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ABSTRACT

We develop and analyze a mathematical model of oncolytic virotherapy in the treatment of melanoma. We begin
with a special, local case of the model, in which we consider the dynamics of the tumour cells in the presence of
an oncolytic virus at the primary tumour site. We then consider the more general regional model, in which we
incorporate a linear network of lymph nodes through which the tumour cells and the oncolytic virus may spread.
The modelling also considers the impact of hypoxia on the disease dynamics. The modelling takes into account
both the effects of hypoxia on tumour growth and spreading, as well as the impact of hypoxia on oncolytic
virotherapy as a treatment modality. We find that oxygen-rich environments are favourable for the use of ad-
enoviruses as oncolytic agents, potentially suggesting the use of complementary external oxygenation as a key
aspect of treatment. Furthermore, the delicate balance between a virus’ infection capabilities and its oncolytic
capabilities should be considered when engineering an oncolytic virus. If the virus is too potent at killing tumour
cells while not being sufficiently effective at infecting them, the infected tumour cells are destroyed faster than
they are able to infect additional tumour cells, leading less favourable clinical results. Numerical simulations are
performed in order to support the analytic results and to further investigate the impact of various parameters on
the outcomes of treatment. Our modelling provides further evidence indicating the importance of three key
factors in treatment outcomes: tumour microenvironment oxygen concentration, viral infection rates, and viral
oncolysis rates. The numerical results also provide some estimates on these key model parameters which may be
useful in the engineering of oncolytic adenoviruses.

1. Introduction

Oncolytic virotherapy is a method of cancer treatment in which vi-
ruses are used to selectively infect and destroy cancer cells via a variety

Melanoma is considered the most deadly type of skin cancer. Mela-
noma begins in melanocytes - the cells responsible for producing
melanin - and can develop in various parts of the body [35,44]. Mela-
noma is the fifth most common cancer in adults in the United States
[34]. While melanoma rates have been steadily rising, mortality has not
followed this same trend. This decreased mortality is attributed to
various factors such as early detection, increased protection against UV
radiation, and improvements in treatment [37]. Metastatic melanoma
continues to be a major issue contributing the cancer mortality, due to
the increased difficulty of treating the disease once it has spread beyond
its original site [36]. Various forms of therapy, including chemotherapy,
immunotherapy, and radiotherapy are used in the treatment of
advanced melanoma. Developing new forms of therapy and enhancing
existing therapy is always desirable in increasing survival rates of the
disease.

* Corresponding author.
E-mail address: tramaj@uwo.ca (T. Ramaj).

https://doi.org/10.1016/j.mbs.2023.109073

of direct and indirect mechanisms, while leaving surrounding healthy
cells unharmed [14,33]. These viruses are called oncolytic viruses
(OVs). These therapeutics include both genetically modified viruses and
non-modified viruses, such as live attenuated viruses (i.e., the measles
virus [12]). The genetically modified herpes simplex virus Talimogene
laherparepvec (T-VEC) has been used in clinical trials to treat inoperable
melanoma [22,30]. The treatment is often performed in combination
with other therapies, such as being followed up with the use of adjuvant
radiotherapy. The oncolytic virus is typically administered via direct
subcutaneous injection into the lesion [16]. The idea is for the virus to
selectively infect cancer cells and use them to replicate and perform
oncolysis to destroy the neoplasm. The viral infection may also destroy
the cancer cells through indirect mechanisms such as activating the
immune system and aiding the immune response against the cancer cells
[13,14,33].
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Other OVs which have been studied (not necessarily in melanoma
trials, but in the context of other cancers, such as colorectal cancer)
include the adenoviruses ONYX-015 and ZD55-IL-24 [20]. ZD55-IL-24’s
primary mechanism of action is through inducing a systematic
anti-tumour cell immune response. There is also evidence that this virus
may inhibit tumour cell growth by inhibiting angiogenesis, as was pre-
viously observed in an immuno-competent mouse model [20]. Such
immune-mediated effects of viruses like ZD55-IL-24 are more estab-
lished in the existing literature. A mechanism of action of ONYX-015
involves replication and lysis of tumour cells that are p-53 deficient
[18,31]. The importance of this direct mechanism of action of is
currently under debate [9] and is considered in this present paper via
mechanistic modelling.

Mathematical modelling of cancer treatment has seen widespread
use in the last few decades. These models frequently take the form of
ODE, PDE, and delay models in the continuous setting. By studying the
effect of disease treatment from a quantitative perspective, based on
biological and physical mechanistic modelling, new insights may be
obtained to guide future treatment direction. This type of modelling has
also been used to study the treatment of cancer via oncolytic virotherapy
[17,29]. The recent work of Wang et al [46]. in mathematical modelling
of virotherapy as a treatment modality for melanoma, the models were
able to provide insights concerning virus treatment thresholds as well as
how immunosupperssive drugs may work in tandem with OVs. The work
by Urenda-Cazares et al. examined the use of OVs in combination with
chemotherapy to treat glioma. As a result of these types of models, some
results were obtained on how to optimize treatment in a clinical setting
[45].

In this paper, we model the effect of hypoxic environments on
oncolytic virotherapy treatment through the use of ordinary differential
equation (ODE) modelling. Hypoxic refers to oxygen-poor environ-
ments. Typically, viruses which are more efficient at infecting cells in
oxygen-rich environments tend to lose their infectivity under hypoxic
conditions [15]. This is particularly true of adenoviruses such as
ONYX-015 [38]. Hypoxia has a negative effect on the efficacy of OVs as
well as any adjuvant radiotherapy which may be administered [4,5]. In
the context of melanoma treatment, hypoxic environments can inhibit
the action of OVs, such as their ability to infect cancer cells and their
ability to induce the death of cancer cells. Due to the lack of dynamical
modelling of this phenomenon, we explore the relationship between
tumour microenvironment oxygen concentration and the efficacy of the
OV with the objective of contributing to the existing oncology literature
from a quantitative perspective. The application of mathematical
modelling can capture some elements of the complex interplay between
oxygen concentration conditions and OV efficacy. In our model, we
study the effect of oxygen concentration when the OV is applied directly
to the primary lesion. More specifically, we study the impact which
parameters such as the infectiousness of the OV on the efficacy of the
treatment under different oxygen conditions.

The structure of this paper is organized as follows. In Section 2, we
formulate an ODE model and give the assumptions on our functions. We
refer to this as our local model, since we are studying the effect of OV
directly on the primary tumour. We also perform non-
dimensionalization of the model for the purposes of mathematical
analysis. We explain the meaning of our model in terms of the biological
context. In Section 3, we perform an analysis of the local model. This
includes proofs on the well-posedness results. In Subsection 3.1, we first
look at the case where we do not take into account the oxygen con-
centration dependence. In Subsection 3.2, we look at the case of oxygen
concentration dependence. We perform an analysis of the stability of the
relevant steady states of our system. In Section 4, we perform numerical
simulations and give biological interpretations of these results. In Sec-
tion 5, we extend our model to a regional model, where we take into
account the movement of tumour cells into the surrounding lymph
nodes. In Section 6, we perform numerical simulations on the regional
model. We complete this paper with some conclusions and discuss
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possible directions for future work in Section 7.

2. Local oncolytic virotherapy model

We begin by considering a melanoma tumour, initially consisting of
some initial quantity of proliferating tumour cells. At this initial point in
time, a localized treatment of oncolytic virotherapy begins at the tumour
site, by introducing the OV via direct injection into the lesion. We
consider the use of a virus with oncolytic and replication rates down-
regulated by hypoxia. Such a virus shares these features with adenovi-
ruses. The rationale for considering adenoviruses (or OVs with similar
hypoxia down-regulating properties as adenoviruses), comes from this
consideration of the effects of hypoxia on the action of the OV. Namely,
while hypoxic tumour microenvironments reduce the efficacy of ade-
noviruses, they also promote melanoma tumour progression [8]. One of
the goals of this present work is to mathematically capture and model
the dynamics of OVs under the same unfavourable hypoxic conditions
which typically have an inverse (favourable) impact on tumour pro-
gression. Indeed, the modelling presented in this paper is not only
limited to adenoviruses, but to any virus which experiences similar
down-regulation in hypoxic tumour microenvironments. The OV then
proceeds to infect the tumour cells. The model consists of three vari-
ables, the density of uninfected tumour cells, the density of infected
tumour cells, and oxygen concentration, at time t, respectively repre-
sented by u(t),n(t), and c(t). Then, we have the following model:

du u+ny 6(c)nu

P 1— _ 1

dr rlu( K ) a+n’ )
dn u+n\ O(c)nu

— = — —y(c 2

o rzn(l I ) + win y(c)n, )
d

d—i = ¢ — fc — quc — qonc. 3

Note that we are considering cell-to-cell infections, which have been
observed as a mode of infection used by oncolytic viruses [19]. Onco-
lytic adenoviruses which exhibit cell-to-cell spreading, such as VRX-009,
have also previously been constructed [42]. Importantly, while VRX-009
was not tested as a treatment modality for melanoma, its production
provides a proof of concept of the idea of an oncolytic adenovirus with a
cell-to-cell spreading mechanism. Our work hence provides a theoretical
modelling framework for cell-to-cell spreading of adenoviruses (or
adenovirus-like OVs) which may infect melanoma cancer cells. Previous
mathematical models of cell-to-cell viral infection made use of a
mass-action-like terms to represent infection [7,26] and we adopt a
similar approach in our model, but with the infection mechanism of a
Holling type II functional response function. We make this consideration
to model the saturating effect of melanoma cells that have already been
infected by the OV.

We prescribe the initial conditions u(0) = ug,n(0) = ng and ¢(0) = ¢o
to be non-negative quantities. We assume that both classes of tumour
cells exhibit logistic growth. The carrying capacity of the tumour cells is
given by K and the growth rates of the uninfected tumour cells and the
infected tumour cells are given by r; and ry, respectively. We further
assume that r; > ry to reflect that the infected tumour cells are less
effective at proliferating due their cell machinery being hijacked by the
OV. Following the approach of [3], we use mass-action terms to express
the oxygen consumption by the tumour cells. To that end, the parame-
ters ¢; and gy give the oxygen consumption rate by the uninfected
tumour cells and the infected tumour cells, respectively. The rate of
oxygenation, assumed constant (due to having some control over this
parameter, i.e., through certain therapies [41]), is given by ¢ and the
rate of oxygen consumption by surrounding non-cancerous cells (or
healthy cells) is given by p.

We use a Hill function to represent the transition of a tumour cell
from uninfected by an OV to infected by an OV. The parameter 6 €
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C!(R.) represents the virus infection rate, which is dependent on
available oxygen concentration. The other oxygen dependent parameter
y € C}(R,) is the virus-induced death rate of the infected tumour cells.
Note that the terms virus-induced death rate and oncolysis rate are used
interchangeably. The adenovirus is inhibited by a hypoxic environment
and hence we assume that as oxygen concentration is locally decreased,
the OV will become less effective, both in infecting the tumour cells and
inducing tumour cell death [38]. Hence, we have the following condi-
tions on 6(c) and y(c):

6(c)>0, 7(c)>0, for ce(0,0),

0(0) =6 >0, ¥(0)=y,>0, ©)

limf(c) = 0 > 0y, limy(c) =y > 10,
where 6, and y,, give the OV efficacy in response to high oxygen en-
vironments. Note that in hypoxic environments, oncolytic virotherapy
will not be as efficient as an adenovirus is being used.

We non-dimensionalize the model by making the following sub-

stitutions:

u n
X = E, y E, = ¢ y T:=rt
Then we obtain the system,
dx a(z)xy
(1 —x—y) Y (5)
dr H1—x=-y) a+y’
- Oy _ 7()y ©)
dr a+y '
dz -~ ~ ~
o ~ P09 -4 -z, Q)

where we define

5(1) = %0(%), 7(2) = %7(%)

LA K o @K
rn K T T T

Note that the properties of 6(c) and y(c) given in (4) are preserved by
a(z) and 7(2), respectively, up to some scaling. The most notable change
is in the long-term behavior: 9 will approach Do = 0co /r1 and 7 will
approach 7, 1=y, /r asz—oo. We now drop the tilde and replace = with
t for notational convenience and hence, for the subsequent analysis, we
consider the following model:

dx 0(z)xy

= (1l —x—y) = 2

dr H1-x-y) a+y’ ®)
dy 0(z)xy

o - PA-a—y)+o y @)y, 9
dz

d—j =p(1 —2) — qxz — @2y, a0
with non-negative initial conditions:

x(0) =x >0, y(0)=yo>0, z(0)=z2 >0. 11

The functions 6 and y once again have the properties given in (4). In
Section 3, we perform a mathematical analysis of the rescaled model (8)
- (10) to explore some predictions related to the effect of available ox-
ygen concentration on the OV treatment.
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3. Analysis of the local model

We begin by considering the well-posedness of the model. Existence
and uniqueness of the solution of (8) - (10), subject to initial conditions
(11), follow from the elementary theory of ODEs. We consider the so-
lution of this initial value problem, (x(t),y(t),2(t)) € R®. Since the var-
iables represent densities and concentration of physical quantities, the
system must remain non-negative for all t > 0. We begin with Eq. (8).
From this equation, it follows that

st = avesp /(136 =509 - 20|

a+y(s)

and so, x(t) > 0 for all t > 0. Similarly, it follows from Eq. (9) that

y(t) = yo-exp[/ot (r(l —x—y) +7022$)y)?s(;) -

() )]
Therefore, y(t) > 0 for all t > 0. Finally, Eq. (10) gives
= . — ; d
z2(t) =20 exp< /0(ﬂ+q1x(s) +g2y(s)) s) +ﬂ/0 exp<
- [0 ano) +anas o

This shows that z(t) > 0 for all t > 0. In fact, if t > 0, then z is strictly
positive.

Next, we address the boundedness of the solution. To this end, we
apply a comparison argument. From Egs. (8) and (10), a solution of the
system satisfies the inequalities
dz

Eﬁﬂ(l —-2z).

dx
(1=
T <x(1-x),

Then, it follows that

limsupx(t) <1, limsupz(r) < 1.

=00 =00

Hence, x(t) and z(t) are bounded functions. Let X be an upper bound for
x(t), i.e., x(t) < x for all t > 0. It then follows from equation (9) that
Oxy _ dy

> < ry(l —y) + OX.
a+y dt*'y( Y) + 0¥

dy
< y(l =
dtf'w( y)+

Therefore, by a comparison argument,

. .
limsupy(t) < -,
100 r

which shows that y(t) is a bounded function.
Summarizing these results, we have the following theorem:

Theorem 3.1. The solution of the initial value problem (8) - (10), satis-
fying initial conditions (11), is non-negative and bounded.

3.1. Dynamics of the local model — case i: No oxygen dependence

We consider first the case with no oxygen dependence. That is, we set
6(z) = 0 and y(z) =y, where 0 and y are positive constants. In this case,
system (8) - (10) reduces to the following two-variable system:

dx Oxy
= =x(1-x—y)— 12
dr 1 =x =) a+y 12)
dy Oxy
= =yl —x—y)+———yy. 13
o —P-x-y) taiy P (13)

If we consider system (12) - (13) over the region (x,y) € R?, we can rule
out the existence of non-constant periodic orbits.
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Proposition 3.1. Consider system (12) - (13) over the region Ri. There
are no closed orbits contained entirely Ri.

Proof. Let S(x,y) =1/(xy) for x,y > 0. Then,

a%{s(x,y) (x(l —x=y) _ae-&x-yy)}

————— — 2 <o (14)

Since this function does not change sign on R?, we conclude by the

Dulac-Bendixson Theorem that there are no closed orbits contained
entirely in RZ.[]  Next, we determine the steady states of system (12) -
(13) by solving the algebraic system

Oxy
1—x—vy)— =0, 15
x(=x =) = as)
Ox
(1 fxfy)+7a+yy77y:0~ (1e)

It can be readily seen that (x,y) = (0,0) and (x,y) = (1,0) are solutions
of this system for all parameter values. Another solution which may be
easily seen is (x,y) = (0, (r— y)/r), which only exists if r > y. It can be
shown that the remaining steady states (if any exist) are determined by
solving the system

(0 —r0+7)y* + (6" +ad+2ay —rad — 0)y + alay — ) = 0, a7
Oy

=1l-y— : 18

* Y a+y as)

We linearize the system at its steady states by first computing the Ja-
cobian matrix

|y O
o) a+y (a+y)
X,y) =
Y Oy ax
—ry+ r—rx—2ry+ 7=
a+y (a+y)

We begin with the assumption r < y in order to discount the steady state
(0,(r— y)/r). Linearizing at the steady state (0,0) gives

7(0,0) = ((1) r?y).

By our assumption thatr < y, this steady state is a saddle. Linearizing the
system at the steady state (1,0) gives
[

—1 -1 - p
J(1,0) =

(1,0) 0
p 4
From J(1,0), we then conclude that (1,0) is locally asymptotically stable
if @ < ay and it is unstable if 6 > ay.

If we now impose the additional assumption 6 < ay, then the system
only contains two non-negative steady states: (0,0) and (1,0). To see this,
we note that the left-hand side of Eq. (17), as a function of y, is a convex
parabola (since r < 1) with a positive constant term. The coefficient of
the y term is also positive, as

& +ad+2ay —ral — 0 =6 +ay +ab(1 —r) + (ay — 0) > 6" + ay > 0.
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Therefore, the parabola has non-negative roots and system (17) - (18)
has no non-negative solutions. This shows that the only non-negative
steady states are (0,0) and (1,0).

Next, we consider the case 6 > ay. In this case, an additional co-
existence steady state, (x,,y.), where x.,y. > 0 may be introduced if
system (17) - (18) has positive solutions. It is clear to see that the
parabola on the left-hand side of Eq. (17) is still convex but the constant
term is now negative. Hence, this parabola has exactly one positive real
root, .. Then x, may be obtained from Eq. (18). In order for the steady
state to be meaningful, we set x, must be positive, which is not the case
for all values of the model parameters. We impose the following con-
dition to ensure that x, is positive:

¥+ (a+0)y. <1, 19

where

A+ VAT —4a(0 — 10 +y)(ay — 0)
N 2(0—r0+7) ’

%

and

A=rad+60— 6 —af — 2ay.

We assume these conditions are satisfied so that the steady state (x.,y.)
exists and has positive coordinates. In fact, since r < y, these conditions
are satisfied as the existence of a stable (unique) positive steady state is
ensured as a corollary of non-negativity of solutions, boundedness of
solutions, and Proposition 3.1.

As we will now show, the assumption r < y is not necessary for the
stability of the steady state (x.,y.) — only its existence is necessary. If it
exists, linearizing at this steady state gives the matrix

Bax,
a+y.
J(X»Hy*):
P .
Taty ()

We compute the determinant of this matrix:

0x2y. farx.y. 6Ox.y. 6ax.y.
detJ(x,,y.) = ey + XY Y arx y27 Xy, 6ax y3
(OH-)’*) (a-&—y*) a+ty, (a+y*)

_Oxy.  Oxy. ad
aty.
0x.y.

= 5 X.
aty. (a+y.)
af
= 7| @y Fx —ar+ >0,
(a+y.) a+y.

—ar+

where the last inequality follows since r < 1.
The trace of J(x.,y.) is
Ox,y.

tr J(x,y.) = —x. —ry, ——— < 0.
ey (@+y.)

Therefore, the steady state (x.,y.) is locally asymptotically stable
whenever it exists. It is therefore also globally asymptotically stable.
By Theorem 3.1, Proposition 3.1, and the Poincaré-Bendixson The-
orem, the local asymptotic stability of the steady state (1,0) implies the
global asymptotic stability if 6 < ay. Similarly, if 6 > ay, then (x.,y.) is
globally asymptotically stable.
We summarize these results as follows.

Theorem 3.2. Consider system (12) - (13) over the region R>.

1. If y > max{r,0/a}, then the only two non-negative steady states of the
system are (x,y) = (0,0) and (x,y) = (1,0). The steady state (0,0) is a
saddle and the steady state (1,0) is a stable node. Furthermore, the steady
state (1,0) is globally asymptotically stable on R?.
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2. If r <y < 0/a, then there exists an additional, positive, steady state,
(x.,Ys). The steady states (0,0) and (1,0) are unstable (saddles) and (x.,
.) is globally asymptotically stable on R2.

We numerically illustrate Theorem 3.2 in Fig. 1. The phase portraits
in Fig. 1 are produced with all parameters, except for a, being assigned
(after non-dimensionalization) based on the values in Table 2. Doing so
gives the parameter values § = 2.52908,r = 0.531107,y = 1.29362. In
Fig. 1(a), we set a = 10.0 and in Fig. 1(b), we set a = 1.0.

Clinically, the stability of (1,0) is not a favourable result, repre-
senting a failure of the OV treatment. From Proposition 3.2, we see that
one condition which leads to this occurrence is the virus-induced death
rate, y, being made sufficiently large. This leads to an idea which will
come up again in the case of oxygen dependence: Having a virus-
induced death rate which is too large relative to the infection rate will
decrease the efficacy of the OV. Instead, it is important to make sure that
the tumour cells are not being killed faster than they are able to infect
adjacent tumour cells. This suggests that when engineering an OV, it is
important to achieve an appropriate balance between the infection rate
and oncolysis rate of the virus.

Note that the condition y > 6/« in Proposition (3.2) follows directly
from setting %y <1 where %, is the basic reproduction number.
Following the approach of [11], the basic reproduction number may be
computed by using the next generation method. We omit the details
here.

So far, we have considered the case where r <y, i.e., when the
growth rate of the infected tumour cells is bounded by their death rate.
We have seen that total extinction of the uninfected tumour cells is not
possible in this case. We now consider the case r > y. In this case, we
have an additional non-negative steady state, (0, (r — y)/r). This steady
state may represent a semi-successful treatment outcome in the case
y =~ r. Hence, stability of this steady state is clinically preferable.

We note first that if r > y, the matrix J(0, 0) has two positive eigen-
values and hence, (0,0) is an unstable node. We assume that < ay in
order to rule out the existence of a non-negative co-existence steady
state. In this case, the eigenvalues of J(1, 0) remain negative and so (1,0)
remains a stable node. Linearizing system (12) - (13) at the steady state
(0,(r— 7)/r):

ry(a+0+1) — (0 + 72)
) rlar+r—y)
r (r=y)@+a+ar—r)
ar+r—y

0

y—r

Since this is a lower triangular matrix, the eigenvalues are the elements
of the main diagonal. The eigenvalue y — r is negative since r > y. The
remaining eigenvalue is positive since

0.2 0.4 0.6 0.8 1.0
Uninfected Tumour Cell Density, x

(a)

Table 1

Conditions for Existence and Stability of Steady States of System (12) - (13).
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Steady State

Existence Condition(s)

Global Asymptotic Stability Condition

(0,0) Always Unstable
(1,0) Always 0<ay
r—y r>y a 1
0,— = 4
(, r ) 9>7(r—y+r>
(%2, Yx) a 1 Existence
ay <0< y(z + =
Table 2
Local Model Parameters.
Parameter Parameter Name Value Reference
rn Growth Rate of Uninfected 0.3954 day ! 10
Tumour Cells (o1
r2 Growth Rate of Infected 0.21 day ! Estimated
Tumour Cells (ra <)
K Tumour Carrying Capacity 1.0 x 106 cells/mm?3 [27]
a Hill Constant 5 3
ill Constan 1.0 x 10° cells/mm’ [27]
¢ Oxygenation Rate 1.0 x 10* mM day ! [43]
s Oxygen Consumption Rate 5.0976 day ! 24
of Healthy Surrounding Cells [24]
Q Oxygen Consumption Rate 5.47 x 10-° mm® 28
of Uninfected Tumour Cells cells™! day! (28]
92 Oxygen Consumption Rate 2.735 x 10° mm? o8
of Infected Tumour Cell cells! day! (28]
4 Virus-Induced Death Rate 0.5115 day ! [27]
0 Infection Rate . -1
1.0 day [27]

rr(@+0+1) = r(ay) +r0+ry > (*)(0) + 0+ (r)(r) > 0+ 7.

Therefore, (0, (r —y)/r) is a saddle and hence unstable. Therefore, even
in the case where r > y, the only locally stable steady state is (1,0). This
also remains true if r = y, as can be seen via direct substitution.

The steady state (1,0) is unstable if § > ay and (0,0) is always un-
stable. If r > y, then the steady state (0, (r — y)/r) is locally asymptoti-
cally stable if and only if

1

6> y( a +7) .
r—y r

This condition is obtained by requiring all the eigenvalues of J(0, (r — y)

/r) to be negative. Note that since r < 1, condition (20) implies that
6 > ay. Since all solutions are non-negative and bounded, and closed

(20)

°
e

o
w

e
=

Infected Tumour Cell Density, y
=)
N

°©
(==}

.0 0.2 0.4 0.6 0.8
Uninfected Tumour Cell Density, x

(b)

Fig. 1. The phase portrait of system (12) - (13) whenr < y. (@) When y > max{r,6/a}, the trajectories approach the steady state (1,0) as t—oo. (b) Whenr <y < 8 /a,

the trajectories approach the steady state (x,,y.) as t—co.
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orbits may not exist, it follows that violating condition (20) implies the
existence and stability of the positive steady state (x.,y.).
We summarize the results of the case r > y in the following theorem.

Theorem 3.3. Consider system (12) - (13) over the region R2. If r >y,
then:

1. The steady state (x,y) = (1,0) is globally asymptotically stable on R? if

0 < ay.

2. The positive steady state (x,y) = (X.,y.) is globally asymptotically stable
on R? if

a 1
a}’<9<7 rTy+; .

3. The steady state (x,y) = (0
on R? if

6> y( a +1) .
r—y r
We numerically illustrate Theorem 3.3 in Fig. 2. The phase por-
traits in this figure are produced by using the parameter values given
in the code in Appendix A, except for the parameters r, 0, and y. We
sety =0.3.InFig. 2 (a), wesetr = 0.5311 and # = 0.01. In Fig. 2 (b),

we setr = 0.5311 and § = 0.3. In Fig. 2 (c), we setr = 0.5311 and 6
=0.9. In Fig. 2 (d), wesetr =0.4and 6 = 1.4.

,(r—1y)/r) is globally asymptotically stable
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Biologically, the case 6 > ay corresponds to a low virus-induced
death rate relative to the infection rate (since in practice, a is typically
less than 1). This condition leads to a more clinically favourable
outcome compared to the condition 6 < ay, as the uninfected tumour
cell-dominant steady state becomes unstable. If we then consider the
additional condition r > y, then there exists an infected tumour cell-
dominant steady, (0, (r— y)/7), which corresponds to complete eradi-
cation of uninfected tumour cells. Biologically, this clinically favourable
steady state exists when infected tumour cells can proliferate at a greater
rate than they are destroyed by the virus. This (perhaps rather unin-
tuitively) suggests that an OV should not be engineered to hinder the
proliferation capability of the cancer cells and, in fact, a greater growth
rate of the infected cancer cells can lead to improved clinical outcomes.
The idea is to minimize (r — y)/r while also ensuring that the infected
tumour cell-dominant steady state is stable, i.e., inequality (20) holds.
The modelling suggests that the most potent OV is one with a high
infection rate, low oncolysis rate, and that minimally inhibits the pro-
liferation rate of the cancer cells. By taking y—r—, we have y—0 as t—co
as long as 6 still satisfies condition (20). While this might lead to the
naive assumption of simply engineering a virus which has a very large
infection rate compared to the proliferate rate of tumour cells, this type
of OV may also be associated with increased toxicity [39], adding
another layer of complexity.

Fig. 3 (a) gives guidance on how to choose the infection rate, 6, given
the oncolysis rate, y. It can be seen in Figs. 3 (b) that if the infection rate
is too small, the tumour cell densities will converge to the positive steady
state. On the other hand, if 6 is large enough, then all of the tumour cells
are eventually infected by the virus.

We summarize the existence and stability results of this section in
Table 1.
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Fig. 2. The phase portrait of system (12) - (13) when r > y. (a) When 6 < ay, the trajectories approach the steady state (1,0) as t—oo. (b) Whenay <0 < y(a /(r —y) +
1/r), the trajectories approach the steady state (x.,y.) as t—oo. (¢) & (d) When 6 > y(a/(r — y) + 1/r), the trajectories approach the steady state (0, (r —y)/r) as t—co.
In (d), the value of the parameter r is taken closer to y than in (c), resulting in decreased density of infected tumour cells.
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Fig. 3. (a) If the pair (y,,6.) belongs to the blue region of the yf-plane, then the infected tumour cell-dominant steady state is stable. (b) The red curves are the
solution curves when inequality (20) is satisfied. The green curves are the solution curves when the condition is not satisfied. In the latter case, the solutions converge
to the positive steady state. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

r or(z)=r<1+ﬁ—q%>, oeI'(2) =v(2), Yoo > 1,

q2

F(z) =7(2), 7o <7

Yoo > T

0 1 .~

Fig. 4. The z-coordinate of the intersection of the red curve with the purple curve gives the oxygen concentration at the steady state, z., if r < y,, <7r(1 + f/q2). The
intersection of the red curve with the orange curve gives this steady state if y, < r. This latter case guarantees z, < 1. Note that the equation of the red curves comes
from (29) in Proposition 3.3.. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

3.2. Dynamics of the local model — case II: Oxygen dependence We first consider the simplest steady state, the tumour-free steady state,
(x,y,2) = (0,0,1). Linearizing the system about this point gives
We now perform a local stability analysis of the relevant steady states

of system (8) - (10). We begin by computing the Jacobian matrix of this 7(0,0,1) = (1) , _(;(1) 8 22)
system, - o - —p)
|y OO L UGN
aty (a+y) a+y
J(x,y,2) = 0(z)y ad(z)x 6()xy . (21)
—ry — —— r—rx—2ry+ “— —7(z ———7(z
Tty Y ) r(@) 2ty r(@)y
—q12 —422 —B —q1x—qay
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Fig. 5. The trapping region Q. When ¢q; = 0, all solutions of system (8) - (10)
with initial conditions in this region converge to the steady state (x,y,z) = (1,
0,1) as t—oo.

which is a lower triangular matrix with eigenvalues 1,r — y(1), — S.
Since this matrix will always have a positive eigenvalue, the tumour-free
steady state is unstable. The maximum dimension of its stable manifold
is 2, which occurs if and only if r < y(1). This corresponds to the fact that
if the virus-induced death rate of tumour cells, y, is sufficiently large,
then there will be larger domain of initial conditions for which the so-
lution will converge to the tumour-free steady state. Next, we consider
the case where the uninfected tumour cells dominate, i.e.,x=1andy =
0. In this case, we have the following steady state, which corresponds to
the failure of OV treatment:

s

x,v,z) =(1,0,7"), where z":= . (23)
(5.9) = (1,0.2) T
Linearizing the system at this steady state gives

79 0

a
J(1,0,7") = * 24
(1,0,2") 0 H(Z)iy(f) 0 (24)
a
417 —q27 —P—aq

which has eigenvalues

oz
A=-1 1= 2)—ﬂfh A =—p—q. (25)

Considering the conditions for which these eigenvalues are all negative
gives the following proposition.

Proposition 3.2. The tumour-dominant steady-state, (x,y,z) = (1,0,2*),
is locally asymptotically stable if 6(z*) < ay(z*).

From a clinical perspective, the local asymptotic stability of the
tumour-dominant steady-state is an unfavourable result. Biologically,
this occurs when the infection rate of tumour cells by the OV is too low
compared to the virus-induced death rate. This leads to an important
insight: engineering a virus which can destroy tumour cells at a fast rate
is not useful if the infection rate is too low. It is important to have a virus
which is sufficiently effective at infecting cancer cells - not just
destroying them. The inequality in Proposition 3.2 can give an estimate
on how large these rates should be for a useful OV.

We are also interested in the existence of an uninfected tumour cell-
free steady, i.e., one of the form (0,y,,z2,). From system (8) - (10), it can
been seen that such a solution may be determined by solving the system

r(1-y)=y(z) =0, (26)
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Pl —z) —gqoyz =0. (27)

This system may have no solutions, one solution, or multiple solutions
depending on the properties of the oncolysis function, y(z). Stability of
this steady state is favourable and hence, we impose the additional
condition y, < so as to ensure the existence of a positive solution of
system (26) - (27). Notice that this condition is similar to the existence of
the uninfected tumour cell-free steady state condition in Subsection 3.1.
Moreover, it should also be noted that 0 <y,,z, < 1.
Linearizing at (0,Y.,2.) gives the matrix

0(z.)y-
-y, — ﬂ 0 0
a+y,
0(z.)y- :
J(O,y.,2) = | —ry. —————=  —ry.  —r(z)y |- (28)
(0,y.,2.) e —— Y 7(z)y
—q12« —q22 -
Z
The eigenvalues of this matrix are
G(Z*)y*
M=y, - g
1 Vs a+y* 23
—(B+yz)* \/(ﬁ +ry.2.)" = 4z (Bry. — 7 (2)q29.22)

2z,

It is clear that all of these eigenvalues have no imaginary part. Hence, (0,
Y., %.) is either a stable node or a three-dimensional saddle. The former
case is preferable, as all tumour cells will eventually be infected as t—co.
This occurs when the eigenvalues are all negative, leading to the
following proposition.

Proposition 3.3. Consider the steady state (0,y.,z.), where y. and z,
satisfy the equations

y(z*):r<l+ﬁfi>, y*:ﬁ.ﬁ‘ (29)
92 22 9>

Ifyo <r thensuchy, and z, existand 0 <y, <1, p/(f+q2) <z. < 1.
Moreover, the steady state (0,Y.,z.) is locally asymptotically stable if and
only if

1 —vyv.)(a » ,
o) > L) g oy < P (30)
Y+ 92z,
Remark 3.1. The condition y,, <r is a sufficient condition for the

existence of the steady state (0,y.,2.). A necessary and sufficient con-
dition for the existence of this steady state is y, < r(1 + f/qz2). The
latter condition, however, does not guarantee that z, < 1.

Proposition 3.3 gives some important conditions for constructing an
effective OV. The condition y,, < r, similarly to Subsection 3.1, gives a
sufficient existence condition. The first stability condition is consistent
with our previous results: namely, a sufficiently large infection rate is an
important factor of OV efficacy. The second stability condition is
perhaps more interesting: An oncolysis rate which grows slowly in
response to increases in oxygen concentration of the tumour
microenvironment.

We now consider system (8) - (10) under certain parameter condi-
tions and establish a global stability result concerning the tumour-
dominant steady state, (1,0,2*). In particular, we consider the case g; =
0 for the sake of mathematical tractability. Biologically, this corresponds
to tumour cells which are unable to consume oxygen. While this con-
dition does not typically represent a biologically realistic situation, it
may be considered a best-case scenario, as less oxygen is consumed and
therefore, more oxygen is available to increase the efficacy of the OV.

We begin by proving an auxiliary result for which we do not need the
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assumption q; = 0. Consider the following region in the positive octant
in R3:

Qi={(x,y2) eR:x>0,y>0, x+y<1,0<z<1} BD
The idea is to show that this region defines a so-called trapping region
from which no solution trajectories of system (8) - (10) may exit. We
state this in the following lemma.

Lemma 3.1. The region QCR3+ is a positively invariant set for system (8) -

(10).

Proof. Let (x(t),y(t),2(t)) denote a solution of system (8) - (10) with
initial condition in %. Proving this lemma is equivalent to showing that
Q defines a trapping region for all t > 0. First note that by Theorem 3.1,
x(t),y(t),z(t) > 0 for all t > 0. If the trajectory were to exit the region,
then by continuity, it would cross either the z = 1 boundary or the plane
x+y =1 at some time t*. Assume that the trajectory crosses z =1 at
time t*. Then from Eq. (10), z(t*) q1x— g2y < 0. Therefore, the
vector field at this boundary point does not point in the positive z di-
rection, contradicting the assumption since the trajectory may not exit
through the z = 1 plane. Hence, we have shown that z < 1.

Now we need only establish that no trajectory may exit the region
through the plane x + y = 1. We do this by showing that the vector field
on this plane points into the region Q. On the plane x +y = 1, the sum of
Egs. (8) and (9) is

Lty + ()

& =@+l —x—y) =y

= (x+ry)(0) —y(z)y < 0.

Hence, ¥ (t) < —x (t) which implies that, by chain rule, dy /dx < — 1.
Therefore, the vector field on the plane x +y = 1 points into the region
and no trajectory may exit through this plane. We conclude that no
trajectory contained in the region Q may exit this region, completing the
proof.] We are now in a position to give the theorem on global
stability of the steady state (1,0,z*). Since we consider the case ¢; =0,
we have 2 = /(f + q1) = 1. Hence, the steady state becomes (1,0,1).
We then have the following theorem:

Theorem 3.4. Consider system (8) - (10) whenq; = 0 and g2 > 0. If 6(2)
< ay(z) for z€[0,1], then (x,y,z) = (1,0,1) is globally asymptotically
stable on Q.

Proof. Since [0,1] is a compact interval, we can choose ¢ € (0,1) such
that 6(z) < eay(z) for all z € [0,1]. Define the function V : Int QU {(1,0,
1)}->Ras

V(x,y,2) :=x—In(x) = 1+y+ %{z —In(z) — 1]. (32)
2

We can show that V defines a Lyapunov function. V is positive definite as
V(1,0,1) = 0 and V(x,y, 2) > O for all (x,y,2) € Int Q. Taking the time
derivative of V gives
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Note that V(1,0,1) = 0. Next, since 7 < 1 and x+y < 1 by Lemma 3.1,
we have 1 — x— ry > 0. Hence, — (1— x— ry)(1 — x— y) < 0. By our
assumption, it follows that 6(z) — eay(z) < 0 since z remains in [0,1] by
Lemma 3.1. Finally, since y(z) > y,, it holds that

1—-e¢
—(1=€)y(2)y +% <O0.
Therefore, V<0 on Int Q. By LaSalle’s invariance principle, we
conclude that the tumour-dominant steady state (x,y,z) = (1,0,1) is
globally asymptotically stable.[]

Remark 3.2. Theorem 3.4 assumes that g, is a positive constant. If
g2 = 0, establishing global stability is trivial as Eqgs. (8) and (9) are
decoupled from Eq. (10) and global asymptotic stability of the tumour-
dominant steady state of the resulting two-variable system follows from
Theorem 3.2.

As previously stated, the condition g; = 0 in Theorem 3.4 biologi-
cally represents a best-case scenario in which the uninfected tumour
cells are unable to consume oxygen, leading to a more effective
adenovirus due to increased oxygen concentration in the tumour
microenvironment. In practice @ < 1 and so the condition 6(z) < ay(2)
reflects a virus which has a significantly larger oncolysis rate compared
to its infection rate. This is analogous to the condition required in
Theorem 3.2, providing further evidence that a very high oncolysis rate
is not a favourable characteristic of an oncolytic adenovirus.

While we do not analytically consider the case q; > 0, the numerical
simulations in Section 4 lead us to conjecture that the steady state (1,0,
2*) remains globally asymptotically stable in this case, under the con-
dition 0(z) < ay(z).

It is clear that the relationship between the functions 8(z) and y(2) is
an important factor in the dynamics of the system. Biologically, if the
infection rate is too low relative to the virus-induced death rate, infected
tumour cells may die faster than they are able to infect a sufficient
number of uninfected cells, hence leading to an uninfected tumour cell-
dominant steady state. On the other hand, if the virus-induced death rate
is too low, not enough tumour cells will die for the OV to be an effective
therapeutic agent. The interplay between these functions and their effect
on the OV efficacy is one of the topics of the next section.

4. Numerical simulations: Local model

In this section, we perform numerical simulations of the local model.
We perform the simulations using system (1) - (3). The units of u and n
are cells/mm? and the units of ¢ are millimolars (mM). Unless otherwise
stated, we set the initial conditions to be ug = 10,000 and ny = 100, as
in [27]. Similarly to [43], we set ¢ = 4.3751.

Table 2 gives the parameters value which we use in the case where y
and ¢ are constants, rather than functions of oxygen concentration. In
this case, plotting the tumour cell densities gives Fig. 6. If we consider
this to be the standard case, we can test the effect of including oxygen

%’ :< ;1){x(1—x—y)—a(j)j?: +ry(1—x—y)+a(izxyy—7(l)y+
- +%~ (%) (1 = 2) = 2y7]
:—(l—x—ry)(l—x—y)—%i;l) %—ﬂ@w%{—g(l*Z)z—qzy(z—l)}
(= xm )= x =)+ ey (1= ey + U Bt - gt )|
<~ == )1 =) 4 HEZTED gy () L0,
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Fig. 7. Tumour cell density dynamics in the case where 6(c) > (a/K)y(c) for all ¢ > 0. (a) In this case, we have §y = 0.1,0,, = 0.12,ky = 0.08,y, = 0.05115,7,, =
0.09115,k, = 0.08. The infected tumour cells dominate in the long run. This represents a relatively favourable response to the oncolytic virotherapy. (b) In this case,
we have §p = 0.1,0,, = 0.12,ky = 0.08,y, = 0.005115,7,, = 0.009115,k, = 0.008. When the virus-induced death rate is too low, infected cells still dominate but
will ultimately approach a larger value at the steady state compared to the previous case.
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Fig. 8. Tumour cell density dynamics in the case where 6(c) > (a/K)y(c) for 0 < ¢ < ¢* and 6(c) < (a/K)y(c) for ¢ > c*. In this case, we have 6, = 0.01,0,, =0.012,k,

=0.008,7, = 0.05115,,, = 0.2115,k, = 0.08. (a) g = 100. (b) np = 0.5 x 10°.

dependence of the functions 6 and y.
In our simulations, we set 6 and y to be sigmoid functions of c. In
particular, we have

— 0"090 }’(C) _ YxYo
0o + (0 — Op)e o’

= 33
Yo+ (Vo — ¥o)ec 33)

o(c)

We consider how different parameter values 6y, 0,70, 7 ko, k, impact

10

the efficacy of the OV. Guided by Proposition 3.2, we choose these pa-
rameters such that we consider 6(c) < (a/K)y(c), 6(c) > (a/K)y(c), etc.
We plot these results in Figs. 6-11.

In Fig. 6, we consider the case in which 6 and y are the constants
given in Table 2 rather than functions of the oxygen concentration. This
is our first numerical exposure to a result which will be echoed
throughout this subsection: higher infection rates relative to virus-
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Fig. 9. Tumour cell density dynamics in the case where 0(c) < (a/K)y(c) for 0 < ¢ < c¢* and ¢(c) > (a/K)y(c) for ¢ > c*. In this case, we have gp = 5.115 x107°,0,,
=1.0,ky=0.08 (a) 7o = 0.2,7,, = 0.4,k, = 0.08. (b) 7, = 0.7,7,, = 0.9,k, = 0.08.
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Fig. 10. Tumour cell density dynamics in the case where 6(c) < (a/K)y(c) for 0 < ¢ < ¢* and 6(c) > (a/K)y(c) for ¢ > c*. In this case, we have y, = 0.1,y = 0.9,6,
=5.115 x 103,60, = 1.0,ky = 0.08 (a) k, = 0.008. (b) 7, = 0.09,7,, = 0.2,k, = 0.01.
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Fig. 11. Tumour cell density dynamics in the case where 6(c) < (a /K)y(c) for
all ¢ > 0. In this case, we have y, =0.3,y,, =1.0,k, =0.8,6p =0.005115,6,, =
0.02115, ks = 0.8. In this case, the virus-induced death rate is significantly
greater than the infection rate. In this case, we set np = 5.0 x 10°.

induced death rates tend to lead to more favourable clinical results. In
this case, the tumour cell densities both settle to a steady state well
below the carrying capacity, suggesting some inhibition of the growth of
the tumour cells.

In Fig. 7, we have the case of a high infection rate relative to the
virus-induced death rate. The assumption of Proposition 3.2 is not
satisfied and, unsurprisingly, the uninfected cell density is driven below
the infected cell density, asymptotically. This case potentially represents
a favourable result since in Fig. 7 (a), as the tumour cell density ap-
proaches a positive stable steady state value below the carrying

11

capacity. In particular, the uninfected tumour cell density remains
significantly lower than the infected tumour cell density. This illustrates
the importance of the infection rate being sufficiently large. On other
hand, as in Fig. 7 (b), having the virus-induced death rate be too low
leads to an unfavourable result in which all the tumour cells are infected
but they nevertheless approach a value near the carrying capacity — note
that they do not approach the carrying capacity in the case depicted by
the figure. This illustrates the delicate balance between viral infection
and virus-induced mortality. Furthermore, we note the differences be-
tween Fig. 7 and Fig. 6: In both cases, 6 > (a/K)y, yet the dynamics are
qualitatively different. This difference is a result of Fig. 7 depending on
oxygen concentration; a consideration not made in Fig. 6.

On the other hand, Fig. 8 shows a clinically unfavourable result.
Namely, the uninfected tumour cell density approaches the carrying
capacity value while the infected tumour cells die out. In this case,
treatment via OV has failed. This occurs when the 6 and (a/K)y curves
intersect at some oxygen value, c*. The outcome of the numerics, in this
case, directly follows from Proposition 3.2. Regardless of the initial
density of OV injection, ny, (i.e., Fig. 8 (a) vs. Fig. 8 (b)) the asymptotic
behaviour is the same. Biologically, this gives the following insight: in
hypoxic environments, having very low lysis capabilites of the OV yields
failure of the treatment regardless of initial density of the OV injection.
It is worthwhile to note that the z* from the steady state considered in
Proposition 3.2 is NOT related to the quantity c*, the c-coordinate of the
intersection point of 6 and y.

Fig. 9 represents the reverse case of Fig. 8, in which the inequalities
are reversed and the results are clinically more favourable. This once
again illustrates the importance of the virus-induced death rate in
hypoxic environments and also shows the importance of the infection
rate in oxygen-rich environments. Moving from Fig. 9 (a) to Fig. 9 (b),
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Fig. 12. The first three lymph nodes in a network. Each lymph node represents a different node (green) in the lattice. The tumour cells begin in the primary tumour
(blue) and can travel through the lymphatic network, with some probability of spreading. (For interpretation of the references to colour in this figure legend, the

reader is referred to the web version of this article.)

we increase the virus-induced death rate, while still maintaining a high
viral infection rate in oxygen rich conditions. This further supports the
idea of achieving a balance between infection rates and lysis capacity as
an OV engineering consideration.

In Fig. 10, for low values of oxygen concentration (i.e., hypoxic en-
vironments) the infection rate is significantly less than the virus-induced
death rate, whereas for high values of oxygen concentration, the virus-
induced death rate is reduced. The figure shows that this case also
represents a favourable clinical outcome represented by the dampening
oscillations in Fig. 10 (a). Asymptotically, the tumour cell density ap-
proaches a positive steady state value well below the carrying capacity.
This (once again) suggests the following insight: in hypoxic environ-
ments, it is important that the OV is more efficient at killing cancer cells
than infecting them. However, if the oxygen concentration should be
large, the OV must be more efficient at infecting tumour cells than
inducing their death. In Fig. 10 (b), we decrease the growth rate of the
y(c) function, leading to near-extinction of all tumour cells. Biologically,
this represents an OV which has greater tumour-destroying capabilities
over a lesser range of lower oxygen concentrations. Another interpre-
tation is that it would be favourable for the infection rate to surpass the
virus-induced death rate at lesser oxygen concentrations as long as the
virus-induced death rate does initially dominates under extremely hyp-
oxic conditions. Such a virus must be engineered to initially be
extremely potent at destroying tumour cells when there is almost no
oxygen available in the tumour microenvironment but must quickly be
able to adapt by having a much greater infection rate if the available
oxygen concentration should increase. These results are consistent with
Proposition 3.3.

Fig. 11 shows the case where the infection rate is very low compared
to the virus-induced death rate. In this case, the uninfected tumour cell
density dominates and approaches the carrying capacity. This result
agrees with Proposition 3.2. This further supports the idea of a delicate
balance between how effective the virus is at infected cancer cells and
how potent the virus is at inducing death of tumour cells. In particular,
we must ensure that the death rate is not too large compared to the
infection rate.

These cases illustrate the following point which must be considered
when engineering the OV: Having a virus too efficient at destroying and
not efficient enough at infecting is not recommended. Perhaps equally
importantly, we must also consider the oxygen conditions (i.e., hypoxia)
when engineering the OV as the functionality of the virus also depends
on whether or not the tumour microenvironment is hypoxic.
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5. Regional oncolytic virotherapy model

In this section, we extend our model to the regional setting by
considering the case of lymph node invasion by the tumour cells. Since
movement through the lymphatic system is one of the main methods
through which melanoma tumour cells may spread, it is of vital
importance to consider lymph nodes as part of the model system. In the
context of hypoxia, there is evidence which suggests that hypoxic con-
ditions contribute to the upregulation of uPAR (a receptor on the surface
of melanoma cells), leading to lymph node metastasis of the tumour cells
[32]. Hence, it is both of mathematical and biological interest to capture
the dynamics of regional (i.e., lymphatic) spread of tumour cells, as well
as OV efficacy, under various oxygen conditions.

As the thickness of the melanoma tumour increases, there is an
increased probability of the tumour spreading to nearest lymph nodes
[6]. We model a network of lymph nodes as a one-dimensional lattice,
where each node represents a lymph node and the edges represent
lymphatic vessels.

The initial concentration of tumour cells at each node is set to 0. Let i
denote the i" node from the primary tumour fori=1,2,3, -, 7 and let
i = 0 denote the primary tumour. That is, i = 0 corresponds to the local
case presented in Section 3.2. Note that ug, ny and ¢y no longer represent
initial conditions, but rather the primary tumour. The tumour cells may
either travel to the left or to the right of their current position. We as-
sume that the probability of tumour cells spreading to the adjacent
lymph nodes depends on the density of the tumour cells at the given
node and, hence, on the sum u;(t) + n;(t). Let P;(y; +n;) be the spreading
rate of some fraction of tumour cells away from node i to an adjacent
lymph node in the network. This fraction of cells which leaves a given
node is dependent on the tumour cell density at the given node i.e.,
u;(t) + ni(t).

The probability of the cells travelling left is g; ;, and the probability of
travelling right is g; g, where q;; + gig =1 fori = 1,2, .-, — 1. More-
over, gog = 1. While it has been observed that lymph typically flows
only in one direction [48], we allow for the possibility of some tumour
cells to travel in the reverse direction. We assume that the probability of
tumour cells reversing direction is low and therefore, we consider ;g >
> gj;, in the numerical simulations.

On each node in the network, we have a system of ODEs which de-
scribes the number of tumour cells and the oxygen concentration. We
use system (8) - (10) to model the dynamics of the tumour cells at each
individual node. To this end, we propose the following system:
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duy Uy + ny 0(co)notto
— =ru |l ————) ————— — qorPouo + q1..P1u1, 34
a 1 0( X, a0 + 1o qo.rCoUo T g1 L1 Uy, (34)
dn Uy +n 6(co)nou
d_to = nng (1 —OTOO> ﬁ—}’(%)’m — qorPono + q1.P1ny,
(35)
du; u;+n; O(c;)n;u;
O :rlui<1 _T,) —%4‘%711&),‘71“#1 +qir1 Pt — P,
(36)
dn; u; +n; O(c;)niu;
T r2"i<1 K ) +% —y(ci)ni + g1 gPianioy + -
o+ Gl Pianig — Pimg,
37)
duy Uy +ny Q(Cf)nfuf
— = 1-— — 1 jPpr_1tty_y — qe i P
Q@ F1W< X, o 1 +qr-1jPe1ue—1 — qerPrug,
(38)
dn, Ug +ny O(cy)neuy
O :rznf<1*T[ +(W)fnf*}’(6/)n/ +qr18Peine1 —qeiPeng,
(39)
dey
d_; = ¢ — Pox — qrurck — qamgcy, (40)

wherei =1,2,3,---,/— 1,k =0,1,2,3,---,7, and Py : = Px(ux + ng). Note
that # is the number of lymph nodes in the network. We set ¢, = ¢ and
¢ =0 for k=1,2,3,---,¢ for the purpose of following an individual
over the course of treatment. The amount of time which tumour cells
spend in compartment i, in the case of a large density of tumour cells in
the compartment, is 1/#;, in days. We may therefore consider #; to give a
per capita spreading speed of tumour cells away from compartment i. We
assume that the speed with which tumour cells travel to the next node is
equal to the speed with which they travel to the previous node. In
practice, g;r ~ 1 and g;;, ~ 0, so this assumption is not typically needed.
It will be necessary for the purpose of tractability of the subsequent
mathematical analysis. In this work, we only consider the case of a linear
lymphatic network.

With all these considerations, the spreading rate of tumour cells
leaving the lymph node and spreading to adjacent nodes is given by

Pix)=n[l—e™], 4 >0. (41)
The rationale behind defining P; in such a way is based on experimental
results relating the size of a primary lesion to the probability of the
cancer reaching the sentinel lymph nodes. See, for example, [6]. For the
purpose of simulations, we assume that once the carrying capacity is
reached, the probability of spreading is 0.7. Hence, we take (1 /n;)P;(K;)
= 0.7 and solve this equation to determine the value 4; to be ; = —

In(0.3)/ (K,).

We can show that the regional model is also well-posed in the sense
of existence, uniqueness, non-negativity of the solution of the corre-
sponding initial value problem with non-negative initial conditions, and
boundedness of solutions. We summarize this result in the following
theorem.

Theorem 5.1. There exists a unique solution of the initial value problem
(34) - (40), with non-negative initial conditions, which remains non-negative
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and bounded for all t > 0.

Proof. Existence and ungiueness of solutions follow directly from the
fundamental theory of ODEs. To address the non-negativity of solutions,
we apply Theorem 2.1 in Chapter 5 of [40].

Let (uo(t),no(t),us (t),ny(t), ---ug(t),ng(t), co(t), c1(t), -, co(t)) €
R3*3 be the solution of the initial value problem consisting of system
(34) - (40) with non-negative initial conditions. We begin by showing
that none of the components uy, uy, ---, u, become negative. Assume to
the contrary that at some time, t*, at least one of the components of the
solution becomes negative. By continuity, these components must first
cross 0. If ug is one of these components, then plugging in uy = 0 into Eq.
(34) gives
ddito = qioum Py (uy +ny) >0,
which implies that uy is non-decreasing at t = t*. Therefore, uy cannot
become negative, leading to a contradiction. The same argument can be
used to show that none of the u; components may become negative.

Similarly, this contradiction argument can be used to conclude the
non-negativity of n; fori = 0,1,2, -+, 7.

Finally, it can be seen that for k = 0,1,2,---,7, Eq. (40) gives

¢ (1) = ¢ (0)exp { — /orﬁJr g (s) + qznk(s)ds} + ¢ /Ut exp{
- /St(/)’-l- quu(8) + 612"/((5))(15} ds,

from which non-negativity of c,(t) follows.

Hence, for non-negative initial conditions, 1;(0),n;(0),c;(0) > 0, for
i=0,1,2,--,7, it follows that the solution of the initial value problem
remains non-negative for all t > 0.

Next, we show that solutions of the regional model remain bounded.
Define U(t) : = ug(t) + uy (t) + --- + ug(t). Then adding Eqs. (34), (36),
and (38) fori =1,2,.--,¢ — 1, gives

where K : = max;_g 1 .. /{K;i}. Then,

dUu

dr

2 2 2
Uy +uy+ - +u
<r [(u0+ul +-~-+uf)—%f}

(u() +up + -+ M{)Z

sn ¢+ DK

(uo +uy + -+ +ug) —

The last inequality follows from the Cauchy-Schwarz inequality,
namely,

A+ V) (24124 +u2) > (o +uy + =+ 1)
Hence, we have

dUu U
— < e — [ < .
s rlU{l 70 }:ltmsupU(t) <(+1)K

1—00
Therefore, the sum U(t) is a bounded function. Since each component of
the sum is non-negative, we conclude that each u;(t) is bounded for each
i=0,1, 2.

We can similarly show that the infected tumour cells remain boun-
ded at each node by defining N(t) : = ng(t) + ny (t) + --- + ng(t). Adding
Egs. (35), (37), and (39) fori=1,2,---,¢ — 1 gives
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N _
< [ S

where U is any upper bound for U(t). The last inequality follows by
applying the Cauchy-Schwarz inequality as in the previous case. Hence,

r(€ + DK + /R + 17K +4n(¢ + DKOLU

Li N(t) <
imsupN (1) < T

t—co

Since the components of the sum N(t) are non-negative, we conclude
that n;(t) is bounded for eachi = 0,1,---,7.
Next, it is clear to see by a comparison argument that

¢

limsupc;(t) < ﬂ", i=0,1,2,.2,

=00

and so we may conclude that c;(t) are bounded.
We have successfully shown that solutions of the regional model with
non-negative initial conditions are non-negative and bounded.[]

While an analytic investigation of system (34) - (40) can be chal-
lenging to perform due to the potentially large number of equations, we
may establish a result which is analogous to Proposition 3.2 of the local
model. In particular, we may establish the a sufficiently large oncolysis
rate leads to stability of a tumour-dominant steady state. We begin by
showing the existence of this steady state.

Since we are also interested in obtaining results related to the
spreading speed away from node i, i.e., 1;, we rewrite the function P;(x)
from Eq. (41) by defining the dimensionless quantity p;(x) :=1 — e™*%,
hence allowing us to formulate P;(x) in terms of the spreading speed.
That is,

Pi(x) = n;pi(x). (42)

For the remainder of this subsection, we consider only the case where ¢,
=0fork =0,1,2,-, 7. Biologically, this condition corresponds to the
case with no external oxygen input. Furthermore, we consider the case
where a tumour cell may only travel forward through the network (i.e.,
in the right, R, direction). Hence, we set gjg = 1 and gj;, = 0 forj = 0,1,
2, ---, ¢. This is biologically consistent with the unidirectional flow of
tumour cells through the lymphatic system [48].
A virus-free or tumour-dominant steady state is of the form

E, = (uo,no, uy, 0y, =+, U, N, Co, €1,y o, Cp)

(5,0,u3,0,+,13,0,0,0, -, 0),

(43)
forie {0,1,--,¢}, where u} > 0.

It follows from system (34) - (40) that the components of the tumour-
dominant steady state satisfy the equations

r (17;—2> :110(1 767/1"'4“),

r,u,(l—%) ==t (1—e ) g (1—e ™) i€{1,2,,0 =1},

Ur —Ap_iu
r]u/(l_K_f> :—7’]/7114(;1(1—6 e K")A

(44)
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The existence of the solution 1, < Ky of the first equation of system (44)
is clear. The solutions of the remaining equations of this system may
subsequently be obtained by solving for u; recursively, given u; ;.
Based on a numerical exploration of the system (see Section 6), we
also require that uf > K; fori € {1,2,---,¢}. It is trivial to see that this
inequality holds for i = ¢. To ensure that this inequality is true for all
other values of i, it is sufficient to consider the additional condition

107;_,

K,‘ <
n;

(45)

u_ (I—e™m), i€ {1,2,,0—1}.

These upper bounds on K; come from system (44) and from p;(K;) =
7/10. They may be obtained recursively given u} ;.

Let J = [J] € R *3x(37+3) be the Jacobian matrix of system (34) -
(40).

We are now in a position to establish the stability of E,. To do so, we
make use of the Gershgorin Disc Theorem [47] which is stated as
follows.

Lemma 5.1. (Gershgorin Disc Theorem [47])
A = [Ay] in C™". Define

Consider an n X n matrix

R = Z |A5], |zl is the modulus ofz € C.
J=1
J#i

If 2 € C is an eigenvalue of A, then

AE U{z € C:lz—Au <R}

i=1

The circles of the form {z € C: |z—A;| <R;}cC in Lemma 5.1 are
also called Gershgorin discs. Since all eigenvalues of A are contained in
these discs, we may bound the real part of these eigenvalues above by
0 by ensuring that all of the Gershgorin discs lie in the left half of the
complex plane.

We use the following approach in order to find sufficient conditions
for the local asymptotic stability of E,:

1. Linearize system (34) - (40) at the steady state E,. Let J(E,) = [J;j(Ey)]
denote this matrix.

2. For all i, compute R; by adding the absolute value of all of the off-
diagonal elements in row i of J(E,), as in Lemma 5.1.

3. Find conditions (if any) such that Vi € {1, 2, -, 3¢ + 3} : Ju(Ey) +
R; < 0. If this is possible, then all of the eigenvalues of J(E,) have
negative real part and hence, E, is locally asymptotically stable.

For notational convenience, note that system (34) - (40) may be
written in the form

du; _
ar = % i(to, M0, Ur, M,y =, Up g, Co,y €1y voey Cr ),y
d}’li
A = Ai(uo, o, Uy, 1y, Ug, N, Co, C1y oo, Cr )y
dCi

ol
a = Ci(uo, no, ty, My, =+, U, Mg, Co,y €Ly ey Cr)s

wherei = 0,1,2,---, 7, for appropriately defined functions %;,./7, and
;.
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We begin by noting that the diagonal elements of J(E,) are

o 2ry .
ey =n = ) A ), =2 (0,
d%ﬂ- o, ‘90[ " . . )
a_nl_‘&, _rZ_E"‘;"'__Yo ’lil’i(”i)v J=2i+2, 16{0717"'7f—1}7
oWy 2r .
Ji(E,) = ouy B :rJ*Kf;M,g, j=20+1,
6./1"”/ rn o, 00 M; .
—— g, =n——u - =20+2
anf Eu r a Y05 J + 2,
07;
Sl =P, j=2043+i, i€{0,1,¢},

To ensure that the eigenvalues lie in the left half of the complex plane, it
is sufficient to find conditions such that J;(E,) + R; < 0 for all i.
We begin by computing J11 (E,) + R; which yields

0%, 0%y 0%y 2 az/o L 9% 0%
M) +R =5, ‘Gn £ ’ v +; B+ [ 15| + o, =

2r . Oou, "
=1 = ety = o [po (5) + Aotge "] + K‘ 3+—° &+ odotpe "
0

u; Oou;
_ 1% bolly
rl( Kn) S g = MoPo (MO)

This quantity is negative for a sufficiently large spreading speed away

from the primary tumour site, ,. In particular, this is true if Condition (46) is sufficient for the negativity of this quantity since r; >
1 P r, and hence, no additional conditions are necessary.
Ny > —*{rl (1 MO) +°—u°}. (46) We now consider the case # > 1, i.e., there are at least two lymph
Do(up) Ko e}

nodes in the network. Let.” : ={1,2,--- ./ — 1}.Fori € .7, we define k : =

Next, computing Joz(Ey) + Ry yields 2i+ 1. Then we have

a/l 0 o ,,0 0 Z/(; ‘ 6,4/}() 0 N 0
Jn(E,) +R, = .
22( ) +R, ong |Et, Oug E, dco |l:,, + !z:]: auj E, 0c Il:,,
r ,  Gou, .
_rZ_K_Z ot —— = _’70170(”0)~
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o0, 0?/,» o0, oY, (3// 0?/,~
JulE) +Re =5 e, +‘ IS ( o o - E")
! Ci jer\{i} J
27‘] * * * =il * 00”:
:rlf?iui*ﬂi[i(ui)%*ﬂiuie}']+El @

-+ ﬂiliureid'u’* + iy [szl (u,il) + 2/1[71“;*71671'7”4‘1']
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N Oou” .
- "(1 ’u*') g i) [ (1) 2],

Since u; > K;, the negativity of the above quantity follows given the
following condition:

In order to ensure negativity of this quantity, it suffices to impose the
condition

us Oout " P .
" <l a fl) < 7% =My [Pt (uy) + 2250 e ] 47
‘ ’ Yo > P (), (49)
12 n;
(12pfl oK < o] R . T (48) which is a condition for the local asymptotic stability of the tumour-
rn+ { iy i () + 2] dominant steady state which is similar to that of the local model in

Biologically, this condition corresponds a sufficiently small carrying
capacity of the lymph nodes.

Section 3.
Finally, we consider the final node in the network, lymph node #. We
have

Next, fori € .7, let k = 2i+ 2. We have

Jo(E) + R — oN'; oN'; 4 oN'; n | 6./1"”; . dﬂ*ﬂ-'
ki (L kT g B Ou; dc; ‘B E, 0nj E, ac;
/E/\{t)
ry . Got . R
=n _f T+ @ Yo — ’1,-17:'(“1) + 1P (”H)'

o a% a//f (|07 Rz |0% ¢
Jorinaesny(Ey) + Rapyy = ——] ‘ + I |, | + I
(26+1)(2¢+1) + Ouy E,, E. - |()u |E, 0}1 |E, | 0cj |E,

2r Gou u*
:rliKil"?’JrK K+L+ﬂf Vpear (py) + 22emaup_e 7]
¢

:r1<1 Z) +h+m} pemt (U5)) + 2 gu_ e M ]

It is clear that this quantity is negative if condition (48) is satisfied fori =

?. Next,
Ny oNy Ny Gl Ny oNy oN'e
J E)+R =7 / =7
e+ ee+2) (Bu) + Rarya on, o, I, dc, Eu + ,:Zo ouy o, le, ac; IE,
r " 9014* «
=r - E”f + a—f — Yo+, pe ().
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It is again clear that this quantity is negative if condition (49) is satisfied
fori =7¢.

Finally, define .7 : = {0,1,2,--,¢}.Forie 7, we definek : =27 + 3
+ i. It follows that

0¢; 0%, 0¢; 0¢;
Jiu(E, Ry =
w(Eu) + Ry dc; £ ou; 'En + on; ‘B + Z < ou; Eu
jer\{i}
n 6%’,1 n ()E"}‘
()n/- Ey ac/ Ey
=—p-—qu;.

Hence, Jix(Ey) + Rk < 0. By Lemma 5.1, we conclude that if all of the
above conditions are satisfied, then E, is locally asymptotically stable.
We state this result in the following proposition.

Proposition 5.1.  Consider system (34) - (40) when ¢, = 0, qxr = 1, and
gkr = 0fork =0,1,2, -, . The tumour-dominant steady state E,, is locally
asymptotically stable if the following conditions are satisfied:

Mathematical Biosciences 365 (2023) 109073

external oxygenation. Similarly to the local model, we see that
hypoxic environments are beneficial to the tumour cells and reduce
the efficacy of the adenovirus. Condition 1 of the proposition rep-
resents a sufficiently large rate of spreading of tumour cells away
from the primary tumour. Condition 2 represents smaller carrying
capacities of the lymph nodes - this is not surprising, as tumour cells
will more easily spread away from lymph nodes with lesser carrying
capacities, i.e., due to less available resources. Condition 3 once
again mirrors an important insight from the local model — the
oncolysis rate must not be too large in relation to the infection rate
for an OV to be effective. However, this condition now comes with
the additional consideration of incoming tumour cells from the
previous lymph node in the network. In general, in a clinical setting,
the model suggests effective treatment with an OV requires the en-
gineering of a virus with a sufficiently large infection rate under
hypoxic environments, which takes into account the spreading speed
of the tumour cells as well as the carrying capacities of the lymph
nodes. We further explore the implications of the regional model in
the next section.

6. Numerical simulations: Regional model

Due to the lack of analytic tractability of system (34) - (40), we
perform simulations to investigate the dynamics of this system. The
primary tumour parameters (except for 6 and y) are pulled directly from
Table 2. The parameters K; and ¢; are estimated by taking into account

1.
1 u 0014*
>——1r(1 ——°> +—"}-
o po(ué){ '< Ko) @
2. Fori =1,2,---,¢,
109, . ‘
K; < min n’fluf,l (1—eia), o’ -

rot S

3. Fori =1,2,---,¢,
Oout; .
I >%+’7[71Pi—1(“14)~

Proposition 5.1 has some significant biological implications.
Since this proposition gives conditions for the stability of the tumour-
dominant steady state, the conditions being satisfied represents a
clinically unfavourable outcome. The condition ¢, = 0 represents no

le6

1.0
£
£ 0.8
=
K
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[]
[a]
% 0.2
il ——

0.0
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(a)

[Pio1 () + 224 uffle’“’l"ril]]

the corresponding tumour parameters, Ky and ap. In particular, for all i,
we take 1; = 0.0002 days ™!, K; = Ko /10 and @; = ap/10. Note that these
parameters are the same for all lymph nodes. We make the biologically
reasonable assumption that cells have a higher probability of migrating
away from the primary tumour, i.e., in the direction of increasing node
index. Hence, we set 1, = g2 = g3 = 0.05and g1 g = q2g = 0.95.
In Fig. 13, we compare the case of no external oxygen input, ¢, =0,
to the case of some external oxygen input, ¢, = 10* mM day!. We
graph the total number of tumour cells, u;(t) + n;(t) over the course of 80

" 400000
£
)
E 300000 —— Primary Tumour Cell Density
~ —— Lymph Node 1 Cell Density
3- —— Lymph Node 2 Cell Density
o 200000 = Lymph Node 3 Cell Density
g
a
= 100000
[}
K] ///

0
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Time (days)
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Fig. 13. The impact of oxygenation rate of the primary tumour, ¢,, on the tumour cell density at the primary site and the first three lymph nodes in a network. (a)
The case of no external oxygenation, ¢, = 0. (b) The case where ¢, = 10* mM day!. There is a marked reduction in long-term tumour cell density when

oxygenation is increased.
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Fig. 14. Dynamics of the regional model in a case where 6(c) > (a/K)y(c). (a) The case of no external oxygenation, ¢, = 0. (b) The case where ¢, = 10* mM day*.
There is a very sharp reduction in long-term tumour cell density at the site of the primary tumour but the impact on the lymph nodes is much less pronounced.
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Fig. 15. Maximum tumour cell density at the location of the primary tumor over the course of 80 days after treatment for various values of 6 and y.
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Fig. 16. The impact of oxygenation rate at the primary tumour site and the first three lymph nodes in the network. (a) Uninfected tumour cell density at the primary
tumour and at each node. (b) Infected tumour cell density at the primary tumour and at each node.

days. The functions 6(c) and y(c) are given by Eqgs. (33), where 6y = favourable clinical outcome in the local model. The model assumes that
0.005115,60,, = 1.0,ky = 0.08,7, = 0.1,y,, = 0.9, and k, = 0.08. These external oxygenation may only be performed on the primary tumour site
parameter values are similar to the ones used in Fig. 10 — they yield a —not at the lymph nodes. From Fig. 13 (a), we see that in the case where
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no external oxygen is provided, the tumour cells ultimately dominate at
the primary tumour site and also approach a value near the carrying
capacity at the lymph nodes. This unfavourable result is in stark contrast
to the results of Fig. 10, in which the tumour cells are either eradicated
or kept under control. On the other hand, in the case of external
oxygenation seen in Fig. 13 (b), there is a sharp drop in the total tumour
cell density. Namely, from a peak value approaching the carrying ca-
pacity at the primary site to approximately 4.47 x 10° cellsymm?. This
is a result of the benefit which the OV acquires as a result of an oxygen
rich environment. This is consistent with the benefit consistently seen
when treating cancer in oxygen-sufficient tumour microenvironments
compared to hypoxic microenvironments. Even though the oxygenation
occurs only at the primary tumour sites, the model allows for the pro-
liferation of infected tumour cells through the lymphatic vessels into the
lymph nodes, and hence the oxygenation also confers an increase in the
efficacy of the OV treatment at the lymph nodes.

To this end, we turn our attention to the behaviour at the lymph
nodes. In Fig. 13 (a), the total tumour cell density across all three lymph
nodes in the long-term is approximately given by the sum of their car-
rying capacities. In Fig. 13 (b), as a result of external oxygenation, it
takes a longer period of time for the tumour cell densities at the lymph
nodes to reach their carrying capacities. This is because the benefit of the
oxygenation here is less direct — the oxygenation is only occurring at the
primary site. There is still an indirect benefit, however, as a marked
decrease of tumour cells at the primary site will result in slower
spreading rates.

In summary, Fig. 13 further illustrates the importance of the oxygen
concentration in treatment with adenoviruses, a result which is consis-
tent with the existing oncology literature [38]. It may also be worth
noting that in contrast to Fig. 13 (a), the tumour cell density at lymph
node 3 eventually dominates the tumour cell density at lymph node 1 in
Fig. 13 (b). This may be explained by the fact that oxygenation occurs at
the primary tumour site and, therefore, the infected cells are initially
closer to the lymph nodes closer to the primary site rather than the
subsequent lymph nodes in the network. Hence, lymph node 1 has a
slightly greater benefit from the OV treatment than do lymph nodes 2
and 3.

From the local model, we found that having a lower virus-induced
death rate compared to the infection rate tends to yield more favour-
able clinical outcomes. To this end, we investigate the dynamics of the
regional model in the case where 6(c) > (a/K)y(c) for all c > 0. We set 6
= 0.05115,0,, = 2.115,ky = 0.016 and y(c) = 0.005115 for all ¢ > 0.
We once again plot the cases ¢, = 0 and ¢, = 10* mm day .

Fig. 14 shows that the impact of having a sufficiently low virus
oncolysis rate in the regional model is consistent with the local model.
Once again, the effect of an increased external oxygenation rate is much
more pronounced at the primary tumour compared to the lymph nodes.

Motivated by Fig. 14, we now consider the impact of the infection
rate, 6, and the virus-induced death rate, y, on the regional model. These
parameters were considered extensively in the numerical simulations of
the local model in Section 4. In this case, we consider keeping 6 and y
constant rather than as functions of oxygen concentration. The results of
the simulations are plotted in Fig. 15.

In Fig. 15, we plot the maximum value of the tumour cell density at
the primary tumour site over the course of 80 days after OV treatment.
That is, we plot max{uo(t) + no(t)} for different values of ¢ and y.
Consistent with our prior results, we can again visualize the relationship
between infection and oncolysis. We see that increasing the virus-
induced death rate to a much greater value relative to the infection
rate leads to an unfavourable outcome (red region). This also occurs if
the virus-induced death rate is too small, regardless of the value of the
infection rate. Therefore, this provides further evidence of the impor-
tance of a high infection rate and a oncolysis rate that is not too low in
oder to obtain favourable results (blue region).

Finally, we address the case where 6 and y depend on the oxygen
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concentration. In particular, we assume that we have some mechanism
through which to administer external oxygen to the lymph nodes and set
¢ =10* mM day ! fork =1,2,---,7.

Fig. 16 shows the case of oxygen dependence of the infection rate and
the oncolysis rate. In this case, there is a marked reduction in the total
tumour cell density in all compartments. Fig. 16 (a) shows the unin-
fected tumour cell density, u; and Fig. 16 (b) shows the infected tumour
cell density, n;. In contrast to the case of no oxygen input at the lymph
nodes, the infected tumour cell density at each lymph node asymptoti-
cally approaches a value below the carrying capacity of its corre-
sponding node. This provides further evidence which supports the lack
of efficacy of oncolytic adenoviruses in hypoxic environments and the
increased efficacy of these OVs when external oxygenation is provided.

7. Conclusion and discussion

From the mathematical results of this work, as well as the simula-
tions, the importance of the functions 6 and y are emphasized. Biologi-
cally, this refers to the interplay between viral infection rate and the
virus-induced death rate of the cancer cells. If the virus-induced can-
cer cell death rate is too large compared to the infection rate, the cancer
cells end-up dominating in the long-run. This is a reflection of the virus
not being able to infect cells faster than the infected cells are destroyed.
On the other-hand, if the infection rate of the OV is significantly large
compared to the virus-induced death rate in all oxygen environments,
the infected tumour cells will dominate in the long-run and will reach
some steady state. This steady state may represent the case where we
avoid uncontrollable cancer cell growth as the number of cells will not
approach the carrying capacity. This translates to a favourable clinical
result. On the other hand, it may also represent a state in which the
infected tumour cells dominate at the carrying capacity if the OV
tumour-destroying capabilities are too low. For this reason, we suggest
that when engineering OVs, it is important to ensure that these viruses
have greater infection capabilities than they have oncolytic capabilities
while ensuring that the virus-induced death rate is not too low. In
particular, our results suggest that maintaining high viral infection rates
tends to lead to clinically favourable results regardless of oxygen con-
centration of the tumour microenvironment. Two approaches which
have been identified for the production of efficient OVs under hypoxic
conditions are direct genetic engineering and directed evolution [38].
While successes from taking a direct engineering approach have not
yielded consistently favourable results, the approach of using directed
evolution may offer a solution to creating potent OVs. While beyond the
scope of this paper, more details on this approach can be found in [1].
Our findings on the importance of the infection rate are consistent with
[21,23] and offer further insight on a growing body of literature
regarding efficacy of engineered viruses [21,23,25].

Another important component of this paper is the modelling of the
impact of hypoxic conditions on OV treatment efficacy. As previously
stated, the modelling suggests that significantly high infection rates are
preferable under any oxygen conditions. However, another layer of
complexity is added when considering the threat of toxicity which the
OV poses toward healthy cells [39]. Furthermore, having a
virus-induced death rate which is too low will lead to a decreased mor-
tality of cancer cells. Hence, it is not sufficient to simply conclude that
engineering extremely infectious viruses is the solution. Instead, we
proposed taking into account the effect of different oxygen conditions
and hypoxia when constructing the OVs. To address this, we considered
the case in which which function dominates, 6 or y, depends on the
oxygen concentration. A favourable result occurs when y dominates for
low oxygen concentrations but ¢ dominates for high oxygen concen-
trations. Hence, we conjecture that another consideration of engineering
OVs is whether or not the tumour microenvironment is hypoxic. The
preferential virus characteristic would be to have greater oncolytic ca-
pabilities in hypoxic environments and greater infectious capabilities in
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more oxygen-rich environments. According to the modelling, this may
lead to stability of a steady tumour load rather than uncontrollable
growth. However, we also found that making the virus-induced death
rate too great under hypoxic conditions also leads to a reduction in the
efficacy of the treatment, as the infected tumour cells die faster than they
may infect the remaining susceptible tumour cells.

We extended the model to a regional model which incorporated
spatial structure through considering the axillary lymph nodes. This was
done by considering ODEs on a one-dimensional lattice. This natural
extension captures the invasive nature of melanoma (and many other
invasive cancers). Once again, the importance of considering oxygen
cannot be understated. When considering a system with three lymph
nodes, we found that providing oxygenation at the site of the primary
lesion (through an external oxygen source) yields an approximately 72%
decrease in tumour cell density at the site of the primary lesion. Lymph
nodes closer to the site of oxygenation similarly obtained benefit from
more hyperoxic conditions. This benefit of external oxygenation in
(various forms of) the treatment of cancer has also been observed clin-
ically, such as in the use of hyperbaric-oxygen therapy [41]. Our sim-
ulations further support these experimental findings. We also found that
the impact of the infection rate, 6, is also present in the regional model
and the findings were consistent with those of the local model. This leads
us to further stress the importance of oxygen rich microenvironments
being used in tandem with highly infectious OVs.

This model may be further enhanced by the addition of a variable
which accounts for the free virus particles. Although this would increase
the complexity of system in terms of mathematical analysis, it would
lead to more interesting dynamics, biologically. In terms of the param-
eters, the growth rate of tumour cells also depends on the available

Appendix A. Appendix
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oxygen of the tumour microenvironment [2]. Hence an important next
step is the use of growth rates which depend on the oxygen concentra-
tion, i.e., ri(c), r2(c). Future work also includes adding a continuous
spatial structure to the model, i.e., through the use of PDE modelling.
This can take into account the spatial properties of the tumour as well as
the efficacy of OV treatment in the context of metastatic disease by
modelling cancer cell spreading at the site of the primary lesion.
Extending the types of geometry of the lattice representing the
lymphatic network is also an important next step. For example, this
involves allowing certain lymph nodes in the network to have connec-
tions with multiple neighbouring lymph nodes. From a clinical
perspective, incorporating the use of conventional chemotherapy along
with the virotherapy is also likely to provide potentially useful insights.
Finally, the toxic effects of an increased tumour cell infection rate may
also be worth considering in order to model a more comprehensive
treatment approach.
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The code used to plot the solutions of both the local ((1) - (3)) and regional (system (34) - (40)) models is given below. To obtain plots for the local
model, we may set the spreading rate of tumour cells away from the primary tumour, #,, to 0. For non-negative #; values, the code produces plots

which include lymph node involvement.

I import numpy as np
import matplotlib.pyplot as plt
3 from scipy.integrate import odeint

5 #Parameters:

rrl, r2 = 0.3954, 0.21;

s K, alpha = 1le6, 1leb;

o phi, beta, ql, q2 = le4, 5.0976, 5.47e-5, 0.5*(5.47e-5);
10 thetaO, thetainf, k_theta = 0.005115, 2.115, 0.016

11 gammaO, gammainf, k_gamma = 0.1, 0.9, 0.08;

12

13 K1, K2, K3 = K/10, K/10, K/10;

14+ alphal, alpha2, alpha3 = alpha/10, alpha/10, alpha/10;

15 K_values = [K,K1,K2,K3];

17 eta = 0.0002;
15 eta_values =

#Functions:
21 def theta(x):

)

#Comment this out if eta not constant.
[eta for i in range(4)] #The case with 3 lymph nodes.

return thetainf*theta0/(theta0 + (thetainf - thetaO)*( np.exp((-1)*k_thetax*x))
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def gamma(x):

return gammainf*gammaO/(gammaO + (gammainf - gammaO)*( np.exp((-1)*k_gamma*x)
))

def p(i,x):
Lambda = ((-1)*np.log(0.3))/K_values[i] #start at i = 0

return 1 - np.exp((-1)*Lambda*x)
def ODEs(x,t):

u, n, ¢, ul, ni, ci1 = x[0], x[1], x[2], x[3], x[4], xI[5]
u2, n2, c2 = x[6], x[7], xI[8]
u3, n3, c3 = x[9], x[10], =x[11]

dudt = ri*xu*x(1 - (u+n)/K) - ((theta(c))*n*u)/(alpha + n) - eta_values [0]*ux*p
(0,u+n) + 0.0b*eta_values [1]*ul*p(1l,ul+nl)

dndt = r2*n*(1 - (u+n)/K) + ((theta(c))*n*u)/(alpha + n) - (gamma(c))*n -
eta_values [0]*n*p(0,u+n) + 0.05*eta_values[1]*ni*p(1l,ul+nl)

dcdt = phi - beta*c - ql*u*c - qg2*nx*c

duldt = ri*ul*x(1 - (ul+nl)/K1) - ((theta(cl))*nl*ul)/(alphal + nl) -
eta_values [1]*ul*p(1,ul+nl) + eta_values[0]l*uxp(0O,u+n) + 0.05*eta_values [2]=*
u2*p(2,u2+n2)

dnldt = r2*nl1*(1 - (ul+ni1)/K1) + ((theta(cl))*ni*ul)/(alphal + n1l) - (gamma(cl
))*nl - eta_values [1]*nil*p(1l,ul+nl) + eta_values [0]l*n*p(0,u+n) + 0.05%
eta_values [2]*n2*p(2,u2 + n2)

dcidt = (-1)*beta*cl - qlxul*cl - g2*nlxcl

du2dt = ri1*u2*(1 - (u2+n2)/K2) - ((theta(c2))*n2+%u2)/(alpha2 + n2) -
eta_values [2]*u2*p(2,u2+n2) + 0.95*xeta_values[1]*xul*p(l,ul+nl) + 0.05%
eta_values [3]*u3*p(3,u3+n3)

dn2dt = r2*n2*(1 - (u2+n2)/K2) + ((theta(c2))*n2*u2)/(alpha2 + n2) - (gamma(c2
))*n2 - eta_values [2]*n2*p(2,u2+n2) + 0.95%eta_values[1]*nl*p(1,ul+nl) + 0.05%
eta_values [3]*n3*p(3,u3+n3)

dc2dt = (-1)*beta*c2 - ql*u2*c2 - g2*n2*c2

du3ddt = ri1*u3*(1 - (u3+n3)/K3) - ((theta(c3))*n3*u3)/(alpha3 + n3) - 0.05%
eta_values [3]*u3*p(3,u3+n3) + 0.95*%xeta_values [2]*u2*p(2,u2+n2)

dn3dt = r2*n3*(1 - (u3+n3)/K3) + ((theta(c3))*n3*ul)/(alpha3 + n3) - (gamma(c3
))*n3 - 0.05*eta_values [3]*n3*p(3,u3+n3) + 0.95%xeta_values [2]*n2*p(2,u2+n2)
dc3dt = (-1)*beta*c3 - gl*u3*c3 - g2*n3*c3

return [dudt, dndt, dcdt, duldt, dnidt,dcldt, du2dt, dn2dt, dc2dt, du3dt,
dn3dt, dc3dt]

#Initial conditions:
u0, n0, cO0, ui0, n1i0, c10 = 10000,100, 4.3751, 0, O, 4.375;
u20, n20, c20 = 0, O, 4.375;

> u30, n30, c30 = 0, O, 4.375;
; init_0 = [u0, nO, cO, uil0, n10, c10, u20, n20, c20, u30, n30, c30];

5 #Numerically solving and plotting the solution of the regional model:

t = np.linspace (0,80,10000) ;#domain
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6s X = odeint (ODEs, init_0,t); #integrating

wou, n, ¢ = x[:,0], x[:,1]1, x[:,2];
71ul, n1, c1 = x[:,3], x[:,4], x[:,5];
72 u2, n2, c2 = x[:,6], x[:,7], x[:,8];
73 u3, n3, c3 x[:,9], x[:,10] ,x[:,11];

75 plt.plot(t,u+n,’red’,label="Primary Tumour’,linewidth=3);

76 plt.plot(t,ul+nl,’green’,label="Lymph Node 1’,linewidth=3);

77 plt.plot (t,u2+n2, ’blue’,label="Lymph Node 2’,linewidth=3) ;

7s plt.plot (t,u3+n3, ’purple’,label="Lymph Node 3°’,linewidth=3);

79 plt.x1lim (0)

so plt.ylim (0)

s1 plt.legend ((’Primary Tumour Cell Density’, ’Lymph Node 1 Cell Demnsity’, ’Lymph
Node 2 Cell Density’, ’Lymph Node 3 Cell Demnsity’),

82 loc=’upper right’)

83 plt.ylabel ("Cell Density (cells/mm$"3$)")

s1 plt.xlabel ("Time (days)")

The following code produces the heatmap in Fig. 15. This multi-parametric analysis shows the peak tumour density value for various values of
constant ¢ and y over an interval of 100 days after initial OV treatment is administered.

1 t_val = 100; #Solve over this interval.

2 N = 100; #N+1 values of theta and gamma used.
3 theta_values [0.01*%i for i in range(O,N+1)1];
. gamma_values [0.01*xi for i in range(O0,N+1)1];
5 max_cancer_cells = [[] for i in range(O,N+1)1];

71 = 0;

¢ for j in theta_values:
9 thetal = j;

10 thetainf = j;

12 for k in gamma_values:

13 gammal = k;

14 gammainf = k;

15

16 x = odeint (ODEs, init_0,t);
17

18 u = x[:,0];

19 n = x[:,1];

20 c =x[:,2];

21

22 max_cancer_cells[i].append ((max (u+n)));
24 i=1i+ 1;

26 plt.xlabel ("Virus-Induced Death Rate ($\gamma$)")
27 plt.ylabel("Infection Rate ($\Theta$)")

20 img = plt.contourf (theta_values,gamma_values ,max_cancer_cells ,100, cmap=’rainbow’)
30 plt.colorbar (img)
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