ f exp(— /&_ d(e—s)de) pE—9U°E) [ 11— el —5)ldé

s<n <&

t—s
— exp <_ | d(a)da) TT 1t = cutt = )1 bi i (5))

s<tp<t

—s E—s
+ft exp (- /t c?(a)da> p(E —s)exp (-/ d(a)da)
s —s 0

x ] M=ea@—91 J] 11—t —)1dg Yy bj(x(s)

E<tp <t s<ty <& j=1
t—s R
= exp (— / d(a)da) [T 11— cxtte — )1 bi(xi(s)
0 sS<tp <t
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t—s t—s =s
+ exp <—/ d(a)da)/ exp <—/ np(a)da) p(o)de
0 0 ¢

< [T 1 =crt =1 Y bj(x(s)).

s<t <t j=1

Evaluating at s = ¢ — r yields

ui(t,r) = U (t) = exp (— /O ré(a)da) [T 1=t —¢—u0biGit—r)

t—r<ty<t

+exp (— /-r d(a)da) (/r exp (— /r np(a)da) p(;)d{)
0 0 ¢

<[] U=eat—=a—u)1 Y bjlxj—r).

—r<ty<t j=1

Note that

r r r s=r
/ exp <—f np(a)da> p)d¢ = l [exp{—/ np(a)da”
0 ¢ n ¢ £=0
1
n

Thus,

1 r
ui(t,r) = ;l exp (—fo d(a)da) 1_[ [1—cr(r—(t —tr))]

t—r<ty<t

X |:1 4+ (n — 1) exp{— /'r np(a)da}:| bi(xi(t —r))
0

1 r
+;exp<— /0 d(a)da) [T 11— et — @ — 1)

1—r<ti<t

x [1 — exp{—/o np(a)da}:| D biCxi(t —r)).
J#i

Therefore, we obtain the impulsive delay model

dx;(t)
pr —dixi(t) + Y pjixj(t) = > pijxi(t)
1 J#i J#

+lay [+ (n — DBIbi (xi(t — 1))
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+lay O - B1Y b (xit — 1)

J#
— Y Cuxi()s( — 1), (2.6)
O<n <t
where
a = exp (— /r d(a)da) , B=exp (— /r np(a)da) ,
0 0
yiy = ] —at—@—u)l. 2.7)

t—r<ty<t

The right hand side of (2.6) can be biologically explained as below. The first line on
the right side accounts for instantaneous death rate and migration in and out rates for
matured individuals in patch 7, and the third line explains the total loss rate of matured
individuals in patch i up to time ¢ due to culling of the matures. As for the second
line on the right side of (2.6), it is the rate at which patch i gains matured individuals.
Rewriting it as

"1
By @)ab;(x;(t — 7)) + Z ;(1 — By ®abj(x;(t —r)),

j=1

we find that it consists of two parts: the first part is nothing but the individuals born r
time units ago in patch i who have survived immature period (including natural death
and culling) and have remained in patch i (with probability 8); and the second part
adds up all individuals born r time units ago in all patches survived immature period
who have once left the birth patch (with probability 1 — ), but find themselves in
patch i (with probability 1/xn) when becoming mature (i.e., at age a = r).

Equation (2.6) can be rewritten as the matrix form

{ ix(1) = =(D + L)x(0) + ay()Sb(x(t = ). 1 # 1, 2.8
Ax(th) =x () — x(tp) = —Crx(ty), keN, ‘
where x(1) = (x1(0), x2(1), ..., x, (NT,b(x (@) = (b1(x1(), b2(x2(1)), ...,
by (xp ()T, L = Py — P,

Ck = diag{Clk, C2k, ey an}, D= diag{dl, dz, ey dn},

Py = diag{} >} i p1j. 2G40 P2js -2 24y Puj} and

0 pa - pm
pi2 0 - pm
P: . . . 9
Pin DP2n - 0
l+(—1 1—-8 - 1-8
1 -8 l+(n—-D - 1-8
Tl S
1-8 1-8 - 1+m—DB
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Throughout this paper, we will assume that the functions b; (), i = 1,2, -, n,
satisfy those common properties for a birth function (see e.g., Rost and Wu 2007; Liz
and Rost 2010):

(H1) b;(0) =0andbd;(s) > Ofors > 0; there is aunique n; > 0 such that blf (s) >0
if0 <s <n;,bi(ni) =0,bi(s) <0ifs >n;,b/(s) <0if 0 <s < n;; and
limg_, o0 bi (s) = 0;

In the rest of this paper, z = (z1, 22, - . ., zn)T € R, we will use B’(z) to denote
the diagonal matrix diag{b’1 (z1), b/2 (z2), - .., b},(zn)} and use b'(z) to denote the vector
(0} (2), b2(2), ..., b))

There are some familiar examples of birth functions satisfying (H1), among which
are the birth functions used in the Nicholson’s blowflies model (Gurney et al. 1980)
and the Mackey—Glass model (Mackey and Glass 1977). For the culling terms, based
on the biological meanings, we assume the following

(H2) the culling rates satisfy cx(-), Cix € [0, 1), ¢ is continuous function defined
on [0, r], and culling moments {f;, k € N}satisfy0 < ] < -+ <ty < frg1 <
o im0 e = 00.

Remark 2.1 The parameters in (2.7) have their biological meanings. d;, p;; and Cjx
are the natural death rate, migration rate and culling rate of the mature in patch i,
respectively. « is the probability that an immature individual can survive natural death,
B is the probability that an individual immature is in the patch of birth when becoming
mature, while y(¢) is probability of an immature individual surviving the culling
during the time [t — r, t]. Clearly, «, 8, y () € (0, 1].

Remark 2.2 In the absence of culling, that is, cx(-) = 0 and C; = 0, the model (2.8)
reduces to a system of continuous autonomous delay differential equations which has
been explored by some researchers, see e.g., Ivanov and Sharkovsky (1992), Rost and
Wu (2007), Liz and Rost (2010), Xu (2005), and Smith and Thieme (1991). When
Cir = 0, (2.8) becomes a system of non-autonomous delay differential equations with
piecewise continuous parameter y (t). When c¢(-) = 0, (2.8) remains an impulsive
system of delay differential equations, and for the special cases of n = 1, 2, the
extinction problem has been studied in Simons and Gourley (2006) and Terry (2010a, b)
respectively.

3 Preliminaries

In this section, we first introduce some definitions and notations that will be used in
the sequel. Then, we present the preliminary results.

As usual, R" is the n-dimensional Euclidian space and R™*" denotes the set of
all m x n real matrices and N consists of all natural numbers. Let Ry = [0, 0c0)
and R} = Ry x --- x Ry. Also denote by E the n x n identity matrix, and let
en=C(1,....,DT e R

Let C := C[ [—r, 0], R""] be the Banach space of all continuous functions on [—r, 0]
equipped with the sup norm given by ||¢| = maxj<;<, SUp_, ;¢ |¢i(s)|. The space
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C contains the cone Cy :={¢p € C : ¢i(s) > 0,s € [-1,0],i =1,2,...,n}and its
interior CY :={¢p € C1 : ¢i(s) > 0,5 € [-r,0],i =1,2,...,n}.

For the purpose of dealing with impulses atthe #;, k = 1, ..., we need the following
set:

ny A n. W(t) isright continuous atall ¢t € I; ¢ (r7) exists for all
PCUL RT] = {‘” = R (to,oog) with ¥ (r~) = ¥ (r) for all but points 7 € (1o, 00)
where I C R is an interval. Especially when I = [—r, 0], we denote PC :=
PC([—r, 0], R") with the same norm as in C.

For R", we use the natural entry-wise partial ordering: for x = (xy,..., x)T,
y = (yl,...,yn)T € R",x <ymeans x; < y; fori = 1,...,n; x < y means
x; < y;foralli =1, ..., n. The partial ordering in R™*" is defined similarly.

For any z € R", we use z, to denote the constant function on [—t, 0] taking value
z.Forz, Z € R" with z < Z, define the order interval [z, Z] = {x e R" : z < x < Z}
and [z, Z]x :={p € C : ¢(s) € [z, Z],s € [—r,0]}. In PC, order interval is defined
in a similar way.

A matrix A = (a;j)nxn is said to be (1) a non-negative matrix if A > 0; (2) a
quasi-positive matrix if A # 0 and a;; > 0,i # j; (3) a row (column) stochastic
matrix if it is non-negative and its row (column) sum is 1; (4) a Laplacian matrix if it
is quasi-positive and its row (column) sum is 0; (5) a nonsingular M-matrix if —A is
quasi-positive and all the leading principle minors of A are positive.

As is customary, we use p(-) to denote the spectral radius of a matrix (or one of a
linear operator if no confusion). The following lemma can be found in Berman and
Plemmons (1979).

Lemma 3.1 Let V be a nonsingular M-matrix and W be a non-negative matrix. Then
H = W —V is a non-singular M-matrix if and only if one of the following conditions
holds

(1) p(V='W) = p(WVh < 1;
(2) H™ ! exists and H=! > 0;
(3) there exists a positive vector & € R" such that HE > 0 (or ETH > 0).

Especially, H is a nonsingular M-matrix if it is row or column strictly dominant
diagonal, that is, He,, > 0 or HTen > 0.

Next, we introduce some notations related to multi-dimensional maps. For an inter-
val I = [a, b] in R, the hyper-square generated by [ is denoted by I = [a, b]" =
[a,b]l x ---[a,bl. For F(-) = (fi("), f2(), ..., fu(:NT : T — R", denote

FO=JF®. f=Jfic). i=12....n

xel xel

F(I) = [a, b]", wherea = lm_in inf{f;(D)}, b= max sup{f;(D)},

I<i<
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J J
FIO =F(F( FD-)), FII)=FFCFI-)),

o0 [o.0]
Iy = F/D. Lr=()F/D.
j=1 j=1

I(F) is called the w-limit set of the multi-dimensional map F on I. Clearly, F(I) C
F{I), I¢ry C LiFy. In fact, F(I) can be viewed as the “minimal” hyper-square that
includes F(I), and Iy is an estimate of I r) for F on I

Consider the following system of delay differential equations

%u(t) = —Au(t) + AF(u(t —r)), t>0,
u(s) = ¢(s), s € [-r, 0], ¢ € Cy, (3.1)

where F(-) = (f1(-), f2(-), ..., f,,(~))T : R" — R™iscontinuous, A is anon-singular
M matrix, A is non-negative and A~'A is a row stochastic matrix. We assume that
(3.1) has a unique solution which exists for all # > 0 and is denoted by u(z, ¢) in R"
and u,(¢) in C.

Following the main idea developed in Yi and Zou (2010) for the case of one-
dimensional map (see also Ivanov and Sharkovsky 1992; Rost and Wu 2007; Liz and
Rost 2010), we can obtain the following lemmas on dynamics of multi-dimensional
map F on a hyper-square versus dynamics of (3.1). The proofs are given in “Appendix
A

Lemma 3.2 Let [ = [a, b]" C R" be invariant for F (i.e., F(I) C 1), and u(t, ¢)
be the solution of (3.1) with the initial function ¢ € C. If ¢ € C([—r, 0], 1), then
ui(¢) € C([—r,0],I),¢ > 0.

Lemma 3.3 Let I = [a, b]" C R" and u(t, ¢) be the solution of (3.1) with the initial
Sunction¢ € C.Iflim;_, oo dist (u(t, ¢), 1) =0, thenlim,_, o dist (u(t, ¢), L(ry) =0,
where the distance dist(u, ) = inf yer{|lu — y||} foru € R".

Remark 3.1 When A is a diagonal matrix with positive diagonal elements and A = A
in (3.1), one may estimate [ ) by some hyper-rectangles by a similar proof. The above
results show that the (eventual) boundedness of systems can be estimated by dynamics
of multi-dimensional map F.

For any given ¢ € PC, a function x(t) € PC[[—r, +00), R"] is called a solution
of (2.8) through (0, ¢), if x (¢) satisfies the initial condition x(s) = ¢ (s), s € [—r, 0],
and satisfies Eq. (2.8) for + > 0. For the fundamental theory on the existence and
uniqueness of solutions to an initial value problem of impulsive type, a reader is
referred to Lakshmikantham et al. (1989), Stamova (2009) and the reference therein.
As usual, if (2.8) has a unique solution, we shall also use x (¢, ¢) or x;(¢) or simply
x (1) to denote the solution, if no confusion occurs. An element z, in C is called an
equilibrium of (2.8), if x(#) = z is a solution of (2.8).

Considering the biological background, we first address the well-posedness of (2.8).
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Theorem 3.1 Let (HI)-(H2) hold. If the initial conditions satisfy
xt)=¢@)=>0, te[-r0], ¢ PC, 3.2)

then (2.8) has a unique solution which exists globally and is non-negative and (even-
tually uniformly) bounded.

Proof By (H1)~(H2) and the fundamental theory in Lakshmikantham et al. (1989),
Stamova (2009), we know that (2.8) has a unique solution x (¢, ¢) existing in a maxi-
mum interval J = [0, fmay). Note that D+ L is quasi-positive, and hence e ~(P+L) (=)
is a non-negative for ¢ > s. For any ¢ € [0, #1) N J, we have

t
x(t) = e~ PHD % (0) + f e~ PTDE=9 0 (5)Sb(x(s — 1)) ds. (3.3)
0

Combining this with the nonnegative properties of «, S, ¥ (-), b(-) and ¢ (-), we then
conclude that x(z,¢) > 0 fort € [0,1;) N J. When tp.x > 11, x(tfr) = (E —
Cp)x(t; ) = 0 from (H2). Similarly, when 7 € [t1, ) N J,

t
x(1) = em PTRU=1)x (1) +/ e~ PHDE=9 0, () Sb(x (s — T))ds > 0.
141

By an ipduction, we have x (7, ¢) = 0 foranyt € J.Setx(t) = x1(t) + x2(t) +-- -+
Xp (1), d = maxi<j<u{d;}, b = maxi<j<u{b;(n;)}. Note that &, y(-) € (0,1], L is a
Laplacian matrix and S is an stochastic matrix. Thus, for r € J we have

dx(t)
dt

< —di0) +b, t#En, ¥ < F).

By the impulsive-type comparison theorem with V (x(z)) = x(¢) in Stamova (2009,
Theorem 1.23), X (¢) is (eventually uniformly) bounded. This implies the nonnegative
solution x(¢, ¢) is (eventually uniformly) bounded, and therefore, J = [0, c0) (see,
e.g., Stamova 2009; Liu and Ballinger 2002). The proof is completed. O

Remark 3.2 From the proof, we can see that if we further assume ¢; (0) > 0,i =
1,2,...,n, then the solution actually remains strictly positive: x(¢) > 0,7 > 0.
Obviously, the non-negativity preserving property of (2.8) also holds when the initial
functions is continuous: ¢ € C4 C PC. For convenience of discussion, we will
assume the initial function ¢ is continuous unless otherwise specified.

4 Extinction and persistence when there is no culling

When determining whether or not an impulsive culling should be implemented, it is
necessary to investigate the dynamics of system (2.6) in the absence of culling, i.e.,
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when c; () = Cijx = 0,k € N. In this case, (2.8) reduces to the following system of
autonomous delay differential equations

%(t) = —(D + L)x(t) + aSb(x(t — r)). “.1)

The following proposition identifies an invariant and attracting interval for (4.1).

Proposition 4.1 Forany z = (z1,...,2,)" > aSb(n) = aS(b1(1), ..., ba(n))7,
the set [0, (D + L)™'zl is a positively invariant set and also globally attracting set

for (4.1).

Proof Let x(t) = x(t, ¢) be a solution of (4.1) with x(s) = ¢(s),s € [-r,0],¢ €
C... From the unimodal property of b, we have x (1) < —(D + L)x(¢) + z. Consider
its comparison system

T
y(1) ==(D+ L)y +z, y(0)=< sup  ¢1(s), ..., sup ¢n(S)> .

se[—r,0] se[—r,0]

which has the solution y () = e~ P+ [y(0) — (D + L) 'z]+ (D + L) 'z. Since L
is a Laplacian matrix, all the eigenvalues of D + L are positive and (D + L)™' > 0.
Then

limsupx(t) < lim y(r) = (D + L) 'z.
11— 00

—>00

Moreover, if ¢(s) € [0, (D + L)~ 'z] for s € [—r, 0], we have x(r) < y(1) =
(D + L)~ 'z. The above implies the conclusion, completing the proof. O

It turns out that system (4.1) has the threshold dynamics with respect to species
extinction and persistence, as is shown in the next theorem.

Theorem 4.1 Assume that L is irreducible. Let R = p(a(D + L)~LSB/(0)).

(i) If R < 1, then the equilibrium O, of (4.1) is globally asymptotically stable in C.

(ii) If R > 1, the trivial equilibrium O, of (4.1) is unstable. Moreover, system (4.1) has
at least one positive equilibrium and is uniformly persistent in CS, that is, there
is a positive number § > 0 such that for any ¢ € C3

litminfx,'(t,(b) >4, i=1,2,...,n. 4.2)
— 0

The above result is a special case of Theorem 5.1 in Sect. 5 and we omit the proof
here.

Remark 4.1 From Theorem 4.1, R plays a threshold role in determining whether
the population goes to extinction or remains persistent under the assumption that
the dispersion matrix L is irreducible. In fact, R is nothing but the socalled basic
reproduction number for the species governed by (4.1) [see, e.g., Van den Driessche
and Watmough (2002) for a discussion on this topic].
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We point out that the above theorem does not cover the critical value R = 1;
moreover, it gives no information about the persistence level ( i.e., the lower eventual
bound x(¢)) or even an estimate for § in (4.2), although an estimate of eventual upper
bound is obtained in Proposition 4.1, which helps to obtain the attracting region for
solutions in the interior C? .

To gain some more insights, we consider a special case of (4.1): the case with
identical patches, i.e., when

di=dy=-=d,, L" =L, bi(s)=ba(s) = =bu(s). (4.3)
In such a case, (4.1) further reduces to
X@®)=—(D+L)x({t)+ DF(x(—r)),t>0, 4.4)

where D = diE and F(u) = dl_laSb(u). Note that (D + L) is a non-singular
M -matrix since it is column strictly dominant diagonal. Moreover, (D + L)e, =
die, = Dey, thus (D + L) 'De, = e, implying that (D + L)~'D is indeed
a stochastic matrix. In order to apply the results in Lemmas 3.2 and 3.3 to (4.4),
we need to identify appropriate hyper-square(s) for this multi-dimensional map F.
Note that F(u) = (fi(w), fr(), ..., fu)T, where u = (uy,us, ..., u,)T and
fi(w) = dl_la Z?=1 Sijbi(uj) = Z?:l Sijg(u ;). This suggest that we focus on the
corresponding one-dimension map g [due to (4.3)]:

g(s) = d; 'abi(s), s > 0. (4.5)

Let I =[a,b] C Ry and I = [a, b]" C R'|. From the continuity of g, we assume
g attains the minimum and the maximum at m and M on [a, b], respectively. Noting
S = (§;;) is the stochastic matrix, then for all 7

min f; (u) = ; Sijg(m) = g(m), max fi(u) = ; Sijg(M) = g(M).

From the continuity of f; on R}, f;(I) = g([a,b]),i =1,2,...,n,and so

n

F(I) = g([a, b)) x g([a, b]) - - x g(la, b]),

FI(I) = g/ ([a, b]) x g/([a, b]) - -- x g’ (la, b)).

Therefore,

Lipy = () &/ (la.b]) x () g/ ([a. b)) - x () &/ ([a. b))

j=1 j=1 j=1
= Iig) X gy I(g) = [I()]". (4.6)
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According to Rost and Wu (2007), Liz and Rost (2010), and Ivanov and Sharkovsky
(1992), we have the following proposition for map g on interval I since g actually
satisfies the same unimodal condition (H1) as b does.

Proposition 4.2 Let g be defined in (4.5) and R = g'(0) = d; 1oeb’1 0), ap =
g(g(n1)), bo=gn).

(i) If7% <1, then Iy = ﬂ?ozl gj(l) = {0} for any closed interval I = [0, b] C
Ry with g(I) C I.

(ii) If7A2 > 1 and wy < n1, where wy is the unique positive fixed point of g, then
I(g)y = {wo} for any closed interval I = [a, b] C R \{0} with wg € [a, b] and
g(I) C I, provided that g(a) < g(b).

(iii) Ifﬁ > 1 and wy > n1, then [ao, bo] is invariant for g and 14y C [ag, bo] for
any closed interval I = [a, b] C Ry \{0} containing [ao, bo].

Combining Lemmas 3.2, 3.3, Proposition 4.2 and (4.6), we have

Theorem 4.2 Assume that L is irreducible. Let 7@, ao, by, wo, g be defined in Propo-
sition 4.2.

(i) If’l:% < 1, then the equilibrium O, of (4.4) is globally asymptotically stable in C;
(ii) If R > 1, then the equilibrium 0, of (4.4) is unstable. Moreover,
(ii-1) when wo < 01, then the equilibrium W, = (wq, woy, ~~-,w0)>{ of (4.4) is
globally asymptotically stable in C9;
(ii-2) when wo > 11, then [ag, bol)} is an invariant and attracting set for system (4.4)

. o
in C§.

Proof Firstly by (4.3) and Proposition 4.1, we observe that for given ¢ € C,, we
have

limsupx(z, ¢) < (D + L) 'aSh(n) = dl_lotbl(m)en = boen, 4.7

—0o0
since Se, = e, and (D + L) "'e, = d; e,

Case (i): R < 1. Let I = [0,bp] and T = [0, bo]*. By (4.7), ¢ € C4,
lim;—, o dist (x(t, ¢), ) = 0. It follows from Lemma 3.3 and (4.6) that

tl_i)n;odist(x(t, ®). Lipy) =dist(x(t, $), [1g]") = 0.

From Proposition 4.2-(i), [/g)]" = (0,0, ..., 0)7, and thus, 0, is globally attractive
in C4. In addition, for any € > 0, [0, €] is an invariant set of g, and hence [0, €]" is
invariant for F' since

F([0,€]") C F([0, €]") = [g(10, eD]" C [0, €]".

Then, by Lemma 3.2, x;(¢) € [0, €]} fort > 01if ¢ € [0, €]}, which implies 0, is
stable. Therefore, O, is globally asymptotically stable.
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Case (ii): R > 1. Since R is a positive eigenvalue of (D + L)~ 'aSB’(0) with
the eigenvector ¢;,, R > R > 1. By Theorem 4.1-(ii), the system (4.1) is uniform
persistent and (4.2) holds withsome § > 0.Let/ = [§, bg] C R+ \{0}andI = [4, bo]".
Then, lim; , o dist (x(z, $), 1) = 0 for ¢ € C3.. We have the following sub-cases.

Case (ii-1): wo < ny. Clearly, W, is an equilibrium of (4.4) and wg € [, bp]. From
Proposition 4.2-(ii), [/(5)]" = W = (wo, wo, ..., wo)T . It follows from Lemma 3.3
that

lim dist (x(1,9). L)) = dist (x(1,6), W) =0, ¢ € C5.

So, the equilibrium W is globally attractive in C? . Next we prove that W, is stable.
When wg < 11, [wg — €, wo + €]” is an invariant set of F for sufficiently small € > 0,
according to Proposition 4.2-(ii) and (4.6). This implies W, is stable by Lemma 3.2.
When wo = ny, for any given € € (0, wp), one can find é1, 8> (by (H1)) satisfying

O<wy—€ <8 <wyp<dr <wy+e g)=g)
> max{g(wp — €), g(wo + €)}.

Take §p := min{wy — 81, 52 — wo} > 0. Noting that [§1, §2] is an invariant set of
g according to Proposition 4.2-(ii), [81, §2]" is an invariant set of F. For any ¢ €
[wo — 80, wo + 8ol%, we have ¢ € [81, 62]. It follows from Lemma 3.2 that x;(¢) €
[61, 8217 C [wo — €, wo + €]}, t > 0, implying that W, is stable.

Case (ii)-2: wo > n1. By Proposition 4.2-(iii), [I(g)]" C [ao, bo]". It follows from
Lemma 3.3 that

lim dist(x(t, ¢), Liry) = dist(x(t, $), [ao, bo]") =0, ¢ € Cj_,
t—00

which implies that [ag, by}, is a globally attracting setin C . Since [ag, bo] is invariant
for g,

F(lao, bol") C F([ao, bol") = [g([ao, boD]" C [ao, bol",

It follows from Lemma 3.2 that x;(¢) C [ao, bol}, t > 0 whenever ¢ € [ag, bo]}. So,
[ao, bol’ is also an invariant set of (4.4). The proof is completed. O

Remark 4.2 For the persistent case (ii) in Theorem 4.2, we have actually obtained
estimates for the eventual bound of solutions; particularly the lower bound serves as
an estimate of the persistence level. The method of finding estimates may also be
applied when other types of birth functions are adopted.

5 Extinction and persistence when culling immatures only

In this section, we consider the scenario of culling immatures only. This is represented
by the conditions ¢ € (0, 1) but Cy = 0, k € N, which reduce (2.8) to

X(t) = —(D + A)x(t) +ay ) Shb(x(t — r)). 5.1)
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This is a non-autonomous system of DDEs, as y (¢) given in (2.7) is time dependent.
Clearly, y € PC[R4, (0, 1]] and y® := limsup,_, o, ¥ (¢), Voo = liminf; s y (¢)
exist. The following proposition establishes more information about r (), and its proof
is given in “Appendix B”.

Proposition 5.1 The following statement about y (t) hold.

(i) Assume that there are 0 < 11 < 1) and 0 < o1 < oy such that T| < ty — ty_1
nand 0 < o1 < () < 03 < L. Then (1 — o)™ H! < yoo < y™
(] _ o_l)r/rzfl‘

(ii) If cx(-) = c(constant) and the impulsive moments have equidistance, that is
tkq1 =t + T,k € N, then the mean value of y(t),t € [0, T]

=
=

1 — 7c, T >r,
y=11-c, T =r,
A=t (G - 1D+ A=t A = F + 17D, T <n,

where, for any real number n, | n| denotes the maximal integer that is no larger
than n.

Inreality, periodic culling is often acommon practice. For (5.1), this can be achieved
by assuming that

tirg = 1+ T, chg(@) = ck(@), Va €[0,r], Vk €N, (5.2)

where constants 7 > 0 and ¢ € N. Indeed, condition (5.2) implies that y (¢)
is a T-periodic function. To see this, we assume that there are m + 1 impul-

sive moments g, fs 41, ..., Lsy+m 10 (t — r,t], and m + 1 impulsive moments
Isi4qs Isi+14qs - - - s Lsy+m+q in(t+T —r,t+ T]. Then,
ye+T) = ] O-ae-0+T-n)
t+T—r<ty<t+T
m
= [0 =gy = G+ T =t )]
j=0

=[[t1—cy,, ¢ =C+T =1, —THI=y ).
j=0

Especially, when T = r and ¢ () = ¢, we have y(t) = (1 — ¢)?, and (5.1) becomes
autonomous.

For (5.1) with (5.2), we shall show that there is a threshold between extinction and
persistence. We will achieve this by employing the results on basic reproduction ratio
for a class of periodic delay systems recently obtained in Zhao (2017).

Linearizing (5.1) at its trivial equilibrium, we obtain a T-periodic linear delay
system

u(t) = —(D + L)u(t) + ay (t)SB' O)u(t —r). 5.3)
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Asin Zhao (2017), welet X = C1, Xo = CY, X9 = X \ X0, and Cr be the ordered
Banach space of all continuous and 7 -periodic functions from R to R". Setting

F(¢ =ay®)SB'(0)¢(-r),¢ € X, V()=D+L,

we easily see that F and V satisfy assumptions (H1) and (H2) given in Zhao (2017) if
L is irreducible. Following the procedure in Zhao (2017), we define a linear operators
on Cr by

(Lo](t) = /oo e P gy (1 — )SB'(0)p(t —s — T)ds,t € R, ¢ € Cr. (5.4)
0

Furthermore, we define the Poincaré map U/ : X — X associated with (5.3) by
U(P) = ur(¢), where ur (¢p) = u(T +s, ¢) and u(-, ¢) is the unique solution of (5.3)
satisfying ugp = ¢ € X. Denote the spectral radius of U by p(Uf). By a similar proof
to that for Xu and Zhao (2005, Proposition 2.1), we then have

Proposition 5.2 Assume that L is irreducible and the periodic culling (5.2) is adopted.

Then p(U) is a positive eigenvalue of U, and there is a T -periodic positive function
InpU)
v(t) such that v(t)e T is a solution of (5.3).

Now, denote the spectral radius of the operator £ by R = p(£). Combining with
Proposition 5.2 and Theorem 2.1 in Zhao (2017), then we have the threshold dynamics
for (5.1) as follows.

Theorem 5.1 Assume that L is irreducible and the periodic culling (5.2) is adopted.

(i) If R < 1, then the trivial equilibrium 0, of (5.1) is globally asymptotically stable
in C+.

(ii) If7_2 > 1, then the system (5.1) is uniformly persistence in CY and there exists a
positive T -periodic solution.

Proof In the case where R < 1, it follows from Theorem 2.1 in Zhao (2017) that
pU) < 1, where U is the Poincaré map associated with (5.3). For any given ¢ € X,
let x(t) = x(t,¢) > 0, be the solution of (5.1) with the initial condition x(s) =
¢(s), s € [—r,0]. From (H1), b(z) = B'(§)z < B'(0)z for z € R’} where £ € (0, 2),
and hence,

x(t) < —(D+ L)x(t) + y®)aSB' (0)x(t —r). (5.5)

According to Proposition 5.2, there is a positive T-periodic function v(r) =
(v1(£), v2(t), ..., v,(t)) such that i(r) = e Muv(t) is a positive solution of
(5.3), where u = —w > 0. Let vmin = min; {minge[o, 7] Vi ($)}, Vmax =
max; {maxsejo,7] Vi (5)}. Note that (5.3) is cooperative and irreducible, and ¢ (s) <
%ﬁ(s), s € [—r, 0]. By the comparison theorem, we have 0 < x(¢) < %ﬁ(r) <
% lplle #e,, t > 0. Thisimplies that the origin x = 0 is globally asymptotically

(exponentially) stable when R < 1.
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In the case where R > 1, it follows from Theorem 2.1 in Zhao (2017) that p () > 1.
Let x (¢, ¢) be the unique solution of the 7'-periodic system (5.1) with ¢ € C.. Then
x(t, ¢) satisfies

t
x(t, ¢) = e~ P4 (0) +/ e~ PTDl gy ()Sb(x(s — r))ds.
0

Let ®(¢) be the solution semi-flow on X generated by (5.1) whichis T — periodic,i.e.,
D(t)p = x:(¢) for ¢ € X. The Poincaré map corresponding to ®(¢) : X — X is then
given by P¢p = ©(T)¢. Thus, P"(¢p) = ®(mT),m € N. Note that y(r) € (0, 1] is
T -periodic, P is eventually uniformly bounded (point dissipative, by Theorem 3.1 with
Cix = 0). Clearly, Xy is open in X and forward invariant under ®, and the boundary
d X consists of functions ¢ € X with ¢;(0) = O for at leasti € {1, 2, ..., n}. Next,
we verify the following two claims.

Claim 1 Let My := {¢p € 30Xy : P/(¢p) € 8Xo,Vj > 0}, then My = {0,}. It
suffices to show that ¢ = 0, if ¢ € M. Assume for the sake of contradiction
that ¢ € My but ¢ # O, Let x(r) := x(z, ¢) and consider the scalar function
x(t) = x1(t) + x2(t) + - -+ + x,(t). Then, x(t) > —dyx(t) + f(t),t > 0, where
f@) == ay@®) 27:1 bj(x;(t —r)) and dy = maxi<j<n{d;}. Noting that y(¢) >
0,0 > 0and ¢ # 0, we have f(s9) > O for some s9 € [0, r]. Thus, x(r) >
e~ M"3(0) + [y e M=) f(s)ds > 0. Furthermore,

t
(@) = e M3y + / e~ M=) r()ds >0, t>r. (5.6)

r

However, we can show x(mT) = 0 for all m = 1,2,.... If not so, there is an
integer k € {1,2,...,n} and mg such that x;(moT) > 0 and thus, the set $> = {i :
xi(moT, ¢) > 0} is non-empty. On the other hand, by x(mT) = [P"¢](0) and the
fact that ¢ € Mj, we know that the set S = {i : x;(moT, ¢) = 0} is also non-empty.
Obviously the {1,2,...,n} = §1 U S,. Now for any j € Sy, thereis an/ € §; such

that p;; > 0 since the matrix L is irreducible. From the jth equation in (2.6) with

Ci=0fori =1,....n,wehave 0¥ > —[d; + ", pjilx;(6) + pijxi(¢), which

leads to x; (1) > fntmT exp(—[d; + Zj;éi pijlt — s)pijxi(s)ds, for t > moT.
This implies that there exists an €; > 0 such that x;(z, ¢) > 0 for any j € S| and
t € (moT, moT +€1). Noting that x; (moT', ¢) > 0,i € S», wecanfindane; > 0such
that x; (¢, ¢) > Oforany i € S,t € (moT, moT + €2). This implies that x(¢, ¢) > 0
for t € (moT,moT + €) where € = min{eq, €3}. a contradict to ¢ € Mj. Thus,
x(kT) = [P/¢](0) = 0 for all k = 1, 2, ..., which contradicts (5.6). Therefore, we
have ¢ = 0, and Claim 1 holds.

Letn =1, n2, ..., nn)T and 7o := minj<;<, n;, and denote by Uy the Poincaré
map of the following linear periodic system

¥(t) = —=(D + L)y() + y () SB'(Oen) y(t — 1) (5.7

which is a perturbation of (5.3). Since p(Uy) — p(U) > 1 as & — 0, we can choose
a small enough 6y € (0, no) such that p(Uy,) > 1. Note that lim g0 lx/(¢)]| =0
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holds uniformly for ¢ € [0, T']. Thus, there is § € (0, no) such that ||x;(¢)| < 6y for
all t € [0, T] whenever ||¢]| < §. Next, we shall show that

Claim 2 for any given ¢ € X,

limsup |P"¢|| = limsup |®nT)p| > 4. (5.8)

n—0o0 n— oo

If this is not true, then there are ¢ € Xg and K > 1 such that such that |[® (nT)¢| < §
foralln > K.Now for any t > KT, there are integer m > K and f € [0, T'] such that
t = mk + t. Thus, |®()¢|| = || P(H)PmT)¢| < 6 for all t > KT, implying that
isx(t) :=x(t,¢) <0Opep,t > KT andx(t —r) =x(t —r,¢) < Open,t > KT +r.
By the fact that 6pe,, < 1 and the monotonicity of bl’.(-) in[0,n], i =1,2,...,n,
we then have b(x(t — r)) = b'(§)x(t —r) > B'(Bpey)x(t —r),t > KT + r, where
& € (0, 6pey). Accordingly,

x(t) = —(D + L)x(t) + y(H)aSB (6pen)x(t —r), t> KT +r,

which suggests the following cooperative linear system as an comparison system for
(5.1
¥(#) = —(D + L)y(t) + y (0)aSB'(Boen) y(t —r). (5.9

Applying Proposition 5.2 to (5.9) with B’(0) replaced by B’(8pe,) in (5.3), we know
that there is a positive T-periodic function 0(¢) such that it () = " 0(r) is a positive
solution of (5.9), where v = M > 0.For¢ € X, we can choose a small enough
x > O such that y(z, ¢) > kii(t),t € [KT, KT + r]. By the comparison theorem, we
have x (¢, ¢) > y(t, ¢) > ke''9(t), t > KT +r. Thisleads tox(t) — coast — oo,
a contradiction to the boundedness of solution x (). Thus, the claim (5.8) holds.

From the above claims, it follows that {0} is one (and the only one) isolated invari-
ant set in 0 X, and My := {¢p € 90X : P"(¢) € 0Xo} = {04} and W*(0,) N Xy = @.
By the acyclicity theorem (Zhao 2003, Theorem 1.3.1), P is uniformly persistent
with respect to X(. Moreover, by Zhao (2003, Theorem 3.1.1), the T-periodic solu-
tion semiflow ®(¢) is uniformly persistent with respect to Xo = Cg_. Further more,
by Theorem 1.3.6 in Zhao (2003), system (5.1) has at least one positive T -periodic
solution in X = CS)F, and the proof is completed. O

Remark 5.1 Generally, it is very difficult (if not impossible) to explicitly obtain the
spectral radius of a linear operator associated with periodic linear delayed system,
and even numeric computation is non trivial at all. According to Corollary 2.1 in
Zhao (2017) and the properties of the spectral radius, we can, however, establish the
following estimation for R

p@yooSB'(0)(D + L)) < R = p(L) < pay®SB'(O0)(D+ L)),

Especially, when y(-) = 1 (i.e., cjk(-) = 0), system (5.1) reduces to (4.1). Hence,
Theorem 4.1 can be viewed as a special case of Theorem 5.1.
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Remark 5.2 1If the periodic culling strategy (5.2) is adopted with T = r, ¢x(-) = c,
we have y (t) = (1 — ¢)4, where ¢ is the number of culling moments within a period
[0, T'). In this case, (5.1) also reduces to an autonomous delay system of the form (4.1)
with the parameter « replaced by & := (1 — ¢)?«. Thus, all results in Sect. 4 hold for
this special case of (5.1), with 7A€rep1aced by R := dfléb’l 0)=(1- c)‘fdl_lotb’l ),
g(s) replaced by g(s) := dl_ldbl(s) = (1 —1c)g(s), bg replaced by by := g(n) and
ag replaced by dy = &(bg). In such a scenario, we can easily see the impact of the
culling strength ¢ and the culling frequency ¢ by looking at the effect of the constant
multiple (1 —c)?. We point out that although both g(s) and g(s) attain their maxima at
the same 7; and share the inflection point, their respective unique positive fixed points
are different, with that of g(s) smaller than that of g(s). Also, for the conclusion in
Theorem 4.2 (ii)-2), the attracting invariant interval [ag, bo]/ has been pushed toward
the left by the factor (1 —c)? to [ao, bo]” which is closer to O,. In particular, sufficiently
large culling strength ¢ € (0, 1) and sufficiently large culling frequency ¢ can always
bring R = (1 — ¢)?R to a value that is less than 1, and hence, by Theorem 4.2, the
species can be eventually eradicated.

The following theorem gives an explicit sufficient condition for the extinction of the
species represented by (5.1), meaning success of this general culling strategy (culling

immatures only).

Theorem 5.2 Assume that

t ~
abl,, lim sup / e =9 (s)ds < 1, (5.10)
t—0o0 0
where d = ming<j<p di, bl = Maxi<j<n bl’. (0). Then the equilibrium 0, of (5.1) is

globally attractive in C4. Particularly, if the culling is T -periodic [i.e., (5.2) holds],
then the conclusion holds provided that (5.10) is replaced by

A 1 T
(1—e "N 'Tpab) . <1, wheref::T/O y (s)ds. (5.11)

Proof The supremum limit on the left side of (5.10) is well-defined since

t ~ t ~
/ e—d(l—s)y(s)ds < f e—d(f—_&‘) < lA
0 0 d

For any given ¢ € Cy, let X(¢) = Z] 1x] (t, ¢). Since b; (x;) = b} (&)x; < b;
where & € [0, x;], we have x(t) < —dx(t) + y ()b . X(t — r). This leads to

X@) < e_dtx(O) + ft —d(t—s) y (s)abmaxx(s —r)ds. By Theorem 3.1, we can assume
X(t) <o forallr > —r and let 6 := lim sup,_, o, X(¢). Thus, for any € > 0, there is
an large enough Ty such that X () < 6 +e¢ forall ¢ > T. Accordingly, whenr > T +r,

max

max
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N To n
() < e x%(0) + f e~y (5)ab),, F (s — r)ds
0

t ~
+abl G +e) | ey (s)ds
To

A . t .
< e M3 0) + ozbfnaxff/ e qs 4 abl . (6 + 6)/ e~y (5)ds
0 0

max

A . . r
< e 5(0) + abl0d (e — e 4 abl, (5 +€) / e~y (s)ds.
0

Taking the supremum limit in the above gives 6 = limsup,_, ,, X(t) < ab, (6 +
€)limsup,_, o, [y e "y (s)ds. Letting ¢ — 0%, we then obtain & < Gabl,,,
limsup,_, o, fy e 4y (s)ds. By (5.10), we conclude that 6 = 0 and so
lim;, o X(t) = 0.

When y is T-periodic, then we find k € N such that (k — 1)7 <t < kT and

' . k
/ e =9y (s)ds < Z
0

DT

—(j-DT k . T

e~ 1=y (s)ds < Ze_d(/_l)T/ y(s)ds
. 0
j=1

Here we have used the identity fOT y(t—s)ds = fOT y (s)ds since y (s) is T -periodic.
The above inequality together with (5.11) leads to lim sup,_, o, fot e~y (5)ds <
(1 —e")=ITy < (abl,,,) "', which implies (5.10) holds, and thus, the conclusion
for the case of periodic culling holds. The proof is completed. O

6 Extinction when culling matures only

In this section, we discuss the scenario of culling matures only, as opposed to that of
culling immatures only in Sect. 5. This means that we will assume in this section that
cx(-) = 0but Cy # 0 for k € N, implying y () = 1. In this case, the model (2.8)
reduces to the following system of autonomous delay impulsive differential equations
{ Lx(t) = —(D + Po)x(t) + Px(t) + aSb(x(t —r)), t # 1, ©.1)

x(t) = [E — Cilx (1), keN, '

where E is the n x n identity matrix. In the sequel, for a diagonal matrix
A = diag{aj,as,...,a,} witha; > 0, i = 1,2,...,n, we use In A to denote
diag{lnaj, Inay, ..., Ina,}.

The following result is on the stability/instability of the extinction equilibrium 0,
for (6.1).

Theorem 6.1 Assume that L is irreducible.

(i) If there are a positive number t| and a diagonal matrices Y with

th —t1 <11 and 0 < Y| < Cy for allk € N. (6.2)
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such that p([(D + Py — WE{%)(E — TP + aSB'(0)) < 1, then the
equilibrium O, of (6.1) is globally exponentially stable in PC.
(i) If there are a positive number 1o and a diagonal matrices > with

O<m <ty —tie1 and Cy <YYo < FE forallk € N. (6.3)

such that p((D + Py — ML) "N (E — 15)(P + aSB'(0))) > 1, then the
equilibrium 0, is unstable.

Proof 1t can be verified that the following variation of parameter formula is valid:
t
x(t) = K(t,0)x(0) +/ K(t,s)(Px(s) +aSb(x(s —r)))ds, t>0, (6.4)
0

where K (¢, ), t, s > 0 is Cauchy matrix of linear impulsive system

{)'c(t) = —(D+ Py)x(t), t>0,

x(t5) = (E— Cox(ty), keN. (6.5)

According to the representation of Cauchy matrix (see Lakshmikantham et al. 1989,
p. 74), we have
K(t,s) =" PHOC T (E — o), (6.6)

s<tp<t

t=s _
which, together with (6.2), leads to K(t,s) < e~ P+P=9(E — y)ya | <
_ ln(E Yl)
¢ (PHh— MENE —)7), 1= 5> 0. Letting D = D + P — MEZT e

then have for ¢t > 0 :
_ t _
x(1) < e PE - 1) X (0) + f e PO (E — )T (Px(s)
0

+aSB (0)x(s — r))ds. 6.7)
By p([D(E—"1)]"'(P+aSB’(0))) < 1and Lemma 3.1, we know that D(E — Y1) —
(P +aSB’(0)) is anon-singular matrix and sois D— (E—=7"1)" 1(P+0[SB (0)). Thus,
there exists a vector Z = (z1,22,...,22) > 0 satisfying [D — (E — Y1)~ 1(P +

aSB’(0))]Z > 0. By continuity, for small » > 0, we have [D — (E -7~ lp _
T (E — Y1) 'aSB'(0) — AE1Z > 0, meaning that

(E=") P +e"aSB (0)]Z < (D — AE)Z. (6.8)
Set

maxj<i<,{(1 = Y)Y

’

ming <j<,{z;}
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where 1| = diag{Y{",*?,...,*"}. From 0 < Y| < E, it follows that (E —
T1)x(t) < Ex(1) = x(t) = ¢(t) for t € [—r, 0]. Thus,

x(t) < (E=Y)"'¢t) <xkZ <kZe ™, —r<t=<O. (6.9)
In the following, we shall prove that
x(1) <kZe ™, 1>0. (6.10)

If this is not true, by the estimate (6.9) and x(¢) € PC[[0, c0), R’} ], there must be an
integer / and t* > 0 satisfying

x(t*) > Ej(cZe ™), x(t) <kZe ™, t <t 6.11)

where the n-dimension row vector E; = (0,...,0,1,0,...,0).
The latter inequality implies

x(s —r) <kZe M7 0 <s <1t (6.12)

By (6.7), (6.8), (6.9) and (6.12), we have

x(1%)

IA

_ t* _
E (eD’*ch + / e PCNE = 1) [PkZe ™ + e“aSB/(o)xZe“‘”]ds)
0

_ r* _ _
E <e—D’*KZ +/ ke P eP=2Ds gy yTlp 4 aSB/(O)e“]st>
0

E; (eDt*icZ —l—/
0

= E (eiD’*KZ + KefD’*[e(D%E)’* — E]Z) =E </<e7)\’*Z) .

*

A

Kefbt*e(bf)‘E)s(D - AE)st)

This contradicts (6.11), and hence, (6.10) holds.
Let

max <<, {(1 — Tl(i))_l}z

mini<;j<,{z}

Then, there holds x(r) < Me™||¢||, t > 0, proving (i).
For (ii), first we note that the local stability of the zero solution of (6.1) is equivalent
to that of its linearized impulsive delayed system:

{)'c(t) = —(D + Py)x(t) + Px(t) + aSB'(0)x(t —r), t # 1, 6.13)

x(tf) = [E = Cilx (1), keN.
The solution of (6.13) can be expressed as x(z) = K (¢, 0)x(0) + fot K(t,s)(Px(s)+

aSB' (0)x(s — r))ds, t > 0, where K (¢, s) is given in (6.6), by which and (6.3), we
further obtain
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s In(E— Tz)
K(t,s) = e~ PHPOE=9) (g _yyy 5 T ,~(PFF— =g 1)), 12520

Thus, for¢t > 0,

_ 71n(E 17)
(Dtfo " (E = 12)x(0)

x(t) >e
o In(E-Tp) .
+/ ¢ PTR=570) () (Px(s) + aSB (0)x(s — r))ds.
0

(6.14)

Observe that the right-hand side of (6.14) is the solution of

y() + (E =T2)(Py(t) + aSB'(0)y(t — 1)),

(6.15)
with initial condition y(s) = x(s), s € [—r, 0]. Noticing that (6.15) is a cooperative
linear DDE system, and hence, the stability/instability of the trivial equilibrium for
(6.15) is equivalent to that of the corresponding ODE system (see Smith 1995):

T PP )

In(E — T»)
123

y(@) = [— <D + Po— ) +(E - T2)(P +aSB’(0))} y(@). (6.16)

Now, if p((D + Py — E= Tz>) YE = 12)(P +aSB(0))) > 1, the trivial equilib-
rium O, is unstable for (6 16) and so is for (6.15). This, together with (6.14) and a
comparison argument, implies that 0, is also unstable for (6.13), and hence for (6.1).
The proof is completed. O

Combining Lemma 3.1 and Theorem 6.1, we immediately obtain the following
more explicit sufficient conditions on extinction of population.

Corollary 6.1 Assume that impulsive culling satisfies

. 11’1(1—5,')
Cir >8,8i€[0,1), x—tr_1 <7, i=1,2,...,n, k€N,
T

<di+iji— ZPU

J# b

o

—— | (0= b(0)+ (1 — (n—1DB)B0) | . 6.17
n(1—3,-)( ﬁ); ;O + A == DB)b;(0) (6.17)

Then the equilibrium 0, of (6.1) is globally exponentially stable in PC .

Next, we show that under some mild condition, the impulsive delayed system (6.1)
may be reduced to a delayed system without impulses, but with the impulsive effects
reflected in some time dependent parameters. To this end, we define
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xy =[] E-co; xoy= ] a-6p,

O<t <t O<t <t
ray= [] a-o0" J] a-ep. (6.18)
O<tn <t O<tp<t—r

where 05 = maxj<;<,(Cix) and 6, = minj<;<,(Ci).

Proposition 6.1 Assume that (D 4+ L)Cy = Cx(D + L),k € N. Then x(t) is the
solution of (6.1) if and only if y(t) := X' (t)x(¢t) is the solution of the following DDE
system without impulses:

y(it)=—(D+ L)y)+ aX ' (t)Sh(X(t — r)y( —r)),t>0. (6.19)

The proof of this proposition is given in “Appendix B”.
Taking advantage of Proposition 6.1, we can derive some further condition that
ensures the extinction of the population.

Theorem 6.2 Assume thaAt (D+ L)Cy =Cy(D+ L),k € N. Let T'(t) and x(t) be
defined in (6.18), and let d = miny<;<y, d;, b}, = MaXi<j<p b; ). If

max
A~ t el
—dt +1nx (1) —|—/ ab;nax(O)F(s)x(s)edrds — —00, as t — o0, (6.20)
0

then the equilibrium O, of (6.1) is globally attractive in PC.

Proof Let x(t) be the solution of (6.1) with the initial ¢ € C4. By (6.18), y(¢) =
(X (1)) x(r) satisfies (6.19). Let X(t) = x1(t) + x2(t) + - - - 4+ x,(¢) and F(¢) :=
y1(®)+-- -+ yn(t). Noticing that L is a Laplacian matrix and S is a doubly stochastic
matrix, we then have the following estimate:

() =el'y(t) = —el (D4 L)y(t) + el a X~ (1)Sh(X (t — r)y(t —r))

IA

=Y dyj(t) +efaX ' (OSB'O)X(t — r)y(t — )
j=1

—d3(t) + T () x (1)ably 0)F (1t — 1),

IA

()1 () x (5)e~4=9)5(s — r)ds. By the
Grownwall inequality with delay, we then obtain y(¢) < n||¢||e_d[ expf fot ab;nax 0)

which leads to 3(r) < e~nl|¢|| + o ab]

max
T'(5)x (s)e? ds), implying

i) =elx =l X)) < x(OF 1)

. t .
< nllpllx(t)e " exp {/ abfnax(O)F(S)X(S)edrdS} :
0
Therefore, X () — 0 as t — oo, provided that (6.20) holds. The proof is completed.
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The following corollary is a direct consequence of Theorem 6.2.

Corollary 6.2 Assume that Cy, = O E (scaler matrix) fork € N andletd and binax be
given in Theorem 6.2. If there are constants 0, 0, , 7 such that the impulsive cullings

satisfy

0<0<6,<0<1,0<t<tp—ti.; <tT,k€EN,

i ln(l 0 4 b Ar(1 — )~ <o, (6.21)

max

then the equilibrium 0, of (6.1) is globally exponentially stable in PC.
The above corollary can be obtained if we note that

—dt +1nx(t) + f bl ()T (s)ed" ds

A 1 1 —é ] A r N
< [—d LA =6, abl . (1 — 9)—f—1] t—1In(l — ).
T

7 Illustration examples and discussion on culling strategies

In this section, we first present two concrete examples and its simulations to illustrate
the effectiveness of the results.

Example 7.1 Consider the adult population in 7 identical patches with culling imma-
ture

Xi(t) = —dyx; — ZLL/XJ(Z) +ay(@) ZSijbl(xj(t —r)), (7.1)

j=1 j=1

where d; > 0,7 > 0,a € (0, 1], L = (L;;) and S = (S;;) are Laplacian matrix and
stochastic matrix, respectively, and the birth function by (s) = %, w,v>0,m>1.

Take the T -periodic culling with the culling rate cx(-) = ¢ and times of culling ¢ in
every periodic T = r. Then y(t) = (1 —c)?.Denote y := (1 —¢)?, A := %, 0=

—. Since bi(s) = M, we have the parameters defined in Theorem 5.2 as

(v+s™)?
follows:
m yAni
R=yA, m= o = VyA=Dv, b= P
(m — Dy A" 'ny
ap = s

(m — D™ + (y A"

where 77 is the maximum point of b1 (s), and wy is the unique positive fixed point of
g(s) = yad;lbl(s) if it exists (i.e. yA > 1). Letting W = (wq, wo, ..., wo)! and
I = [ag, bo]", the regime of culling the immature and the corresponding dynamical
behaviors can be showed in Table 1 by Theorem 5.1 and Remark 5.2.
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Table 1 Dynamical behavior of

(7.1) with culling parameters y X0~ 0 x> W x(0) > 1
(1) Ae(0,1] y €(0,1] - -
2 Ae(l, o] ye© %1  ye(x.1] -
;/te; 1 corresponds to no culling (3) A € (0, ) y € (0, i] ye (%, %] y e (%’ 1
a) c=0
15 (@) x(t)— [1.6x1074,1.64]%

0 10 20 30 40 50 60 70 80 90 100

-

0.5
0
0 10 20 30 40 50 60 70 80 90 100
; (c) c=0.48

100 150
. (d) c=0.6
0.5 -
x(t)— (0,0)
0 L - 1
0 50 . 100 150
Time t

x(t)— [0.0011,1.48]

x(t)— (0.85,0.85)"

Fig. 1 The time response of state variable x () = (x1(¢), xz(t))T of (7.1) with the culling rate: ac = 0
(no culling); bc = 0.1; ¢ ¢ = 0.48; d ¢ = 0.6; where x(s) = (0.8, 0.3)7, s € [—5,0]. While ¢ and d give

convergent dynamics, a and b show oscillations of x1 (¢) and x7 (¢) between 1.6 x 10~ and 1.64

Takingn =2,r =5,dy =1,a =05, u=4,v=1,m=20,L1; = —L1»
—Ly = Ly =0.05, 511 = S22 =0.8,512 = $1 =02, wehave A =2 > ¢

20/19. Figure 1a shows the persistence for the system without culling (i.e. ¢ = 0).
Let times of culling ¢ = 1, and the culling rate ¢ = 0.1, 0.48, 0.6, Fig. 1b—d show the

corresponding dynamical properties given in Case (3) of Table 1 for the system (7.
with culling parameters, respectively.

Y
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0 Il Il Il Il Il Il Il Il Il

|
0 100 200 300 400 500 600 700 800 900 1000
Time t

0 Il Il Il Il Il Il Il Il Il

|
0 100 200 300 400 500 600 700 800 900 1000
Time t

0 Il Il Il Il Il Il Il Il Il

|
0 100 200 300 400 500 600 700 800 900 1000
Time t

Fig.2 The time response of state variable x () = (x1(¢), x2 (1), x3 (t))T of (7.2) without impulsive control,
where x(s) = (2,0.6,0.8)T, s € [-60, 0]

Example 7.2 Consider the adult population in non-identical patches

%i(t) = —dixi — Y Lijxj(t) +a Y Sijbj(x;(t —r)), (7.2)

j=1 j=1

where the birth function b; (s) = u;se™"*, u;, v; > 0, and taken = 3, = 0.6,r =
60,d1 = O.I,dz = 0.2,d3 = 0.15, H1 = O.S,Mz = 1,“3 = 4, Vv = 1,\)2 =
0.8,v3 =09,L11 =3,L1p =—-0.15,L13 = —0.5,Lr; = —0.15, Ly =2, Loz =
—0.5,L3; = —0.15,L3 = —-0.5,L33 =1, S;; = 0.4, Sij=03,i,j=1,2,3,i #
j.

Since b;(0) = pu;, we have R = p(a(D + L)y"'B’(0)) = 9.2 > 1 given in
Theorem 4.1. Thus, System (7.2) is persistent, as is confirmed by numeric results in
Fig. 2.

Our results can help us design feasible culling strategies, depending on the tech-
nologies or means available for culling immatures or matures. For example, assume
there is means available for culling immatures. Then, based on the results in Sect. 5
(noting that p (saSB’(0)(D + L)~ 1) is monotone function of s), we may propose the
following feasible culling strategy to eradicate the species:

Strategy 1 (culling immatures for extinction)

Step 1)  Choose a large enough integer K. compute y; = jh,j=1,...,K —1
and Rj = ,o(yjaSB’(O)(D + L)), where h = 1/K.
Step 2)  Find the maximum integer M := max{j : R; < 1} and yu,
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2
< 1
0 T T T T Tt J
0 10 20 30 40 50 60
Time t
1~
< 05 'Ir‘
[}
/////’fu
0 T T T 1 . ]
0 10 20 30 40 50 60
Time t
15
1k
x> —’1’
0.5
‘f’flm
0 L L I I iy ]
0 10 20 30 40 50 60
Time t

Fig. 3 The time response of state variable x (1) = (x1(¢), x2(¢), x3(t))T of (7.2) with impulsive culling in
patch 2 and patch 3, Co = 0.3, C3 = 04,1 — tx—1 = 0.12,k € N, where x(s) = (2, 0.6, O.S)T, s €
[—60, 0]

Step 3) Letimpulsive culling be at f; — fx_1 < 12 and choose cx(-) > c. Determine
72 and ¢ such that Let impulsive culling be #; = tx_1 + T and cx(-) = c.
Determine T and ¢ such that (1 — c)T’] < ym.

Similarly, if a technology for culling immatures is available, then by the results in
Sect. 6, the following culling strategy will be feasible:

Strategy 2 (culling matures for extinction)

Step 1) For every i, computing A; = d; + Y, Pji — 2 jzi Pij — 511 —
B2 b(0) + (1 — (n— Db (O)];

Step 2)  Select the patches i € Q := {i|A; < 0} for culling matures;

Step 3)  Take the impulsive culling rate Cjx > §;,8; € (0, 1) forallk € N,i € Q;

Step 4) Determlnate the impulsive moments {#} such that # — tk 1 < 1=
mln,GQ{A In(1 — &)}, where A; := d; + Zﬁél Pii — 15 a ZH&I pij —
55l = B) X B3 (0) + (1= (0 = DA)BLO)]. i € Q.

Remark 7.1 In Step 2), when Q = @, there is no need to implement culling in any
patches. In fact, this means all A; > O foralli = 1,2, ..., n, which implies R <
1 in Theorem 4.1, and so the equilibrium 0, of (5.1) without impulsive culling is
exponentially stable.
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Remark 7.2 In Step 4), t is well-defined since A; < 0,i € Qfrom A; < 0 and
0 < §; < 1, which guarantees (6.21) holds for i € Q. Fori ¢ €2, (6.21) also holds
because A; > 0 and y; = 0, which means that no culling is taken in the patches
i ¢ Q. According to Corollary 6.1, the extinction of population is achieved by using
the above steps.

To demonstrate this, let us implement Strategy 2 to (7.2). We firstly compute A| =
0.08, Ay, = —0.85, Az = —2.08. Then, we only choose matures in patch 2 and patch
3 to cull. Taking the culling rates Cor > 0.3, C3r > 0.4, then we determine the
impulsive moments satisfying # — tx—1 < 0.12. Figure 3 shows the results of this
strategy, confirming the extinction of (7.2) under the given impulsive control.
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8 Appendices
Appendix A

Proof of Lemma 3.2. Note that e~4’ is non-negative matrix for r > 0 since A is a
non-singular M-matrix. We first show that the conclusion holds for ¢ € [0, r]. Noting
that ¢ € C([—r, 0], I), F(I) C L, then F(¢(s —r)) € Lfors € [0, r]. Combining this
with A~1 Aen = ¢,, and the fact that e 4 s> 0and A are non-negative matrices, we
obtain

t
u(t, ¢) = e ¢(0) +/ e A AF(p(s — r))ds > e Mae,
0

t
~|—/ e A5 Aae,
0
=e YMae, + (E —e A" Aae, = ae,, t€[0,r].

Similarly, we have u(z, ¢) < be, for t € [0, r]. By mathematical induction, we can
deduce that u(¢t) € L forall [(n — 1)r,nr],n = 1,2, .... The proof is completed. O

Proof of Lemma 3.3 1t suffices to prove the following claims.

Claim 1. If the solution u(z, ¢) € Jg for all t > T, where some constant 7 >
0, Jo = [co, do]* C R", then lim,_, o dist (u(t, ), F({Jo)) = 0.

Assume that F(Jo) = [¢o, do]" C R". Since u(t, ¢) € C([—r, 0], Jo), fort > T
0, F(u(t, $)) C F(Jo) C [€o, do]". Furthermore,

v

t - t -
ut, ¢) = e ¢ (0) +/ e A=) AF (s — r))ds > e Al¢g +f e~ A= g5 Aépen
0 0

e e+ (E—e A Aegen = e AMeg + (E — e ANépen.
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Note e 4’ — 0 as t — oo since A is a non-singular M matrix. Thus
liminf, oo u(t, ) > coe,. Similarly, we have lim sup,_, ., u(t, ¢) < doe,. Thus,
limy_ o dist (u(t, ¢), F{Jo)) =0.

Claim 2. If lim;— o dist(u(t, ¢),J)) = 0, where J = [c,d]* C R", then
lim,— o dist(u(t, ¢), F(J)) =0.

For any small enough number €, we define J. = [c 4+ €,d + €]". Since
lim; o dist(u(t, ¢),J) = 0, there exists a T such that u(¢,¢) € Je fort > T.
Then lim,_, o dist (u(t, ¢), F(Je)) = 0 from Claim 1. From the continuity of F, we
have F(J.) — F(J) as € — 0%, Thus lim;_ oo dist (u(t, ¢), F(J)) = 0.

From Claim 2, lim;oeodist(u(t, ¢), F{J)) = 0, and so lim;—
dist(u(t, ), F(F(J))) = 0. By an induction, we have lim;_, o, dist (u(t, ¢), F7 (J))
=0, j=1,2,... . Fromthedefinition of I r, we obtain that lim;_, o dist (u(z, ¢), I;r))
= 0. The proof is completed. O

Appendix B

Proof of Proposition 5.1 Fors < [, denote the number of impulsive moments in (s, /]
by I(s, t). From 0 < 7] < tf — ty—1 < T2, we have Tr—z —1<Il@t—r1< T’—l + 1. By
0 <01 < ck(-) <02 < 1, we easily obtain the conclusion (i).

When ¢ (-) = cand ty4+1 = tx + T, k € N, we have three cases.

Case 1: T > r. In this case we have I(s — r,s) = 1 if s € [, tx + r) while
I(s —r,5) =0ifs € [ty +r, tx+1). Thus,

=0, telu, tr+r),
V“)‘{l, et +r ten).

Case 2: T = r. In this case, we have [(s — r, s) = 1 for all s. Hence, y(t) =1 — ¢
andy =1 —c.

Case 3: T < r. In this case, when t € [tx, tx +r — [7]T), l(t —r,t) = | 7] + 1
and y(1) = (1 — 7 whent € [t +r — | 5T, tig1), [(t — 1, 1) = [ =] and
y()=(1- c)L%J. Therefore,

= [0 T el ot r = LT,
WS la -0, relprr- L ZIT, 1 + T).
From the above cases, we easily obtain the mean as given in the conclusion (ii) of
Proposition 5.1. The proof is completed. O

Proof of Proposition 6.1. Since D + L and Cj are commutable, D 4+ L and X (¢)
(hence X~ 1(7)) are also commutable. Suppose x(¢) is the solution of (6.1) and let
y(t) = X~1(t)x(1). Note that X (¢) is piecewise continuous having jumps at t;, k =
1,2, .... Thus, for t # t,

—(X()ND + L)x(t) + a(X (1) Sb(x(t — 1))
= —(D+ L)y(®) + a(X (1) Sb(X(t — r)y(t — 1))

y() = (X)) k@)
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and at t = 1y,
Yo =x'ehxahH = [ (E-Cp~"(E - Cox(e)
0<U§Q
= [ E-cpxe) =x"eOHxEh) =y,

0<U<Q

Hence, y(t) = X ~1()x(¢) is continuous at ¢ = f; and differentiable in (zx_, #) and

satisfies (6.19). Accordingly, y(f) = X~ 1(t)x(¢) is the solution of (6.19) provided
that x (¢) is the solution of (6.1).

The reversed implication can be similarly proved and thus, the proof is completed.

O
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