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ABSTRACT

While studies on pre-exposure prophylaxis (PrEP) and post-exposure prophylaxis (PEP) have demon-
strated substantial advantages in controlling HIV transmission, the overall benefits of the programs with
early initiation of antiretroviral therapy (ART) have not been fully understood and are still on debate.
Here, we develop an immunity-based (CD4+ T cell count based) mathematical model to study the im-
pacts of early treatment programs on HIV epidemics and the overall community-level immunity. The
model is parametrized using the HIV prevalence data from South Africa and fully analyzed for stability
of equilibria and infection persistence criteria. Using our model, we evaluate the effects of early treat-
ment on the new infection transmission, disease death, basic reproduction number, HIV prevalence, and
the community-level immunity. Our model predicts that the programs with early treatments significantly
reduce the new infection transmission and increase the community-level immunity, but the treatments
alone may not be enough to eliminate HIV epidemics. These findings, including the community-level im-
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munity, might provide helpful information for proper implementation of HIV treatment programs.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

Prevention of HIV transmission has been one of the prime con-
cerns and challenges for the past three decades. Repeated fail-
ure of HIV vaccine development aggravates this challenge further
[17,31,34]. On the other hand, the use of early antiretroviral therapy
such as pre-exposure prophylaxis (PrEP) and post-exposure pro-
phylaxis (PEP) has shown significant effectiveness on reducing HIV
transmission [6-8,10,16]. Thus, in the current situation of the vac-
cine unavailability, the treatment programs with early initiation of
therapy constitute promising alternatives for curbing epidemic bur-
den.

A study with 1763 serodiscordant couples from nine countries
found 89% reduction of HIV transmission with early initiation of
ART [8]. Similarly, a community based cross-sectional study in
South Africa estimated about 71.8% reduction of annual risk of HIV
transmission with early ART [3]. This risk reduction is mainly at-
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tributable to the low level viral load in successfully treated indi-
viduals [10]. Some experimental results, however, found that ART
could escalate HIV incidence and may worsen the spread of HIV
in some cases [35]. Therefore, it is necessary to accurately evaluate
the benefits from the early treatment programs, and the mathe-
matical models can help quantify benefits from various potential
treatment scenarios.

Several models exist that examine the impact of initiation tim-
ing of ART on HIV incidence [5,18,28,30,36]. A comprehensive test-
and-treat model among MSM in New York City showed that the
cumulative number of new infections can be reduced by 69.1% over
20-year period [36]. Another study showed that the disease pro-
gression was reduced higher when ART was initiated at the CD4+
T cell count greater than 350 than at the CD4+ T cell count less
than 250 [43]. The dynamical model developed by WHO predicts
that annual HIV testing and immediate treatment could reduce
HIV incidence and mortality in South Africa to less than 1 case
per thousand people per year in five years and HIV prevalence
to less than 1% in fifty years [18]. While these models have pro-
vided important insights into the effectiveness of treatment pro-
grams, none of these existing models takes treatment related al-
terations of CD4+ T cell counts into account, and thus, can not
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predict overall treatment benefits, including the community-level
immunity benefits [2].

As far as HIV dynamics and ART are concerned, CD4 count
is one of the most important factors because the CD4 count
determines the disease stage, immunity level, and treatment
decision, and the treatment greatly affects the patients CD4 count
level [15,24,29,39,43]. Measurement of CD4+ T cell count has also
an important role in making decisions for screening and prophy-
laxis for major opportunistic infections, including malaria, severe
bacterial infections, P. jirovecii pneumonia, and toxoplasmosis [37].
It is thus important to know community-level immunity to formu-
late guidelines for treatment programs, mainly at the events when
outbreaks of other opportunistic diseases occur. In addition, ART
usually recovers the CD4+ T cells of infected individuals. This im-
proved immunity tends to reduce the death of infected individu-
als and prevents the disease progression. Moreover, the timing of
ART initiation plays an important role for increased immunity lev-
els and decreased mortality and morbidity [2,4,15]. Therefore, it is
critical to include alteration of CD4 count in the HIV models under
antiretroviral treatments.

In this study, we develop an immunity-based HIV model that
takes CD4 count alterations into account. The model is consistent
with the HIV prevalence data from South Africa. We use our model
to explore the effects of various ART programs and their initia-
tion timing on HIV transmission dynamics and the community-
level immunity. The remaining paper is organized as follows: in
Section 2 we develop a mathematical model. Basic properties of
the model and stability analysis are presented in Section 3. In
Section 4, we estimate parameters and perform data fitting. In
Section 5, the results based on our model are presented. Finally,
we summarize our findings with discussions in Section 6.

2. Mathematical model

In HIV infection, individual’s disease condition is associated pri-
marily with their CD4+ T cell count. In fact, HIV primarily weak-
ens infected individual’s immune system by destroying their CD4+
T cells. Therefore, CD4+ T cell count is a crucial marker to mea-
sure the strength of the immune system in HIV infected individuals
[4,24]. Moreover, a decision as to whether a treatment should be-
gin or not is usually made based on patient’s CD4+ T cell count.
Current WHO recommendation [1,43] is to start ART when CD4
count falls below 350. Also, individuals having CD4+ T cell count
between 350-500 are strongly recommended to start ART, and
those having CD4 count greater than 500 are moderately recom-
mended to begin ART [1,43]. These levels of CD4+ T cell count also
reflect the patients immunity level: normal (above 500), moderate
(350-500), and weak (below 350). Based on these treatment guide-
lines and immune levels, we divide the total HIV infected pop-
ulation into three compartments (stages) according to their cor-
responding CD4+ T cell levels. Stage I consists of the individu-
als with CD4+ T cell count more than 500, stage II with CD4+
T cell count between 350 and 500, and stage III with CD4 count
less than 350. Once infected, an individual generally progresses
through these stages if they remain untreated. The individual usu-
ally regains his CD4+ T cell count after he begins treatment [26].
The amount of CD4+ T cell count recovery depends on the level
of CD4+ T cell count at the time the person begins treatment. It
could also depend on other factors including the effectiveness of
therapies and the presence of drug sanctuary sites [42]. In addition
to the regain of CD4+ T cell count, the treatment can also suppress
the viral load to an undetectable level. Thus, an infected individ-
ual becomes significantly less infectious under treatment [35]. In
our model, the treatment can have two consequences: increase in

Table 1
Description of variables of model (2.1).

Variable  Description
S Number of susceptible
I Number of infected individuals with CD4+ T cell count > 500
I Number of infected individuals with CD4+ T cell count 350-500
I Number of infected individuals with CD4+ T cell count < 350
T; Number of treated individuals with CD4+ T cell count > 500
T, Number of treated individuals with CD4+ T cell count 350-500
T3 Number of treated individuals with CD4+ T cell count < 350
N Total number of individuals
Table 2
Description of parameters of (2.1).

Parameter  Description

A Recruitment rate

A Force of infection

B Transmission rate for I;

B2 Transmission rate for I,

B3 Transmission rate for I3

B Transmission rate for treated groups

T Rate of treatment for I;

Ty Rate of treatment for I,

T3 Rate of treatment for I3

Si Rate of transfer due to CD4+ T cell decline (i=1,2)

Pi Rate of transfer due to CD4+ T cell increase (i=1,2)

i Rate of death (i=0,1,...,6)

a Rate associated with reduction of incidence due to

behavioral changes

CD4+ T cell count in treated individuals and decrease in HIV trans-
mission by treated individuals.

We consider a homogeneous sexually active (age 15-49 years)
population and divide them into seven groups: a susceptible group,
S, three infected groups (categorised based on CD4+ T cell count)
without treatment, Iy, I5, I3 and three infected groups (categorised
based on CD4+ T cell count) with treatment, Ty, T,, T3. The trans-
mission dynamics are as follows: a susceptible individual moves to
the compartment I; when he/she comes in successful contact with
individual from any of the infected compartments. The individuals
of I either get treatment and move to T; at the rate of ¢ or they
move to I, compartment (due to their CD4+ T cell count declines)
at the rate of §4. Similarly, individuals move from compartment I,
to T, at the rate of T, (treatment) or to I3 at the rate of 6, (CD4+ T
cell decline). The individuals in compartment I3 get treatment and
move to T3 at the rate of 73. Treated individuals gain CD4+ T cell
count and move from T3 to T, and from T, to T; at rates p, and
p1, respectively.

The individuals in stage I (I; & T;) have the highest immunity
and those in stage III (I3 & T3) have the lowest immunity. Incor-
poration of immunity level, including the effects by treatments, is
a novel feature of our model, which can track the number of in-
dividuals that are in different immunity levels and can predict the
community-level immunity under ART programs.

The infectivity of individuals at different stages are different [9].
The rate of transmission by HIV infected individuals without treat-
ment is high during acute infection (few months), decreases to a
low level that continues for a long period (usually 6-7 years), and
then increases slightly during the last 2-3 years [23]. Therefore,
we take different transmission rates, 81, 8, and B3 for Iy, I, and
I3 compartments, respectively. Since the viral load of individuals in
all treated compartments usually remains low with a low trans-
mission probability [8,35], we do not distinguish infectivity of dif-
ferent compartments of treated groups, and take the same trans-
mission rate 8 for all Ty, T,, and Ts. The definition and symbols of
the model variables are summarized in Tables 1 and 2. The flow of
the population in these transmission dynamics is shown in Fig. 1.



40 S.M.A. Rahman et al./Mathematical Biosciences 280 (2016) 38-49

Fig. 1. Schematic diagram of infection.

Following the assumptions discussed above, the infection dy-
namics can be modeled by the following system of ODEs :

S= A—(h+po)S

I} = AS — (11 + 81 + pa)ly
L =81l — (12 + 8 + pna)br
I3 = 8 — (13 + 1e)l

Ty =l +p1 T — Ty
L =nbh+ 0B - (o1 + 1)k
=133~ (p2+ Us)T3 (2.1)

where the force of infection, A, is given by

A= Pili + Bolo + Bsls + (T + T + T3)e*ﬂ(ll+lz+l3+T1+Tz+T3)
N ,

and

N=S+hLh+L+L+T1+T+T;.

The exponential term in A represents ‘behavioral changes’ due to
media or social awareness [32]. When the number of infected in-

dividuals is small, this term has negligible effect and the effect in-
creases as the number of infected individual increases.

3. Model analysis
3.1. Well-posedness

The model (2.1) has seven coupled equations. Following [33] it
can be shown that S(t) > 0. Similarly, we can show that all other
state variables are also non-negative as long as the initial values
are non-negative.

By adding all the equations of (2.1), the total population N sat-
isfies

N <A — uN,
where

W =min{ Lo, (1, L2, U3, [La, L5, M)

By comparison, it implies that lim; -, N < A/u. Therefore, the to-
tal population is bounded. This suggests that the biologically feasi-
ble region of the model is given by

I'= {(S, 11,12,13,T1,T2,T3) IS, 11,12,13,T1, Tz,T3 > O,N < A//,L}

3.2. Basic reproduction number

The basic reproduction number, denoted by %,, of a model is
defined as the total number of secondary infections caused by a
typical infected individual in a completely susceptible population
[12]. Using the next generation matrix approach [40], the new in-
fection and the transfer matrices of our model are given by

Bi B B B B B
0 0] 0o 0 0 O
Fo 0 0 0o 0 0 O
0 0 0 0 0 o)
0 0 0O 0 0 O
0 0 0O 0 0 O
o 0 0 0 0 0
) 0 0 0 0
V= 0] -8 o3 0 0 0
-7 0 0 oy —p o\l
0 -7 0 0 s —pP2
0 0 —T3 0 0 g
where
a1 =Ty 401 + Mo, 0y = Ta + 82 + [Lg. A3 = T3 + s, Qg = [L1,

05 = P14+ U3, 0 = P2 + [s.

Then we get R, as follows:

R, = p(FV1) = Bi , Badr  Bidady
(03] o0 3000

5 T 610, T
+ﬂ(12+123P2)
o5 \ 0 0y O O O3 Qg

+ﬂ(8132f3)+ﬂ(ﬁ
g \ 0] Op U3 M1\

+818”3p2p1>. 31)

Qq 0 03 U U5

81 T2 P

aq 0 A5

3.3. Stability analysis

The model (2.1) has a unique disease free equilibrium (DFE),
Ey = (A/1g,0,0,0,0,0,0), and also an endemic equilibrium (EE),
E*. The existence of endemic equilibrium is given in the follow-
ing sub-section. The stability analysis of these equilibria can reveal
whether the disease can survive or not. Following [40], it is easy
to prove the following local stability result:

Theorem 3.1. If R, < 1, the DFFE, Ey, is locally asymptotic stable, and
if Ro > 1, Eq is unstable.

We can further prove that, Eq is globally asymptotically stable:

Theorem 3.2. If R, < 1, the DFE, Ey, is globally asymptotically sta-
ble.

Proof. Let us consider the auxiliary function
L=c1l; + ok + 33 + c4Th + ¢5T, + ¢6T3, (3.2)

where ¢;,i=1..6 are constants to be determined. Taking the
derivative of L, with respect to t, along the trajectories of (2.1),
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we have

[ = cily + &l + c3l3 + 4Ty + 5Ty + c5Ts
=1 (AS —a1h) + 2 (8111 — axly) + c3(821 — a3l3)
+ea(tih + pr1h — aaTh)
+ ¢5(h + 025 — asTh) + cs(T313 — a6 T3)

_ o B+ Bob+ Bl + BT +To +T5)
< S

- I o1l
N C10111 + G201

—C2821

+ 3825 — czazls + caTily 4 c4p1 T — 44Ty

+ ¢sTaly + 5023 — cs5005Th + CeT3l3 — Co06 T3
<ca(Bili+ Bala + B3 + B(Ti + T + T3))

+(c281 — croq + 4Ty

+ (€382 — Ca00p + C5T2)p + (—C3003 + C6T3) I3 — 44Ty

+ (=505 + Cap1) Tz + (€502 — Co0t6) T3

= (o — DBl + ol + B3ls + B(T1 + T + ). (33)
where
o B By | Bsbad,
o1 (05103 3000

81 T2 p1

o1 O U5

T 816, T
+ﬁ<1+ 1230201)
o \ O 1 0 03 O 05

T 818, T 816, T
+ﬁ<12+123pz LB (& TY
Os5 \ 01 O a1 Oy O3 Og Og \ 01 O U3

&4_ B3> i B138; +/3,01(1'2013056+:02‘17352)

CH =
2 o o300 0030 00304050

+13(1’2013056 + 027382)

003050

c —é—l— B3 Bp1p2Ts 4 Bpats c _B
} a3 030 C3004Q50 0305005 * oy’
s = £+ Bpi ’

(071 0405

102 2

= P Prpa, Bra

(07 04050 050 '

Therefore, L < 0 when %, < 1 with the equality holding only when
state variables regarding infection are zero. By [21], all positive so-

lutions approach M, the largest invariant subset of the set { % =

0}. Since % is zero only at disease free state and in the disease

free state the solution always approaches to Eg, M = {Ey} is a sin-
gleton set. Thus, the equilibrium Ej is globally attractive. By virtue
of the Theorem 3.1, Ey is globally asymptotically stable. O

3.4. Persistence of the disease

In the previous section, we proved that if %, < 1 then the dis-
ease dies out regardless of its initial size of outbreak. On the other
hand, when %R, > 1 the DFE becomes unstable. Due to the nonlin-
earity along with the exponential term in the force of infection, A,
the model posed an extreme complexity to the stability analysis of
the endemic equilibrium. However, we are able to show that the
infectious populations Iy,I,13,T1,T, and T3 will remain persistent
for |, > 1.

Theorem 3.3. Assume that %}y > 1. Then the disease is uniformly per-
sistent in the sense that there exists an n > 0 such that for every
positive solution of (2.1), there holds

lim[inf Ii(t) > n, limtinf Ti(t)>n, i=1,2,3.

Moreover, there exists an endemic equilibrium in this case.

Proof. We apply a theorem in [38] to prove the uniform persis-
tence. To this end, let

U=G .51, L. T5), U=U,L, 5T, T, 1),

X = {U eRI|U;>0,i=1..7,
where U; is the i'th component of U},
Xo = {U eX|Ui>0,i= 2..7},
Y=X/Xp = {U e X|U; = 0, for some i= 2...7}.
Now we show that the system (2.1) is uniformly persistent with
respect to (Xp, Y). Since Y contains a single equilibrium Eg, it is
sufficient to show that WS (Eg) N Xy = ¢, where W5(Ey) denotes the

stable manifold of Ey. Suppose this is not true. Then there is a so-
lution (S, I, I, I3, Ty, Ty, T3) € Xy of (2.1) such that

Hm (S(6), hi(©), b (), (), T (6), Ta(t), T3(6)) — (A/w, 0,0,0,0,0,0).

Then for any £ > 0, we have

A A
—-§=5=<—+5¢,
M § M §

0<U<é&i=2.7

for large t. It follows from the system (2.1) that

. AS —a; 0 0 0 0 0
I 0 P
. 1 -0ty 0 0 0 0
I 0
3 0 52 —03 0 0 0
=101+
'1 0 T1 0 0 —0y P1 0
L 0 1% 0 0 —05 P2
. 0
L&} 0 0 73 0 0 —ag
I
L
IE!
x|
T
JE!
BiS(E) —ar  BSE)  BsSE)  BSE)  BSE)  BSE)
&1 —a 0 0 0 0
N 0 82 —03 0 0 0
- 71 0 0 —0l4 P1 0
0 Ty 0 0 —05 P2
0 0 3 0 0 —Ug
I
L
I
x| Ty
b
JE!
=J)U
where,
~ A —
5&) = /Mo —§&

A/po+78"
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Table 3
HIV prevalence data from South Africa [44].

Year : 1990 1991 1992 1993 194
Prev.: 0.3 0.6 11 2.0 33

1995 1996 1997 1998 1999 2000 2001

7.0 9.2 1.3 13.2 14.9 16.2

Year : 2002 2003 2004 2005 2006
Prev. : 171 17.8 18.3 18.5 18.7

2007 2008 2009 2010 2011 2012

18.9 18.9 18.9 18.8 18.9

and
Br—ar P2 B3 B B B
61 —0) 0 0 0 0
~ 0 (32 —U3 0 0 0
0) = (34)
(51 0 0 —0y £1 0
0 %) 0 0 —0s P2
0 0 3 0 0 —Ue

Note that j(0) is equal to (F — V), has at least one eigenvalue with
positive real part when 9%, > 1 [40]. Since & > 0 is arbitrary, one
can make £ small enough so that s(j(£)) is positive, where s(A)
is the largest real part of the eigenvalues of A. Then there exist
solutions of the linear system
U=J&0uU,
that grow exponentially. By comparison, the solutions U become
unbounded as t — oo. This is a contradiction to the fact that the
solutions of the system (2.1) are ultimately bounded. Therefore,
W5 (Eg) N Xo = ¢. Following Theorem 4.6 [38], it can be concluded
that the system (2.1) is uniformly persistent with respect to (Xp, Y).
Furthermore, the system (2.1) is dissipative, therefore, by
Theorems 3.3 in [20], it implies that system (2.1) has an endemic
equilibrium (i.e. all components are positive). This completes the
proof of the theorem. 0O

4. Data fitting and parameter estimation
4.1. Data

We used the World Bank data for HIV prevalence in South
Africa [44]. The yearly adult HIV prevalence data from 1990 to
2012 were considered. The ‘adult prevalence’ is defined as the per-
centage of adult infected individuals among the 15-49 years old
population. The data are given in Table 3.

4.2. Parameter values and initial conditions

HIV mortality is primarily attributed to CD4+ T cell counts and
disease stage; the mortality is higher in patients with low CD4+ T
cell counts. An individual with successful treatment can have al-
most a normal life due to high level of CD4 count maintenance
[2]. Following the previous studies [4,5,27] we estimated the mor-
tality rates of the individuals in different compartments as pg =
0.0288, 1, = 0.0888, 1y = 0.1368, ug = 0.3108, 111 = 0.0408, 3 =
0.0528 and s = 0.1752.

HIV infected individuals, if remained untreated, are highly in-
fectious during the first few months (stage I) [9]. Then the infec-
tivity declines and remains low during the asymptotic period for
about 6-7 years (stage II), followed by an increase to a higher level
during stage IIl. To represent these different infectiousness for I,
I, and I3, we set 1 = myf,, B3 =myB,, and estimate the con-
stants my, my. On the other hand, the treated individuals have little
contribution in transmission. The reduction of transmission due to
treatment could reach as high as 96% [8]. Following this result, we
considered B = 0.04 x $,. Since treatment is usually not given to
individuals with higher CD4+ T cell counts, we take t; =0, and
7, = 0 for data fitting.

Table 4
Values of the estimated parameters.

Parameters Estimated value (per year*)
B2 0.082

m 12.57

my 4.54

01 0.57

02 0.82

81 0.33

8 0.34

T3 0.11

a 2.4744e-7(*per number)
B =mi By, B3 =myf

The population [13,44] corresponding to the year 1990 is taken
as the initial value as the data begins at the year 1990. According
to Day et al. [11] and Dorrington et al. [13], 37.08 million people
lived in South Africa in 1990, among which 45% were adult (15—
49 years). Using HIV prevalence data [44] and CD4+ T cell count
distribution among HIV positive individuals [3] we calculated the
initial population for our model to be S(0) = 17.94 million, I; (0) =
0.0163 million, I, (0) = 0.009 million, and I3(0) = 0.011 million.
Since there were no treatments available for HIV infected individ-
uals in South Africa in 1990, the initial populations in treatment
compartments are taken to be zero.

4.3. Data fitting

We fit the model (2.1) to the data (Table 3) to estimate nine
parameters 81,87, 01, 02, T3, My, My, a, and B,. With certain initial
guesses of these parameters, we solve the model (2.1) using the
MATLAB built-in functions ‘ode45’. Then implementing the solu-
tions to the MATLAB routine 'fmincon’, we estimate the parameters
that correspond to the minimum of the following error function

=23
I (&) + L(t) + L) + T () + T(t) + T3(t)
E=2 ( N(E)

i=1
2
«100 — P(t,-)) ,

where I](l',‘), Iz(f,‘), 13([',‘), T](t,‘), Tz(f,'), Tg(t,‘), N(tl‘) dare numerically
computed model solutions at time t; and P(t;) is the HIV prevalence
data at time ¢;.

5. Results
5.1. Model fit to the data

We obtained some of the model parameters from the primary
literature [2,4,5,26,27], and estimated the remaining nine param-
eters by fitting the model to the data (Table 3) [44]|. The model
solution using the best parameter estimates along with the data
is shown in Fig. 2. The model fits the data very well. The set of
parameter values that generates the best fit is given in Table 4.
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B HIVdata
18| === Model prediction

HIV prevalence
3

2000 2005 2010

Time

1990 1995

Fig. 2. Data fitting result. The solid green curve shows the yearly adult prevalence
of HIV infections predicted by the model and squares are the data (Table 3). (For
interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)

5.2. Community-level immunity

The immunity of individual is divided into three levels: high,
intermediate, and low. The immunity level is high if CD4+ T cells
count of the individual is above 500, intermediate if the count falls
between 350 and 500, and low if the count is below 350. Accord-
ing to our model setting, individuals belonging to stage I (I; & T;)
have the high immunity level whereas individuals at stage II and
stage Il have intermediate and low immunity levels, respectively.
The fraction of individuals in the community at each immunity
level can be used as health indicators of the community and are
important for public health management to control other oppor-
tunistic diseases. We define these fractions as community levels of
immunity which we investigate under various HIV treatment pro-
grams. Our model predicts that in the presence of CD4+ T cell re-
covery, the high, intermediate and low immunity levels can reach
to 90%, 8%, and 2%, respectively in 5 years. However, when recov-
ery rates are considered to be absent (p; = p, = 0), those immu-
nity levels become 51%, 32%, and 17%, respectively (Fig. 3). These
estimates thus show the significant effect of recovery of CD4+ T
cells on immunity levels.

5.3. HIV transmission

Our estimates show that the value of m; and m, are 12.57
and 4.54 indicating 81 is about 13 times higher and B3 is about
5 times higher than f,. These estimates are consistent with the
experimental results which found m; between 7 and 26 and m,
between 2 and 6 [23,35,41]. These results show that HIV-infected
individuals in stages I and III have more contribution than stage II
to the transmission of HIV, thus implying that individuals in these
groups (I & III) can be potential targets for treatment as preven-
tion of HIV transmission. With these transmission rates, our model
predicts that the total new infections generated in 5 years by the
individuals in the stages I, II, and IIl are 1.89 million, 0.11 million,
and 0.47 million, respectively, without treatment, while they re-
duce to 0.58 million, 0.029 million, and 0.11 million, respectively,
with treatment.

5.4. CD4 count loss and recovery

The disease progression rates estimated by our model are §; =
0.33 and §, = 0.34. That is, an HIV infected individual, if untreated,
takes about 3 years, on average, to progress from stage I to stage

1 T T T
==+ High
n == tIntermediate —
8 == 1| ow —-- - =
>0.8 e High - - 4
0| e ntermediat -
- ntermediate
% — oW
o6t ’ ]
> 7/
c 7
35 f
€
£ 04r 1
2
c
s o~
EOZ' \ —~ -— -~ - 4
8 ~ o ~ = - - o _
— - F—
0 1 1 1 = e
0 0.2 0.4 0.6 0.8 1
Treatment (7-1 ,72,73)

Fig. 3. Community-level immunity in 5 years under treatment program. Solid
curves show the immunity levels predicted by the model that ignores recovery of
CD4+ T cells and dashed curves show the prediction of our model. The values of
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II, and 3 years from stage Il to stage Ill. These progression rates
are in agreement with the experimental results [22,24,29]. Our es-
timates of CD4+ T cell count recovery rates, p; = 0.57, p, = 0.82,
show that with treatment HIV patients can recover CD4+ T cell
count to the level of above 350 within 1 year on average and to
the level of above 500 within the next 2 years on average. This
finding of CD4+ T cell recovery rates is in agreement with the ex-
perimental results [26] in which the median of CD4+ T cell count
is found to be increased from 180 to 350 in about 15 months and
from 350 to 500 in about 21 months after initiation of ART.

5.5. Outcomes of treatment program

In this section, we predict the outcomes of various treatment
programs on the HIV epidemic. We particularly focus on single
group and multiple group treatment programs. For the purpose
of demonstration, we presented our simulation for the treatment
rate from O to 1 per year. However, our simulation can be easily
extended beyond to higher treatment rates. For longer term, our
qualitative results do not change.

5.5.1. Single group treatment program

We estimated the total new infections generated during the five
year period from 2015 to 2020 as a function of treatment rates 71,
75, T3 (Fig. 4), implemented one at a time (single group). Note that
in our model, the treatment rate 7;, (i =1, 2, 3) per year means on
average the individuals stay untreated for 1/t; years during their
lifespan in I; class. As expected, the results show that treatment
can reduce infections significantly. However, it is important to note
that treatment (at the rate 1/year) at stage I can reduce the to-
tal number of new infections by 50% and 45% more than those
at stage II and stage III, respectively. More importantly, treatment
at stage I alone is more effective on reducing new infections than
treatments at stages II and III combined (Fig. 4 a,b).

The effect of treatment on disease death is also remarkable.
However, in contrast to the effect seen in preventing new infec-
tions, treatments at the different stages are not significantly differ-
ent in preventing disease death during this 5 year period (Fig. 5a).
Almost 30% of disease death can be reduced by implementing any
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of the single group treatment programs (i.e. T; or 7, or 73 = 1).
This result is important as it predicts that the early treatment
strategy might not be significantly beneficial in preventing deaths.

The yearly death avoidance (YDA) (number of individuals’ lives
saved per year) increases as the treatment rate increases (Fig. 6a—
d). The YDA also increases over time. In the first year, treatment at
stage IIl has the highest YDA followed by treatment at stage II and
stage 1. After 3 years, however, a reverse order is observed, show-
ing that the early treatment is beneficial in saving lives in a long
run (or in the later part of the epidemic). On increasing treatment
rates from 0.20 to 0.40 in any stage, the YDA can be increased by
1.5 fold in the 5th year (Fig. 6a, b). Similarly, an increase in treat-
ment from 0.20 to 0.80 results in YDA twice as large in the 5th
year (Fig. 6a, d).

We predict 10-year HIV prevalence under the single group
treatment program. The prevalence can be reduced from 19% to
11%, 17% and 18% by treating individuals at stages I, II and III, re-
spectively. These results show that treatment program at stage II
and III are less effective compared to stage I, to reduce the preva-
lence. We also observe the similar effect on the basic reproduc-
tion number, %Ry. Treatment at stage I can reduce Ry as much as
66% (from 3.3 to 1.1) while there is negligible effect of treatments

at stages I and III on %Ry. Unfortunately, even with the rate up to
1/year, single group treatment programs do not bring %y below 1
indicating that it may be harder to eliminate the disease with the
single group treatment program alone (Theorem 3.2).

We also carried out simulation study to identify whether the
single disease treatment program is effective to maintain high level
of the community-level immunity. Our results show that the high
level immunity could reach up to 68%, 66%, and 53% in 5 years
with treatment focused at stage I, stage II, and stage IIl, respec-
tively. While early treatment (stage I) seems to maintain a higher
level of community-level immunity, the benefit obtained with the
early treatment does not seem significantly high.

5.5.2. Multi-group treatment program

We found that almost 80% of new infections can be reduced
by universal treatment, i.e. by treating individuals in all stages
(Fig. 4b), which is almost twice as much as that achieved from any
single group treatment. Only 30% reduction of new infections can
be achieved by treatment at both stages Il and Il combined. With
treatment programs combining stages I and II, or stages I and III,
the total new infections can be reduced by 60% and 68%, respec-
tively.
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The values of the parameters used for these graphs are listed in Table 4.

With a treatment program focused on any two stages com-
bined, the disease death can be reduced by almost 50% in 5 years.
In this case, the YDA can be achieved up to about 35% at 20% treat-
ment level. When all the three stages are included in the treatment
program (universal treatment) the disease death can be reduced
by 65% in 5 years (Fig. 5b). This reduction is twice as much as
that achieved from any single group treatment program (Fig. 5a,b).
By increasing the universal treatment rate to 0.80 the YDA can be
achieved up to 85% (Fig. 7d).

With universal treatment, HIV prevalence can be reduced from
19% to 11% in 10 years (Fig. 8b). The long term prevalence under
the universal treatment program predicted by our model shows
that at least 50 years are required to reduce the prevalence to be-
low 5% (Fig. 8 ¢), indicating that treatment alone might not be an
efficient way for reducing the current HIV prevalence in a relatively
short time period.

We also computed 9y under various treatment combinations.
With treatment at stage Il and stage IIl combined (i.e. 7, = 73 = 1),
Mo reduces from 3.30 to 2.67. The other treatment combinations
(stage I and stage II or stage I and stage III, or stages I, II, and III)
can reduce 9 from 3.30 to 0.85 (Fig. 9b). Importantly, the multiple
group treatment programs can reduce %y to below 1. However, to
reduce Ry to below 1, a high treatment rate is required (Fig. 9b).
The region in treatment-parameter space where 9%, < 1 is shown
in Fig. 10. Since treatment at stage Il and stage IIl combined do not
reduce 9 to less than 1, we did not include this graph.

Compared to the single group treatment, with multi-group
treatment programs, the community-level immunity can be signifi-
cantly increased with the high level immunity reaching up to 83%,

75%, and 72% in 5 years with treatment combination at stages |
and II, stages I and III, and stages II and III, respectively. Further-
more, with universal treatment, this level can be maintained at
90%.

6. Discussion

Studies show that early ART program can be a successful inter-
vention for HIV transmission. However, appropriate initiation tim-
ing of ART still remains unclear. This study takes the modeling ap-
proach to examine the HIV infection dynamics under various treat-
ment programs, including the one with early treatment. The model
developed here is unique in the sense that it is based on CD4+ T
cell count that plays an important role on disease progression, HIV
transmission, and treatment decision, and is altered by ART. Our
model has an excellent agreement with the HIV prevalence data
from South Africa (Fig. 2). The model system is well-posed mean-
ing the solution is bounded as well as non-negative for any non-
negative initial values. Using model analysis, we showed that the
disease free equilibrium is globally stable when 9%, < 1 and unsta-
ble when %y > 1. Moreover, the model showed the persistence of
disease when 9%y > 1.

We used the model to evaluate benefits of treatment programs
targeted to the populations at various CD4 count levels. For the
model parameters related to South Africa, we found that early
treatment (treatment at stage I) can reduce new infection by 2.5
folds more than from treatments at stage Il and stage III (Fig. 4a,b).
The treatment at stage I is also much more effective on reducing
adult prevalence as well as %ig compared to treatments at stage II
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and stage IIl. Our model predicts that the universal treatment pro-
gram at rate 0.5/year can reduce the prevalence to less than 3%
in 50 years (Fig. 8,c), consistent with a previous study [18], which
shows that the universal testing with immediate ART can reduce
the prevalence to below 1% in 50 years.

The total disease death decreases in the same manner during
the five-year treatment duration for any choice of treatment pro-
grams (Fig. 5). However, treatment at stage Il is more effective on
avoiding deaths in the beginning of the treatment program while
the treatment at stage I is more effective on avoiding deaths in the
later part of the treatment program (Fig. 6). Since the disease death
is higher in stage III, treatment at stage IIl can save more lives at
the beginning of the treatment program. The treatment at stage I
causes delay for individuals to progress to the stage III, eventually
saving more lives in the long run (i.e., during the later part of the
program).

The universal treatment program provides more benefits than
the single group or the two groups treatment programs of reduc-
ing new infections, disease death, prevalence as well as 9%, (Fig. 4).
Moreover, our model simulations evaluating community-based im-
munity show that compared to any other treatment programs, the
universal treatment program is most effective maintaining about
90% of the infected population with the high level of immunity.
Having higher community-level immunity is important for proper
management of infectious diseases, including opportunistic dis-
eases.

While the treatment has significant effects on HIV transmission
and prevalence, it may not be able to eliminate the disease un-
less extremely high treatment rate is implemented. Since, this high
coverage of ART is highly unlikely, elimination of disease may re-
quire additional intervention programs (for example, condom pro-
motion).

While our model (2.1) captures some vital aspect of HIV dy-
namics under treatment, the model has several limitations. First,
the model does not distinguish population by sexes. Second, the
model does not address the issues of adherence of ART and the
drug resistance. If a patient misses his/her ART doses and/or drug
resistance arises, our results may be altered. Third, the model does
not distinguish individuals with known and unknown status and
assumes that once an individual is HIV positive, he/she is able to
begin ART if he/she belongs to the treatment target group. Fourth,
as the results of the model depend on the model parameters, un-
certainties involved in parameter estimation could affect the re-
sults. Finally, this study assumed only the CD4+ T cell count as a
marker for disease progression. However, overall immunity can be
beyond the CD4 count as the multiple markers of disease progres-
sion have been investigated and considered for clinical practices
[14,19,25]. For example, HIV RNA level, total lymphocyte count
(TLC), psychosocial factors, and chronic immune activation can also
be potential markers for the HIV disease progression [14,19]. In-
cluding other markers in categorization of the population under
investigation could improve the disease dynamics models.
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