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ABSTRACT. In this paper, we modify the classic Ross-Macdonald model for
malaria disease dynamics by incorporating latencies both for human beings
and female mosquitoes. One novelty of our model is that we introduce two
general probability functions (Pi(t) and P»(t)) to reflect the fact that the
latencies differ from individuals to individuals. We justify the well-posedness
of the new model, identify the basic reproduction number Rg for the model
and analyze the dynamics of the model. We show that when Rg < 1, the
disease free equilibrium FEjy is globally asymptotically stable, meaning that the
malaria disease will eventually die out; and if Ro > 1, Ep becomes unstable.
When Rg > 1, we consider two specific forms for P (t) and Pa(t): (i) Pi(t)
and P»(t) are both exponential functions; (ii) Pi(t) and Pa(¢) are both step
functions. For (i), the model reduces to an ODE system, and for (ii), the long
term disease dynamics are governed by a DDE system. In both cases, we are
able to show that when Rp > 1 then the disease will persist; moreover if there
is no recovery (y1 = 0), then all admissible positive solutions will converge
to the unique endemic equilibrium. A significant impact of the latencies is
that they reduce the basic reproduction number, regardless of the forms of the
distributions.

1. Introduction. Malaria is an infectious disease that is widely spread in tropical
and subtropical regions for thousands of years and causes deaths in human beings. It
is due to infection by one or more of a family of protozoa called Plasmodium, mainly
consisting of four species: Plasmodium falciparum, Plasmodium vivax, Plasmodium
malariae and Plasmodium ovale. The pathogen can parasite in the blood cells and
other tissues of both human beings and mosquitoes. The infection between human
beings and mosquitoes is through biting by female mosquitoes to human beings.
Based on such a transmission mechanism, it was initially widely believed that the
disease could be wiped out only by eradicating all vector mosquitoes, which turned
out to be impossible in practice.

It was Ross [19] who firstly used a mathematical model to quantitatively inves-
tigated the spread of malaria. Ross’ model was later further extended and studies
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by Macdonald [16, 17, 18], leading to the following system which has been referred
to as the Ross-Macdonald model
A = qei (1 — &) —di Iy,
(1)

% = aeQ(M — 12)% — dQIQ.

Here I and I represent the populations of the infectious classes of human beings
and female mosquitoes respectively, N and M are the total populations of human
beings and female mosquitoes respectively, which are assumed to be constants. The
constant a is the mosquito biting rate; e; is the probability that a biting by an
infective mosquito to a susceptible person will cause infection to the person; and
e2 is the probability that a biting by an susceptible mosquito to a infective human
individual will cause infection to the mosquito. The parameters d; and ds are the
death rates of infectious human beings and mosquitoes respectively. By analyzing
this mathematical model, both Ross and Macdonald found that it is possible to
eradicate the disease without killing all vector mosquitoes. Indeed, by looking at
basic reproduction number for this model given by
ae1 M aes

_ aez 2
Ro AN dy’ (2)

one knows that any measure(s) that can bring Rg to a value less than 1 would even-
tually drive the disease to extinction, including controlling the mosquito population
M to a sufficiently lower level. Obviously, the approach of mathematically mod-
eling provides much insight into the spread of malaria, by which, effective means
to control the disease can be suggested. For example, in addition to decreasing M
to certain level (by spraying mosquito pesticides) which was Ross and Macdonald’s
finding, decreasing the biting rate (achievable by using mosquito nets) can also help
eradicate malaria.

The Ross-Macdonald model is mathematically tractable in the sense that long
term solution behavior of the model system (1) can be fully determined by the
combined parameter Rg. Yet, it is biologically less accurate in the sense that many
biological factors are omitted. One of the important factors is the latency in the
transmission process. This can be seen from the life cycle of malaria parasite.
The life cycle of the Plasmodium begins from a blood meal of female mosquito
from human beings. After being bitten by an infected female mosquito, a person
receives an inoculum of plasmodium parasite (sporozoites). About half an hour
later, liver cells of the person are invaded by sporozoites. The reproduction of
parasites (merozoites) occurs in liver cells again and again, releasing more free
merozoites to infect more liver cells. The immature trophozoites, the name of the
merozoites at this stage, become mature developing either in the sexual or asexual
way. Those who undergo the asexual development will go to the erythrocytic cycle
producing more immature trophozolie, while others grows to gametocytes in the
sexual way waiting for going out to the body of a female mosquito via its biting.
Once they are ingested into a female mosquito, the parasite gametocytes taken up
in the blood will further differentiate into male or female gametes and then fuse
in the mosquito gut. This produces an ookinete that penetrates the gut lining
and produces an oocyst in the gut wall. When the oocyst ruptures, it releases
sporozoites that migrate through the mosquito’s body to the salivary glands, where
they are then ready to infect a new human host. See, e.g. [2, 22] for details on this
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topic. Both developments inside a mosquito and inside an human host described
above take some time.

Some modellers have noticed the missing of latencies in the Ross-Macdonald
model and have proposed replacements by delay differential equations, but most
of these works only have incorporated a single delay denoting the latency of the
parasite in mosquitoes, see, e.g., [2, 3, 14]. Recently Ruan et al [20] modified the
model (1) by adding two delays accounting for the latencies in mosquitoes and
humans respectively, resulting in the following delayed and rescaled system

d:flgt) =amery(t — 7)[1 — 2(t — 11)]e N — dyx(t),

(3)

d%f(tt) = aez[l —y(t — m)|a(t — m2)e” 2™ — dyy(t),

where m = M/N, x = I /N and y = Iy/M, and the term e~%7 (e~92™2 resp. ) ac-
counts for the probability that an infected human host (mosquito resp.) can survive
the latent period 71 (72 resp.). Note that (3) is exactly the subsystem of the model
proposed in Anderson and May [1, p.399], consisting of the infectious components
only, which is decoupled from the full system there. However no analysis was done
in [1]. For this modified model, the basic reproduction number is adjusted to
a?eieame N7 d2T

Ro = dids : (4)
It is shown in [20] that when Ry < 1, then the disease free equilibrium (0, 0) is
stable; when R > 1, then (0,0) is unstable and there is an endemic equilibrium
(z*, y*) which is locally asymptotically stable provided that the two delays are small
and

a’ejeam < aead; + 2d;ds. (5)

This condition is a mathematically technical one, and it does not seem to have a
biological explanation. Numerical simulations indicate that solutions of (3) with
initial values from the region [0,1] x [0,1] can go outside this region, causing a
confusion since x(t) and y(t) are proportional variables. This confusion suggests
a careful revisit to the model. Moreover, the latencies of the malaria parasite in
mosquitoes may differ from individual to individual, and so do the latencies in
humans. This requires some mechanism in the model to reflect such variances of
the latencies.

The goal of this paper is to derive a more general and more realistic model
that incorporates not only the latencies of the malaria parasite in both mosquitoes
and humans, but also the variances of the latencies. In Section 2, following the
idea in [25], we will formulate a more general model with two probability functions
Py (t) and P»(t) describing the latency distributions for humans and for mosquitoes
respectively. In Section 3, we analyze our new model. Under some reasonable as-
sumptions, we address the well-posedness, identify the basic reproduction number
Ro for the model, and prove that the disease free equilibrium is globally asymp-
totically stable if Ryg < 1. When Ry > 1, the disease dynamics is more difficult
to determine for general P;(t) and Ps(t), hence we consider two specific cases for
Py (t) and P»(t). In Sub-Section 3.2, we consider the case that P;(t) and Py(¢) are
both exponential functions, resulting in an ODE system; in Sub-Section 3.3, we take
Py (t) and P»(t) as step functions, leading to a system of delay differential equations
(DDE). In both cases, we are able to obtain results on the disease dynamics. In
Section 4, we summarize our main results and give some remarks discussing the
modelling issue.
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2. Model formulation for general latency distributions. Denote the size of
the population of human beings by N(¢) and that of the female mosquitoes by
M(t). Let Si(t) and I;(t) be, respectively, the sub-populations of the suscepti-
ble and infectious classes of human hosts and S3(t) and I3(t) be the respective
sub-populations of the susceptible and infectious classes of female mosquitoes. As
mentioned in the introduction, there is a complicated development process within
a host as well as within a vector, causing a latency in each half of malaria life cycle.
This requires introducing a third class of sub-population: latent (or exposed) class,
consisting of those individuals who have been infected but are not infectious yet.
Denote by Li(t) and La(t) the sub-populations of the latent host and the latent
female mosquito respectively.

We consider a simple demographic scenario by assuming constant natural birth
rates and death rates for both humans and the mosquitoes, denoted respectively
by b1, by and di, ds. As in the introduction, we use the constant a to denote the
mosquito biting rate and let e; be the probability that a biting by an infectious
mosquito to a susceptible person will cause infection to the person, and es be the
probability that a biting by a susceptible mosquito to an infectious human individual
will cause infection to the mosquito. The malaria parasite only causes deaths in
human beings but not in mosquitoes, and this suggests introducing a disease related
death rate for human beings, denoted by d. Infected human beings may recover,
either due to the functioning of the immune system or through a treatment including
taking anti-malaria drugs such as Chloroquine, Quinine and Amodiaquine. Let 7,
be the recovery rate which is assumed to be a constant.

Now we introduce the latency distributions by following the idea in [25]. Let
Py (t) denote the probability (without taking death into account) that a latent host
individual still remains in the latent class ¢ time units after entering the latent class
(i.e., being infected). and similarly, let P5(t) be the probability that a latent vector
individual still remains in the latent class ¢ time units after entering the latent class.
It is biologically reasonable to assume that P;(t) and P»(t) possess the following
properties:

(H) : For i = 1,2, P; : [0,00) — [0,1] are non-increasing, piecewise continuous
with possibly finitely many jumps and satisfy P;(0%) = 1, limy_, P;(t) = 0
with [ P;(u) du positive and finite.

Assume that initially S7(0) > 0, I3(0) > 0, S2(0) > 0, I2(0) > 0 and L;(0) =
L5(0) = 0. Then the equations governing the subpopulations are given by

= blN(t) — aellg(t) f\}((:)) + ’Ylll(t) — dlSl(t),

Ll(t) = fot 0,61]2(5) 5];;((5)) 6_(d1+d)(t_§)P1(t - f) d§7

I(t) = N(t) — S1(t) — Ly (%),

4% — —aegSzﬁ + baM(t) — d2Sa(t),

Lo(t) = [y aesSa(8) fighe 2O Py(t — €) dg,

I(t) = M(t) — Sa(t) — La(t).
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FIGURE 1. The transmission diagram of the host-vector SLIS model

Here, the integrals are in the Riemann-Stieltjes sense. This SLIS model can be
visually illustrated by the diagram in Figure 1.

Since the emphasis of this paper is the impact of latencies, we will follow the
existing models in [16, 17, 18, 19, 20] to assume constant total populations for both
human beings and female vector mosquitoes, i.e., N(¢t) = N and M (t) = M both
are constants. This can be achieved by, for example, assuming that

(A1) Disease related deaths can be ignored (i.e., setting d = 0);
(A2) The natural birth rates balance the natural death rates for both host and
vector (i.e., by = d; and by = d3).

There may be other situations that can lead to constant populations, (e.g., a com-
pensation to the disease caused deaths by immigration for human host). However
for simplicity of discussion, we simply assume (A1) and (A2) in the rest of the pa-
per. We point out that in many situations, N(t) and M (¢) vary only slightly, and
this also constitute a good scenario for approximating N (¢) and M (t) by constants.
With these assumptions, one only needs to work on four out of the six variables. We
choose Sy, I, Sy and I for which the governing differential equations are derived
as below.

Differentiating the L; and Lo equations (in the sense of Riemann-Stieltjes inte-
gral) leads to

Li(t) = ae Lo (t) 20+ [P ae I (€) & e~ t=O Dy Py (t — €) A — dy La (t),

Lh(t) = aeaSa(t) U 4 [ aey Sy (€)L& =2 (=) D, Py (t — £) A€ — dyLa(1). .

7

Here and hereafter, D; means the derivative with respect to variable ¢t. In the L
equation above, each term has its own biological meaning: the first term is the
rate of new infections, the second term accounts for the rate at which the infected
individuals move to the infectious class from the exposed class, and the third term
is due to natural death. The terms in the Lo equations are explained in the same
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way. Passing to the I; and Iy equations and keeping the S; and Ss equations (6)
lead to the following reduced system

450 — 1N — aer I () 25D 4 4 I (8) — di Sa (8),

A — [V ae I (€) 2 e~ (O D, Py (t — £) dé — (dy + 1) D1 (8),

(8)
ddS? = d2M — GGQSQ(t)Ili]\(;) — dQSQ’
dIQ == fo aez S ( 5) (&) ¢ ~da(i— OD,Py(t — €)dE — doly(2)
Rescaling ( ) by
om0, B L0, o),
Sz(t N Sg( ) L?\/(It) N LQ(t), Ig]w(t) N IQ(t)
gives
d(il — dl — aelmfg(t)51(t) + Wlll(t) — dlsl(t)7
AL — [T aeymIy(€)S)(©)e™ M O D, Py (t — €) dE — (dy + )i (1),
(9)

dciQ = d2 — a,6252(t)11<t) - dQSQa

dIz [ fO a€252 f) (f)e_dQ(t_g)DtPQ(t — 5) df — dg[g(t)

with the followmg obvious constraints:
S1(t) + Ll(t) + Il<t) =1, SQ(t) + Lg(t) + Ig(ﬁ) =1, (10)
M

where m = 7 represents the average mosquito number per person.

3. Mathmatical analysis of the model. By the theory for integro-differential
equations in [15], one knows that for any given initial values S;(0) > 0 and I;(0) > 0,
i = 1,2, system (9) has a unique solution with (S1(t), I1(t), S2(t), I2(t)) satisfying
the initial conditions. From the biological significance, we only need to consider
system (9) in the set

Q::{(S1,11,SQ,12)€R4251>O, 11207 Sl"’IlSl, SQ>O’ ]220,
S2+I2§1.}.

Indeed, one can easily show that the set € is positively invariant in the sense stated
in the following lemma.

Lemma 3.1. If (51(0),11(0),52(0),I5(0)) € Q satisfies S1(0) + I (0 ) =1 and
S2(0) + I3(0) = 1, then system (9) has a unique solution (S1(t),I1(t), S2(t), I2(t))
satisfying the initial conditions, which remains in Q for all t > 0. Moreover, if
I,(0) 4+ I2(0) > 0, then I;(t) > 0 and I2(t) > 0 fort > 0.

The proof of this Lemma is by a quite standard argument, namely, by using the
variation-of-constant formula to individual equations as well as by way of contra-
diction, which is similar to that of Lemma 2.1 in [25]. We omit it to save space.

Let .
P, := lim e~ Py(u)du, i=1,2.

t—o00 0
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Clearly, P, (resp. 152) is the average time that an infected human being (resp.
female mosquito) remains in the latent class before becoming infectious or dying
(see [25]). By the properties of P;(u), one knows that
t
0<P < lim [ e%*du=1/d;,i=1,2.

t—o0 0
Actually, Pyd, (resp. deQ) is the probability that an infected host (resp. mosquito)
will die during the latent period. Hence, Q1 (resp. @)2) represents the proportion
of the exposed hosts (resp. vectors) that could survive the latent period, where

Q; = —limy_, f(f e_d"'(t_g)DtPi(t —§)d¢

=1—-d;Pe(0,1), i=1,2

Using @i, i = 1,2, the basic reproduction number for the model (9) can then be
defined as

aeq aeg
m% vdi N do @ ()
accounting for the average number of secondary infections that a single infectious
human being (female mosquito), once introduced into fully susceptible populations
of mosquitoes and humans, is expected to cause to the humans (female mosquitoes)
during the infection period. Here, due to the transmission nature of this vector-host
disease, R consists of two parts: mvfildl -1 accounts for how many new infectious
mosquitoes an infectious human being can result in during his infection period and
% - Q2 explains how many new infectious human beings an infectious mosquito
can lead to during its infection period.

Model system (9) has a disease free equilibrium Ejy, given by Fy = (1,0,1,0). In
terms of the biological meaning of the basic reproduction number, Ry = 1 should be
a threshold value for the stability /instability of Ey for the model (9), as is confirmed
in the following Theorem.

Ro =

Theorem 3.2. If Ry < 1, then Ey is globally asymptotically stable in Q; if Ry > 1,
then Eg becomes unstable.

Proof of Theorem 3.2. The linearization of (9) at Ey is

¢
X' = AX(W)+ [ Clt- Ox(©)de (12)
0
where
—d; T 0 —aerm
A_| 0 —ditm) 0 0
0 —ae9 —d2 0 ’
0 0 0 —ds
0 0 0 0
10 0 0 —aeyme 4“tD,Py(t)
C(t) B 0 0 0 0
0 —aexe”tD,Py(t) 0 0

Denote by X (z) the Laplace transform of X (¢). Applying the Laplace transform to
(12) yields
(214 — A—C(2)]X(2) = X(0),
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where I, is the 4 x 4 identity matrix and C(z) is the Laplace transform of C(t), i.e.,

O 0 0 0
0 0 0 —Bi(2)

CE=109 o o o ’
0 —By(z) 0 0
with
t
Bi(z) = tliHm aeyme” (WFAE=OD, Py (t — ¢) de
> Jo
N / aeyme” M HIEDPy(€) dg,
0
t o0
By(z) = lim aeqe” BT D Pyt — £)dE = / aege”(ETDED Py (£) dE.
> Jo 0

Thus, the stability of Ep is determined by the roots of the characteristic equation
det[zI; — A — C(z)] =0, that is,

z+dy -M 0 aeim
0 z+ d1 —+ Y1 0 Bl (Z) _
det 0 aey z+ds 0 =0
0 B2 (Z) 0 zZ+ dg
Expanding the determinant leads to
(Z + d1)(Z + d2)h(z) = 0, (13)
where
h(Z) e (Z + dg)(z + 71+ dl) — Bl(Z)BQ(Z) (14)
Since z = —d; and z = —dy are two negative real roots of (13), the stability of Ey
is fully determined by the roots of h(z) = 0, which is equivalent to
22 + (dl + Y1 + dg)Z + d2(d1 + ’}/1) = Bl(Z)BQ(Z) (15)

Assume that Rg < 1. Then
2
|22 + (dy + 1 + da)z + da(di +71)|” = |Bi(2)Ba(2)]|
< (a®e1eam@1Q2)* = [da(71 + d1)Ro)? (16)
< da(m + di))*
Let z =z +iy. If x > 0, then we have
2
|22 + (di + 71 + d2)z + da(dy + 1)
. 2
= |2® =y + (di + 11 + d2)z + da(di +71) +i[2zy + (dy + 11 + da)y]|
vt +y? 222 + 22(dy + 71 +da) + dF + 7 + di + 2diy] + [de(di + )P
[da(d1 + )%, (17)
which contradicts (16). Therefore, the real part x must be negative, implying that
Ey is locally asymptotically stable if Rg < 1.
Next, assume that Ry > 1. To show that Ej is unstable, it suffices to show that
h(z) = 0 admits a positive real root. Considering z = z > 0 and let
T(x) =2 + (dy +v1 + d2)x + do(dy +71), B(z) = Bi(x)Ba(2). (18)
Note that T'(z) is increasing in « > 0 and
T(0) = da(y1 + d1) and T(c0) = 0.

2

V

Y
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On the other side,

t
B(z) = <tli>rgo/0 aeyme” (GO D, P (t — ¢) df) X
t
( lim / aege_(d2+m)(t_§)DtP2(t —§) df)
t—o00 0

t ot
= lim // a’ejegme” (N2t =(dat)E=0) ) Py (t — €) D, Py(t — 1)
t—o0 0J0
d¢dn
is decreasing for x > 0, and B(0) = a’e1eam@Q1Qs. Now Ry > 1 is equivalent to
T(0) < B(0) which implies that the equation T'(z) = B(z) has a positive real root,
that is, h(z) = 0 has a positive real root. Therefore, Fy is unstable if R > 1.

Next, we show that Ej is also globally attractive when Ry < 1. To this end, we
use the notations

z*° =limsupz(t) and o = liminfz(¢)
t—00 t—oo

for a function defined for all large t. Let (S1(t),I1(t), S2(t), I2(t)) be a solution of
(9) in Q. By Lemma 3.1, we know that S§°,I7°,55° and I$° all exist and satisfy
0< S <1,0< I <1,0<55° <1and0 < I§° <1. By the Fluctuation Lemma
[11], there is a sequence ¢, with ¢, — 0o as n — oo such that

Li(t,) = I}°, and I{(t,) >0 as n— oco. (19)

Rewrite the differential equation for I (¢) in (9) as

L)+ (m+d)hL(t) = 7/0 aeymSy (§)12(§e "I D,P(t —€)ds. (20

Evaluating this equation at ¢ = t,, and letting n — oo on both sides of the resulting
equation, we obtain

tn
(1 + di)I7° < limsup <—/ aeymSy (§)12(§)e 1= Dy Py (t, — €) d§)~ (21)
0

n—oo

By the Lebesgue - Fatou Lemma (see [23], P468), it follows that
(’}/1 +d1)]fo S aelmeolgle. (22)
Similarly, we can establish the following:

dglgo S aegS‘QX’If"Qg. (23)
The two inequalities (22) and (23) imply that either I?° and I3° are both positive
or both zero. We show that the former is impossible if Ry < 1. Otherwise, (22)

and (23) would yield
(1261627”51005200@1@2
da ’

(i +di) < (24)

which equivalents to

1 oo oo
Re < ST°85°.
This would lead to 1 < St°55° under Ry < 1, a contradiction to “St® < 1 and

S55° < 17. Therefore, I7° = 0 and I3° = 0, implying
Ii(t) = 0, Is(t) > 0 as t — co. (25)
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Applying (25) and the theory of asymptotically autonomous systems (see, e.g., [4])
to the S;(f) equations in (9), we conclude that

S1(t) = 1and Sy(t) > 1las t— oo. (26)

Thus, Ey is globally attractive, and hence, globally asymptotically stable in 2
provided that Ry < 1. The proof of the theorem is completed. O

When Ry > 1, for general functions P;(¢) and P»(t), the dynamics of model
(9) is difficult to determine. For example, even the important concept of endemic
equilibrium remains a problem: for some choices of Pi(t) and Ps(t), model (9)
may allow an endemic equilibrium while for others choices, it may not support an
endemic equilibrium. To proceed further, we consider two special cases of P (t) and

Py(t), for which we are able to obtain some further information about the dynamics
of (9).

3.1. Special Case I—An ODE system. In this section, we adopt P;(t) =
et i = 1,2 where g1 and e, are positive constants. This means that the proba-
bilities of infected hosts and vector remaining in the latent classes follow negatively
exponentially distributions with mean exposed times being 1/¢; and 1/e respec-
tively. In this case, model (9) reduces to the following system of ordinary differential
equations:

510 — _aeymS, () Io(t) + dy + 11 (1) — di Sy (t)

WL — o) [1- 1 (8) - $1.()] — (di + )L (D),

(27)
dsjt(t) = —CLBQSQIl (t) + d2 - dQSQ(t),
Bl — oy [1 — Iy(t) — Sa(t)] — dala(t).
The two survival factors ()1 and @2 are now given by @; = ﬁ,i = 1,2, and
accordingly, the basic reproduction number becomes
.= aeim aey €1 €2 (28)

it d d72.€1+d1 '€2+d2.

When Ry > 1, in addition to the disease free equilibrium Fy which is unstable,
(27) also admits an endemic equilibrium E* = (S5, I7, S5, I3 ), where

_ CO 61d2(R0 — 1) Ro -1

S =—, Ifj= Sy =0y, I;= , 29
1 Cl 1 Cl 2 2 2 CS ( )
where
Cy = daodi + doy1 + doeg + €1ae9,
Ci = GrontSera (@en +aed +ed + end + ands
+eadido + d%dg + ’Yldldg + e1eae1am + eadieram + 62’}/161&m),
_ d 2
Co = 6261am(d1d2+7122+61d2+6152¢1) (616271 + e1€ady + €2d1 + 6271d1
+€1’}/1d2 + 61d1d2 + d%dg + ’yldldg + €1e0e1am + €2d161am + egfylelam) ,
Cs = oo oneTa (€dide + did3 +71d3 + e271d2

e1daaes + €1€ady + €1d3 + €162aes)
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are all positive constants. The following theorem shows that if v; = 0, the global

dynamics of system (27) is completely determined in terms of R, which acts as a
threshold in the global sense.

Theorem 3.3. Consider (27). If Ro > 1, then the endemic equilibrium E* is
globally asymptotically stable among all positive solutions in ), provided that v, = 0.

Proof of Theorem 3.3. To prove the global stability of E*, we consider the full
model system associated with (27) by adding the latent classes:

S1(t) = —B12I2(t)S1(t) + di + 1 11 (t) — d1.51(¢),
Li(t) = Bi2L2(t)S1(t) — (e1 + di) L (1),
Ii(t) = e1L1(t) — (d1 + 1)1 (D),
(30)
Sy(t) = —P21S2(t)11(t) + da — d2.S(t),

Ly(t) = Ba1S2(t) 11 (t) — (d2 + e2) La(t),

Ié(t) = €2L2(t) — dg[g(t),

where, for the convenience of notation, we have introduced the new parameters
B12 = aeym and P21 = aes. We will employ a Lyapunov function similar to those
used in recent works [12, 13, 7, 8]. To this end, we set v1 = B21551F and vy =
B125715 and let

V() =wv(S —S;—Sin gli +Ly—Li - Lilng})
+vg(Sy — S5 — S5 ln% +Ly— L3~ Lyln2) (31)

b=t (L -0 = ) 0228 (B - 5 - I )

where S and I, i = 1,2, are given in (29), and L} = (dy + 71)I{/e1 and L} =
daI5 /e or equivalently, L¥ =1 — S — I, i =1,2. Differentiating V'(¢) along any
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positive solution of (30) gives

V() = Kl——)S’ (1_*>LI}+”QK1_%>S§+( %)L/}

e1tdy _ D\ p ex+do I\
oy 82 (1 ,1)11+v2 4 (1- %) 1

= {dlsf (

—61215( 1) + 7y Sfl ’7111% - 512]251% —(e1+ d1)L1]

) + P12S7 Ia + [261257 15 — I} + 1l

+61:1d1 {61[11 - (dl +’)/1)Il — €1L1% + (dl —|—’yl)]’f} }

oo {daS5 (2— 52— F) + B S3L + [28 8511 — B 17 G4

—Bo1SaI1 L2 — (g9 + do)La| + 2592 |egLy — doly — €2l 2 + doI}
Lo 2 2 2 £o 242 242 2 2[2 249

= v1di 5] ( % - 7) + vada S ( % — %)

+v1 [BuSi*Iz - WML] + vy [5215;[1 — %jdz)]?]

1

+v1 [351251*12 Br215 3 (S S - 5125115%*1}

toim (I1 +n3-n g )

+v2 [352152*11 32111 I1L - 6215’2@%—2} .
The third and fourth terms on the right side of last equality cancel out:

v1 [ﬁmsffz - %h} + vg [6215‘;]1 - %;rd'z)]g}
= V102 “i - 7} + vov1 “1 — T*] =0
The sum of the fifth and seventh terms can be rewritten as

6 Si_SihLi 8 Snhly Lili L
S, SILL, S, SiIiLy, LiL L5l

S, TSI T, S, SiIT L. LiLi LI
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By the relation of arithmetic mean and geometric mean, we conclude that V'(¢) <0
with the equality holding if and only if
Sl L1 Il - SQ L2 I2

St Ly Iy Sy Ly I

By the Lyapunov-LaSalle Theorem, E* is globally asymptotically stable for (30).
Back to (27), we conclude that E* is globally asymptotically stable for (27) among
all positive solutions in 2, completing the proof. O

3.2. Special Case II—A DDE system. Consider step functions for P;(t) and
Py(t):

1, t<m, 1, t<m,

where 71 > 0 and 75 > 0 are constants. Although the latent period differs from
individual to individual, choosing 7, and 75 as the respective average latencies for
infected humans and infected female mosquitoes would make the above P;(¢) and
P,(t) reasonable approximations for the real situation.

With this pair of P;(t) and P»(t), the long term (e.g., for t > max{7, 72 }) disease
dynamics are governed by the following system of delay differential equations derived
from (9):

90 — ey mSy (8o (t) + dy — di Sy (t) + NI (8),

WL = geyme= 78, (t — 1) Lo (t — 1) — diLy(8) = La(8),

(34)
A5 — —aer Sy (1) + da — daSs (1),
dlgit) _ a€2€7d27—2 Sz(t _ 7-2)[1 (t _ 7_2) o d2]2(t),
with
L/l(t) = aelmsl(t)lg(t) — aelme*dlﬁsl(t — Tl)IQ(t — ’7'1) — dlLl(t)7
(35)

L/Q (t) = a€252(t)_[1 (t) — a€2€7d27—2 SQ (t — T2)Il (t — 7'2) —doLo (t)
Accordingly, Q; can be calculated as Q; = e~ %7, { = 1,2, resulting in the following
explicit formula for the basic reproduction number:
aeim aeg _lele_d27—2.

(di+m) dy

For (34), when Ry > 1, the components of the unique endemic equilibrium
E* = (ST, 17,55, I7) can be more explicitly expressed by

Ro = (36)

gx — (dity)D1 e di(Ro—l)

1 7 ge—d1T1eyDy0 1 ™ aea(di+71)d2D2’
S — ds Do I* = di(Ro—1)

2 aeime— 9272 Dy 0 2 aeym(di+v1)d2 D1

where

Dy = ’yldz(l — 67d17—1) + d1a€2€7d171 + dldg,

Dy = aeymyie 2™ (1 — e U™ 4 aeyme=%272dy 4 dyyy + d3.
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Theorem 3.2 has confirmed that the disease free equilibrium Fy = (1,0,1,0) is
globally asymptotically stable if Ry < 1 and it is unstable when Ry > 1. In the
rest of this section, we explore the dynamics of (34) when Rg > 1.

For the DDE model system (34), the phase space is X = C([—7,0], R?) x
C([~72,0], R?)). The fundamental theory for such a DDE system can be found
in Hale [9]. For biological reasons, we consider the subset

Xi :{(P = (¢17¢27¢37¢4) € X:
0<¢1(0) <1, 0< ¢o(0) <1 for, 6 € [—7,0]
0 S ¢3(0) S 13 0 S ¢4(0) S 1 fOI', 0 e [77—270] ’

Let X9 = {® = (¢1,02,¢3,04) € X} : either ¢ or ¢4 is not identical to 0}.
Then for any ® € X9, the corresponding solution (S (t), I1(t), Sa(t), I>(t)) satisfies
0<S51(t) <1,0<1(t) <1, 0< S2(t) <Tand 0< Ix(t) <1 fort>0. We first
show that if Ry > 1, then the disease is weakly persistent in the sense stated in the
following lemma.

Lemma 3.4. Assume Ry > 1. Then for any initial function ® = (¢1, d2, P3, Ps) €
X0, the corresponding solution (S1(t), I1(t), Sa(t), I>(t)) satisfies

I7° >0, IS° >0, S100 <1, Yoo < 1.

Proof of Theorem 3.4. By way of contradiction, we assume that the statement is
false. We first show that the following equalities would all hold:

lim [(f) =0, lim L(t)=0, lm Si()=1, lim St =1 (37)

t—o0
Indeed, if It° = 0, then I; (t) — 0 as t — oo. Applying the theory of asymptotically
autonomous systems (see, e.g., [4]) to the Sy and Iy equations in (34), we conclude
that S3(t) — 1 and I5(t) — 0, which further leads to, by the S; equation in (34),
S1(t) — 1. Similarly, IT° = 0 also leads to (37). If Sie = 1, then Si(t) — 1 as
t—o00. By 0<Ii(t) =I—51(t)— L1(t) < 1—51(¢), we know that I;(¢) — 0 which
in turn implies I5(t) — 0 and S3(t) — 1 as t — oo. Similarly, S2oc = 1 also leads
to (37).
Now, for any § € (0,1), by (37), there is T' > 0 such that

Il(t7¢2) < 57 12(t7¢4) < 57 Sl(t7¢1) >1- 53 SZ(t7¢3) >1- 5a for t >T. (38)
By (38) and the I; and I» equations in (34), we have

dléft) Z a,e]_me_dﬂ'l[z(t — Tl)(l — (5) — (dl —+ Vl)ll(t)y )
for t >1T. (39

dljft) > aege” P21 (t— 12) (1 — 6) — dalo(t)

This suggests the following linear comparison system for I (¢) and I5(t):

Q) _ geyme=tmug(t —71)(1 — 6) — (dy + 71)ua (1),
(40)

du%p = aege 22wy (t — 73) (1 — 6) — daua(t).

Since (40) is monotone, the stability /instability of the trivial solution of (40) is the
same as that of the linear system obtained by dropping the two delays in (40) (see,
e.g. Smith [21]) which is determined by the following characteristic equation:

A2+ (dy + v+ do)A+ (di + M\)da [1— (1= 6)*Ro] =0. (41)
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Because R > 1, one can choose § € (0, 1) sufficiently small so that 1 —(1—3)?Rg <
0, and hence, (41) has a root with positive real part. This means that positive
solutions of (41) are unbounded. On the other hand, the comparison theorem
for delay differential equations (see, e.g., Smith [21]) implies that I1(t) > u(t)
and I5(t) > wus(t) where (ui(t),us(t)) is the positive solution of (41) with the
initial function (¢2,¢4) and hence is unbounded. This contradicts (37), and the
contradiction completes the proof of the lemma. O

The following theorem claims that under Ry > 1, the disease is actually uniformly
strongly persistent.

Theorem 3.5. Assume that if Rg > 1. Then there exists an n > 0 such that
for any initial function ® = (¢1, P2, ds, ds) € Xg, the corresponding solution

(S1(t), 1 ( ), Sa(t), I2(t)) satisﬁes

(Z) aelm—i-dl — Sloo and aes +d2 —
(ii) 1 < I1oo and n < Ips.

5200;

Proof of Theorem 3.5. Since 0 < I;(t) < 1for t > —75 and 0 < I5(¢) < 1 for all
t > —71, the Si(¢) and S5(¢) equations in system (34) lead to

Si(t) Z d1 — aelmSl(t) — dlSl(t) = d1 — (aelm + dl)Sl(t),

Sé(t) >dy — aegSz(t) — dQSQ(t) =dy — (a€2 + dg)Sz(t).

By the standard comparison theorem (see, e.g., [21]), it follows that S1(t) > w1 (¢),
and Sa(t) > wa(t), where (w1 (¢), w2(t)) is the solution of

wi(t) = dp — aeymuwy (t) — dyws (t),

U/IQ (t) = d2 — aeqWr (t) — dg’wg (t)
with w1 (0) < ¢1(0), w2(0) < ¢3(0). Thus,
dl d2

Sioo > Wieo = ——X and Spey > woe = ——2 42
loo = 11 aerm + dy and 2 w2 aez + do (42)
Next, applying the Fluctuation Lemma (see, e.g., [11]) to the S7(t) and S5(¥)

equations in system (34) gives

Ioo > d2—=dySroo Ioo > diz dlsloo‘ (43)

— ae2S2 = ae1mSieo

By Lemma 3.4 and the inequalities in (43), we know that 0X1 = X3 /X% is a
uniform weak repeller for X _?_. Applying Theorem 1.4 of [24] to the solution semiflow
W(t, @) = (S1(t), I1(¢), S2(t), I2(t)) of system (34) for ¢ > maX(Tl,Tg) with ® € X9,
we conclude that aXi is also a uniform strong repeller for X , implying that the
disease is uniformly strongly persistent. This means that there exists an n > 0 such
that I1oo > 1, Issc > 7, where 7 is independent of the initial function ® € XS)F. The
proof is completed. O

The following theorem, parallel to Theorem 3.3 for (27), confirms the globally
asymptotically stability of the endemic equilibrium E* for (34) under the assump-
tion y; = 0.

Theorem 3.6. Consider (34). Assume that Ry > 1. Then the endemic equilibrium
E* is globally asymptotically stable in X?r, provided that v; = 0.
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Proof of Theorem 3.6. We use a Lyapunov functional to prove the theorem. Let

V = aeye 8317 [e—dlﬁsf (Zl —1—-1In g) + I (? 1—Ino )]
1 1

S S I
—hngipr ety (2 1 -2 )+ (2 -1-ln—=
“+aeime 149 [e 2 <S; S* + 15 I* I*

taege” 272 S5 IFaemS; Ie 1™ x

0
/ (Sl(t+8213(t+8) —1—1n51(t+szji(t+s))ds
-7 SiI3 Sils
taeyme 1T ST T3aea Sy I e %2 x
0
/ (Sz(t-l—s)h(t—i-s) 1-In Sz(t-l—s)h(t—i—s))d&
S3I; S3I;

The derivative of V along the trajectory of (34) is

r * Tk ,—doT —diT1 Q* S Sy
VI = aexS5Iie %" [dle 1M S5 (2— S —S—ll)

+€7d17—1’71 (Il Il + Il 5'71 - %) - (71 + dl)Il

(51?2
S1

+aeyme” W[5 SE + aeymIaSTe~ M — aeyme UL
- I _
—aeyme” N o (t — 11)8; (t — Tl)ﬁ +aeyme=hT 5 St

_ —di711 158
aeime In L= S =)

taeymS;Iie—hm {ng%‘e’dZW (2 - ?) + 2ae, 85T e
2
+a62S51167d27—2 — CLGQSSI 7d2r2 2 — dols—
—daT2 I3
aege Il(t_TQ)SQ(t_TQ)E
_ 7d T 1152
aeze 2 ln Il(thQ)Sg(thg):| :

Setting ¢; = aeaI;S5e~%™ and ¢y = aeyml3Sfe~ ™ and reorganizing the above
formula, we obtain

V' =cidie" b St ( _5 Sl) + cadoe™ 2728 < _ S S2>
Sl Sl

s si S
ract 1%<I 11”151_1159

+ (azelegme_dlﬁ_d”?IfSSIgSl* — aelmISSfe_leldglg)
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+ [aereame™ BT T2 [ SET5 ST — aea IS5 (dy + 1) 14 ]

Sf S; Ig(thl) Sl(thl)E

4— — — =
Tae|tTg Ty, 5 S 1,
Il(t—TQ) Sg(t—’rg) Iék 1251 1152 :|
— — —In —In
Iik Sék 12 Ig(t—Tl)Sl(t—Tl) Il(t—Tg)Sg(t—Tg)

The third term vanishes due to the assumption 7; = 0. Both the fourth and fifth
terms are also zero by the equations for the equilibrium E*. Now the sixth (last)
term can be further rewritten as

cica {(1—514-11&51) —l—( —SQ—l—lnsz)+(1—x+lnx)+(1—y+lny)],

Sl Sl SQ S2
where
x:IQ(t—Tl) Sl(t—Tl)E :Il(t—TQ) Sg(t—Tg)g
I ss 1Y I; S5 I
Thus,
Cdmen (5 S ST v o (o S2 S
V/ = Cldle d 151 ( — Sfilk - Si) + 02d2526 d (2 — ng — SZ)
St St 53 53
1- 2141 1-22 4122
+C102{< S1+n51>+( 52+n5'2
+(1—-—z+nz)+(1—-y+Iny). (44)

Now, by the relation between arithmetic and geometric means and the property of
the function g(u) = 1 — u + Inwu, we conclude that V/ < 0 and V/ = 0 if and only
if (S1,11, 52, I2) is at E*. It follows from the Lyapunov-LaSelle Theorem for DDEs
(see [9]) that E* is globally asymptotically stable in XJor, completing the proof. [

4. Conclusion and discussion. In this paper, we have modified the classic Ross-
Macdonald model for the disease dynamics of Malaria by incorporating latencies
both in human beings and in the female mosquitoes. The novelty of our model
is that we have introduced two general probability functions (P;(t) and Pa(t)) to
reflect the fact that the latencies of the malaria parasite differ from individuals to
individuals in both humans and mosquitoes. We have justified the well-posedness
of the new model, identified the basic reproduction number R for the model and
analyzed the dynamics of the model. We have shown, very naturally and as in
most works on disease models, that when Ry < 1, the disease free equilibrium FEjy
is globally asymptotically stable, meaning that the disease will eventually die out;
and if Ry > 1, Ey becomes unstable. When Ry > 1, the dynamics of the model
become more difficult for general P;(¢) and P»(t), and this forces us to consider
some specific functions. When P (t) and P»(¢) are both exponential functions, the
model reduces to a system of ordinary differential equations; when P (¢) and Py(t)
are both step functions, the long term disease dynamics are governed by a system of
delay differential equations. In both cases, we are able to show that when Ry > 1
then the disease will persist; moreover if there is no recovery (73 = 0), then all
admissible positive solutions will converge to the unique endemic equilibrium.

Our approach may provide a frame work for dynamics of other mosquito-borne
diseases. Taking Dengue as an example, since this disease is caused by dengue virus
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(unlike malaria protozoa), the recovered human beings will carry immunity and
hence will not return to the susceptible class, implying v; = 0 in the corresponding
model. Therefore, our approach (actually results) can be easily applied to the
corresponding model(s) for dengue disease.

From the formula of the basic reproduction number R for our model, we can see
that it is indeed smaller than the one obtained by ignoring the latencies (i.e., setting

1 =1and Q2 = 1). In other words, if the latencies are neglected in modelling the
disease dynamics, the basic reproduction number will be over calculated, regardless
of what forms of the latency probability functions P;(t) and P5(t) are adopted

We point out that there is a mathematical theory for disease model which defines
the basic reproduction number as the spectral radius of the so called next generation
operator. Here in this paper, our Rg is defined by the so called survival function
(see,e.g.,[10]). The difference lies in that “ the survival function gives the total
number of infections in the same class produced by a single infective of that class,
while the next generation operator gives the mean number of new infections per
infective in any class per generation. Value corresponding to the latter definition
thus depend on the number of infective classes in the infection cycle ” [10]. Taking
the the ODE model (27) as an example, using the next generation operator (matrix
in this case) approach from [5, 26], the basic reproduction number for (27) is defined

as
aeitm aeg €1 €2

RO_\/% +dy dy e1+dy et dy’ (45)
which is the square root of the formula in (28). Note that many researchers have
used survival function scenario to define basic reproduction numbers for vector-
borne diseases, see e.g., [2, 10, 20] and the references therein. Note that because
the threshold value for the basic reproduction number is at 1, such a difference does
not cause any mathematical problem in exploring the threshold property of vector-
borne disease models. For a detailed discussion on this topic, we refer readers to
[5, 6, 10, 26].

We conclude the paper by a remark that the way we have incorporated latencies
in this paper may also help clarify the confusion for (1.3) mentioned in the intro-
duction. Indeed, by adding 71 > 0 and 7» > 0 into the model, latent classes in
both humans and mosquitoes are admitted and hence, the terms 1 — z(t — 1) and
1—y(t—72) should be replaced by 1—11(t—71) —z(t—71) and 1 —ls(t —72) —y(t —72)
respectively, where [; (¢) is the proportion of the latent human beings and I (¢) is the
proportion of the latent mosquitoes with both satisfying equations corresponding

0 (35). Since 1 —x(t— 1) is larger than 1 =l (t — 1) —x(t —71) and 1 —y(t —72) is
larger than 1 —1la(t —72) —y(t — 72), this may explain why the solutions of (1.3) with
initial values from [0, 1] x [0, 1] may go beyond this region. When only considering
a discrete latency in mosquitoes, a similar situation is also discussed in Aron and
May [2].
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