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Abstract We consider a system of nonlinear delay
differential equations that describes the growth of the
mature population of a species with age-structure liv-
ing over three patches. We analyze existence of non-
negative homogeneous equilibria and their stability
and discuss possible Hopf bifurcation from these equi-
libria. More precisely, by employing both the stan-
dard Hopf bifurcation theory and the symmetric bi-
furcation theory for functional differential equations,
we obtain very rich dynamics for the system, includ-
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ing bistable equilibria, transient oscillations, synchro-
nous periodic solutions, phase-locked periodic solu-
tions, mirror-reflecting waves and standing waves.
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1 Introduction

Recently, So et al. [10] derived a model for a single
species living in two patches with age-structure, and
investigated existence and stability of non-negative
homogeneous equilibria, and the Hopf bifurcation
from them. Under some suitable conditions on the
maturation age r , the mature and immature dispersal
rates Dm and DI , the mature and immature death rates
dm and dI , they observed that the transient oscillations
may occur near the intermediate equilibrium. Near the
largest positive equilibrium, synchronized periodic os-
cillations and unstable phase-locked oscillations may
occur simultaneously. Stability and the bifurcation di-
rection of the periodic waves from Hopf bifurcation
were not discussed in, and as was pointed out in, the
global dynamics of the model is far from being com-
pletely understood at this moment.
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The system in [10] consists of only two equations,
and the characteristic equation at an equilibrium has
the form

(
λ + k1 + l1e

−λr
)(

λ + k2 + l2e
−λr

) = 0,

where ki, li , i = 1,2, and r are known constants.
Therefore, every possible pair of purely imaginary
roots of the characteristic equation is simple, and
hence, the standard Hopf bifurcation theorem for func-
tional differential equations (cf. Hale and Verduyn
Lunel [5], Hassard et al. [6]) can be applied.

However, if the number of the patches n ≥ 3, things
would be different. Taking n = 3 as an example, we
encounter a system of three equations. In this situation,
the characteristic equation at an equilibrium will be of
the form

(
λ + k1 + l1e

−λr
)(

λ + k2 + l2e
−λr

)2 = 0,

which may have purely imaginary roots that are not
simple, and thus, the standard Hopf bifurcation theo-
rem of functional differential equations does not ap-
ply. In this paper, we shall generalize the work of
[10] to the situation with three patches. Although
the derivation of the model equations is similar to
that in [10], for readers’ convenience, we give it in
Sect. 2. In Sect. 3, we analyze existence of possible
homogeneous equilibria and their stability, as well as
Hopf bifurcations from these equilibria. Depending on
whether the purely imaginary roots are simple or mul-
tiple, we apply, respectively, the standard Hopf bifur-
cation theory or the symmetric Hopf bifurcation the-
ory for functional differential equations. Interestingly,
by applying a theorem from [12], we obtain coex-
istence of phase-locked oscillations, mirror-reflecting
waves and standing waves. The results in this paper,
compared with those in [10], clearly show how the
number of patches would enrich the dynamics of the
model systems.

We point out that the model in this paper and the
one in [10] are both spatially non-local. Such non-
locality is a result of the maturation delay and the mo-
bility of the immature population, and thus, reflects
the duality of the time and space in nature. We would
also like to mention that the symmetric bifurcation the-
ory for functional differential equations has been re-
cently applied to a variety of model equations from
population biology and neural networks to obtain ex-
istence of various periodic solutions with certain sym-

metries, including phase-locked oscillations, mirror-
reflecting waves and standing waves (see, e.g., [1–4, 7,
8, 11–15] and the references therein).

2 Model derivation

Consider the population of a single species distributed
over three patches. Let ui(t, a) be the population den-
sity of the species of age a (0 < a < ∞) in patch i

(i = 1,2,3) at time t (t ≥ 0). In view of [9], we have

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂u1(t,a)
∂t

+ ∂u1(t,a)
∂a

= −d1(a)u1(t, a) + D21(a)u2(t, a)

+ D31(a)u3(t, a) − D12(a)u1(t, a)

− D13(a)u1(t, a),

∂u2(t,a)
∂t

+ ∂u2(t,a)
∂a

= −d2(a)u2(t, a) + D12(a)u1(t, a)

+ D32(a)u3(t, a) − D21(a)u2(t, a)

− D23(a)u2(t, a),

∂u3(t,a)
∂t

+ ∂u3(t,a)
∂a

= −d3(a)u3(t, a) + D13(a)u1(t, a)

+ D23(a)u2(t, a) − D31(a)u3(t, a)

− D32(a)u3(t, a),

(2.1)

where the non-negative functions di(a) (i = 1,2,3)

are the death rates of the individuals of age a in
patch i respectively, and the non-negative functions
Dij (a)ui(t, a) with j �= i correspond to the disper-
sal of the species at age a from patch i to patch j ,
1 ≤ i �= j ≤ 3, i = 1,2,3. We also assume that there is
no loss during migration from patch i to patch j .

Suppose that the population consists of two age-
structure groups: immature and mature, and denote the
maturation age by r > 0. For simplicity, we assume
that, for i, j = 1,2,3,

di(a) =
{

di,I (a) = dI (a), 0 ≤ a ≤ r,

di,m(a) ≡ dm, a > r; (2.2)

and

Dij (a) =
{

Dij,I (a) = DI (a), 0 ≤ a ≤ r,

Dij,m(a) ≡ Dm, a > r.
(2.3)
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Here dm and Dm are constants, I and m stand for im-
mature and mature respectively. Then, the adult (ma-
ture) population in the ith patch is given by

wi(t) =
∫ ∞

r

ui(t, a) da. (2.4)

Since only adults can give birth, we have

ui(t,0) = bi

(
wi(t)

)
. (2.5)

Here bi(wi(t)) is the birth function of the species in
the ith patch. It is biologically reasonable to assume
that ui(t,∞) = 0. By integrating (2.1) with (2.2) and
(2.3), from r to ∞, we obtain

d

dt
wi(t) = −

∫ ∞

r

∂ui

∂a
(t, a) da −

∫ ∞

r

di(a)ui(t, a) da

+
∑

j �=i

∫ ∞

r

Dji(a)uj (t, a) da

−
∑

j �=i

∫ ∞

r

Dij (a)ui(t, a) da

= ui(t, r) − dmwi(t)

+
∑

j �=i

Dmwj (t) −
∑

j �=i

Dmwi(t)

= −dmwi(t) + Dm

∑

j �=i

wj (t)

− 2Dmwi(t) + ui(t, r), (2.6)

which leads to
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

d
dt

w1(t) = −dmw1(t) + Dm(w2(t) + w3(t))

− 2Dmw1(t) + u1(t, r),

d
dt

w2(t) = −dmw2(t) + Dm(w1(t) + w3(t))

− 2Dmw2(t) + u2(t, r),

d
dt

w3(t) = −dmw3(t) + Dm(w1(t) + w2(t))

− 2Dmw3(t) + u3(t, r).

(2.7)

In the above, ui(t, r) accounts for the maturation force
from all patches into patch i. We need to express each
of ui(t, r) (i = 1,2,3) in terms of wi , i = 1,2,3. This
can be achieved by the same way as in [10], and we
give the details below.

Fix s ≥ −r , and let

V s
i (t) = ui(t, t − s), s ≤ t ≤ s + r (i = 1,2,3).

(2.8)

From (2.1) it follows that

d

dt
V s

i (t) =
[
∂ui(t, a)

∂t
+ ∂ui(t, a)

∂a

∂a

∂t

]

a=t−s

=
[
∂ui(t, a)

∂t
+ ∂ui(t, a)

∂a

]

a=t−s

= −di(t − s)V s
i (t) +

∑

j �=i

Dji(t − s)V s
j (t)

−
∑

j �=i

Dij (t − s)V s
i (t)

= −dI (t − s)V s
i (t) +

∑

j �=i

DI (t − s)V s
j (t)

− 2DI (t − s)V s
i (t), (2.9)

for t ∈ [s, s + r] and 1 ≤ i �= j ≤ 3. Summing up for
i = 1,2,3, we obtain

d

dt

[
V s

1 (t) + V s
2 (t) + V s

3 (t)
]

= −dI (t − s)
[
V s

1 (t) + V s
2 (t) + V s

3 (t)
]
. (2.10)

Solving this ODE for [V s
1 (t)+V s

2 (t)+V s
3 (t)] and us-

ing (2.5), we have

V s
1 (t) + V s

2 (t) + V s
3 (t)

= e
∫ t
s −dI (θ−s)dθ

[
V s

1 (s) + V s
2 (s) + V s

3 (s)
]

= e
∫ t
s −dI (θ−s)dθ

[
u1(s,0) + u2(s,0) + u3(s,0)

]

a=θ−s= e− ∫ t−s
0 dI (a)da

3∑

i=1

bi

(
wi(s)

)
. (2.11)

It follows from (2.8) and (2.9) that

d

dt
V s

1 (t)

= −dI (t − s)V s
1 (t) + DI (t − s)

(
V s

2 (t) + V s
3 (t)

)

− 2DI (t − s)V s
1 (t)

= −[
dI (t − s) + 3DI (t − s)

]
V s

1 (t)

+ DI (t − s)
[
V s

1 (t) + V s
2 (t) + V s

3 (t)
]

= −[
dI (t − s) + 3DI (t − s)

]
V s

1 (t)

+ DI (t − s)e− ∫ t−s
0 dI (a)da

3∑

i=1

bi

(
wi(s)

)

= −D∗(t − s)V s
1 (t)

+ DI (t − s)e− ∫ t−s
0 dI (a)da

3∑

i=1

bi

(
wi(s)

)
, (2.12)
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where D∗(a) = dI (a)+3DI (a). Solving this equation
gives

V s
1 (t) = e− ∫ t−s

0 D∗(a)dab1
(
w1(s)

)

+
[∫ t

s

e
− ∫ t−s

ξ−s D∗(a)da
DI (ξ − s)

× e− ∫ ξ−s
0 dI (a)da dξ

] 3∑

i=1

bi

(
wi(s)

)

= e− ∫ t−s
0 D∗(a)dab1

(
w1(s)

)

+ e− ∫ t−s
0 dI (a)da

[∫ t

s

e
−3

∫ t−s
ξ−s DI (a)da

× DI (ξ − s) dξ

] 3∑

i=1

bi

(
wi(s)

)
, (2.13)

which, together with (2.8), leads to

u1(t, r) = V t−r
1 (t) = e− ∫ r

0 D∗(a)dab1
(
w1(t − r)

)

+ e− ∫ r
0 dI (a)da

[∫ t

t−r

e
−3

∫ r
ξ−t+r DI (a)da

× DI (ξ − t + r) dξ

] 3∑

i=1

bi

(
wi(t − r)

)

= e− ∫ r
0 D∗(a)dab1

(
w1(t − r)

)

+ e− ∫ r
0 dI (a)da

∫ r

0
e−3

∫ r
θ DI (a)daDI (θ) dθ

×
3∑

i=1

bi

(
wi(t − r)

)
. (2.14)

Since
∫ r

0
e−3

∫ r
θ DI (a)daDI (θ) dθ

= 1

3

∫ r

0
e−3

∫ r
θ DI (a)dad

(
−3

∫ r

θ

DI (a) da

)

=
[

1

3
e−3

∫ r
θ DI (a)da

]r

0
= 1

3

(
1 − e−3

∫ r
0 DI (a)da

)
,

we can further express u1(t, r) as

u1(t, r) = e− ∫ r
0 D∗(a)dab1

(
w1(t − r)

)

+ 1

3

(
1 − e−3

∫ r
0 DI (a)da

)

× e− ∫ r
0 dI (a)da

3∑

i=1

bi

(
wi(t − r)

)

= 1

3
e− ∫ r

0 dI (a)da
(
1 + 2e−3

∫ r
0 DI (a)da

)

× b1
(
w1(t − r)

)

+ 1

3
e− ∫ r

0 dI (a)da
(
1 − e−3

∫ r
0 DI (a)da

)

× (
b2

(
w2(t − r)

) + b3
(
w3(t − r)

))

= 1

3
ρ(1 + 2r∗)b1

(
w1(t − r)

)

+ 1

3
ρ(1 − r∗)

(
b2

(
w2(t − r)

)

+ b3
(
w3(t − r)

))
, (2.15)

where

ρ = e− ∫ r
0 dI (a)da, r∗ = e−3

∫ r
0 DI (a)da.

In a similar way, we can obtain

u2(t, r) = 1

3
ρ(1 + 2r∗)b2

(
w2(t − r)

) + 1

3
ρ(1 − r∗)

× (
b1

(
w1(t − r)

) + b3
(
w3(t − r)

))
,

(2.16)

u3(t, r) = 1

3
ρ(1 + 2r∗)b3

(
w3(t − r)

) + 1

3
ρ(1 − r∗)

× (
b1

(
w1(t − r)

) + b2
(
w2(t − r)

))
.

(2.17)

Finally, substituting (2.15)–(2.17) into (2.7), we arrive
at the following model system for the adult population
growth in three patches:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

d
dt

w1(t)

= −(dm + 2Dm)w1(t) + Dm(w2(t) + w3(t))

+ 1
3ρ(1 + 2r∗)b1(w1(t − r))

+ 1
3ρ(1 − r∗)(b2(w2(t − r)) + b3(w3(t − r))),

d
dt

w2(t)

= −(dm + 2Dm)w2(t) + Dm(w1(t) + w3(t))

+ 1
3ρ(1 + 2r∗)b2(w2(t − r))

+ 1
3ρ(1 − r∗)(b1(w1(t − r)) + b3(w3(t − r))),

d
dt

w3(t)

= −(dm + 2Dm)w3(t) + Dm(w1(t) + w2(t))

+ 1
3ρ(1 + 2r∗)b3(w3(t − r)) + 1

3

× ρ(1 − r∗)(b1(w1(t − r)) + b2(w2(t − r))),

(2.18)
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where dm,Dm,b(w),ρ, r∗ are defined as above. One
important feature of this model (as well as the model
in [10]) is that the growth rate of the mature popula-
tion at time t in each patch depends on the births in all
patches at a previous time t − r , and such a delayed
non-locality is caused by the dispersion of the imma-
ture populations between the three patches.

3 Equilibria, stability and Hopf bifurcation

In general, the analysis of equilibria of (2.18) is diffi-
cult. In this section, we assume that the birth functions
for the three patches are identical, that is, bi(w) =
b(w), i = 1,2,3. Then (2.18) becomes

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

d
dt

w1(t)

= −(dm + 2Dm)w1(t) + Dm(w2(t) + w3(t))

+ 1
3ρ(1 + 2r∗)b(w1(t − r))

+ 1
3ρ(1 − r∗)(b(w2(t − r)) + b(w3(t − r)))

d
dt

w2(t)

= −(dm + 2Dm)w2(t) + Dm(w1(t) + w3(t))

+ 1
3ρ(1 + 2r∗)b(w2(t − r))

+ 1
3ρ(1 − r∗)(b(w1(t − r)) + b(w3(t − r)))

d
dt

w3(t)

= −(dm + 2Dm)w3(t) + Dm(w1(t) + w2(t))

+ 1
3ρ(1 + 2r∗)b(w3(t − r))

+ 1
3ρ(1 − r∗)(b(w1(t − r)) + b(w2(t − r))).

(3.1)

The equilibria for the above system satisfy
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−(dm + 2Dm)w1 + Dm(w2 + w3)

+ 1
3ρ(1 + 2r∗)b(w1)

+ 1
3ρ(1 − r∗)[b(w2) + b(w3)] = 0,

−(dm + 2Dm)w2 + Dm(w1 + w3)

+ 1
3ρ(1 + 2r∗)b(w2)

+ 1
3ρ(1 − r∗)[b(w1) + b(w3)] = 0,

−(dm + 2Dm)w3 + Dm(w1 + w2)

+ 1
3ρ(1 + 2r∗)b(w3)

+ 1
3ρ(1 − r∗)[b(w1) + b(w2)] = 0.

(3.2)

Since (3.2) is symmetric for w1,w2,w3, it is rea-
sonable to concentrate on the existence of homo-
geneous equilibria, that is, equilibria of the form

Fig. 1 The structure of solutions of (3.3)

E(w1,w2,w3) with w1 = w2 = w3 =: w. Obviously,
homogeneous equilibria of (3.2) are totally determined
by the scalar equation

dmw = ρb(w). (3.3)

For convenience, we denote α := e
∫ r

0 dI (a)da = 1
ρ

, and
as in [10], we choose a particular birth function

b(w) = w2e−βw, β > 0. (3.4)

This birth function corresponds to a one-hump per
capita birth rate we−βw which may account for the
Allee Effect in population biology. For this birth func-
tion, note that w = 0 is always a solution. For other
possible positive solutions, it is easy to obtain the fol-
lowing conclusions (see Fig. 1 for a demonstration):

(i) If α > 1
βdme

, then (3.3) has no positive solutions.

(ii) If α = 1
βdme

, then (3.3) has exactly one positive
solution.

(iii) If α < 1
βdme

, (3.3) has exactly two positive solu-
tions.

In order to study the stability of a homogeneous
equilibrium (w̄, w̄, w̄) of (3.1), we need to consider
the characteristic equation of (3.1) at the equilibrium:
∣
∣∣∣∣∣

λ + s1 −s2 −s2

−s2 λ + s1 −s2

−s2 −s2 λ + s1

∣
∣∣∣∣∣
= 0, (3.5)

where

s1 = s1(λ) := dm + 2Dm − 1

3
ρ(1 + 2r∗)b′(w̄)e−λr
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and

s2 = s2(λ) := Dm + 1

3
ρ(1 − r∗)b′(w̄)e−λr .

Simple calculation shows that (3.5) is equivalent to

(λ + s1 − 2s2)(λ + s1 + s2)
2 = 0. (3.6)

At the trivial equilibrium E0 = E(0,0,0), b′(0) = 0
gives s1 = dm + 2Dm and s2 = Dm, and thus, the cor-
responding characteristic equation becomes

(λ + dm)(λ + dm + 3Dm)2 = 0,

whose eigenvalues are all negative. Therefore, E0 is
always asymptotically stable.

From now on, we will assume the condition

α <
1

βdme
(3.7)

so that (3.1) has, in addition to the trivial equilib-
rium E0, two positive homogeneous equilibria denoted
by E∗ = (w∗,w∗,w∗) and E∗∗ = (w∗∗,w∗∗,w∗∗),
satisfying

0 < w∗ < 1/β < w∗∗ and dm < ρb′(w∗). (3.8)

Furthermore, since

b′(w) = we−βw(2 − βw),

b′′(w) = e−βw
(
2 − 4βw + β2w2),

b′
(

1

β

)
= 1

βe
, b′

(
2

β

)
= 0, b′(∞) = 0,

b′′(w) < 0, ∀w ∈
(

1

β
,

2

β

]
,

we conclude that

0 < b′(w∗∗) <
1

βe
if w∗∗ ∈

(
1

β
,

2

β

)
, and

(3.9)

b′(w∗∗) < 0 if w∗∗ ∈
(

2

β
,∞

)
.

In the sequel, we analyze the stability of these two
positive homogeneous equilibria. Note that λ satisfies
(3.6) if and only if

λ + s1 − 2s2 = 0, i.e.

λ + dm − ρb′(w̄)e−λr = 0,
(3.10)

or

λ + s1 + s2 = 0, i.e.

λ + dm + 3Dm − ρr∗b′(w̄)e−λr = 0.
(3.11)

For E∗, by (3.8) and the well-known results on
Hayes equation (see, e.g., Theorem A.5 in [5]), it fol-
lows that E∗ is always unstable.

For the stability of the largest equilibrium E∗∗, we
distinguish three cases:

• Case 1: w∗∗ ∈ (1β,2/β).
• Case 2: w∗∗ = 2/β .
• Case 3: w∗∗ ∈ (2/β,∞).

For Case 2 , b′(w∗∗) = 0, and hence (3.10) and (3.11)
become λ + dm = 0 and λ + dm + 3Dm = 0 respec-
tively. Obviously E∗∗ is asymptotic stable in this case,
since all roots of these two equations are real and neg-
ative. Thus, in the rest of this section, we only need to
consider the Cases 1 and 3.

Firstly we note that E∗∗ is stable when α is large (or
equivalently ρ is small, merely for mathematical pur-
poses), since roots of (3.10) and (3.11) are negative
real numbers when ρ → 0). E∗∗ may lose its stabil-
ity as α decreases to lower level, and this can happen
through the occurrence of pure imaginary roots of the
corresponding characteristic equation.

We first consider Case 3, implying b′(w∗∗) < 0.
Substituting λ = iω,ω > 0 into (3.10) and (3.11) and
separating the real parts from the purely imaginary
parts lead respectively to

dm = ρb′(w∗∗) cos(ωr), ω = −ρb′(w∗∗) sin(ωr),

(3.12)
dm + 3Dm = ρr∗b′(w∗∗) cos(ωr),

ω = −ρr∗b′(w∗∗) sin(ωr). (3.13)

The negativity of b′(w∗∗) implies that ωr is in the sec-
ond quadrant. Denote by θ = θ(u) the unique solution
of

−θ

ur
= tan θ, θ ∈

(
π

2
,π

)
. (3.14)

Let

α1 = −b′(w∗∗)
√

d2
m + [

θ(dm)
r

]2
,

α2 = −r∗b′(w∗∗)
√

(dm + 3Dm)2 + [
θ(dm+3Dm)

r

]2
.

(3.15)
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Then α1 (α2) is the first α value from the above for
which (3.12) (or (3.13)) has a pair of purely imaginary
roots ±iω1(±iω2), where

ω1 =
√[

b′(w∗∗)
α1

]2

− d2
m,

ω2 =
√[

r∗b′(w∗∗)
α2

]2

− (dm + 3Dm)2.

(3.16)

It is easily seen that θ(u) is increasing in u and hence,
0 < α2 < α1.

Due to the assumption (3.7), we would like to com-
pare α1 with 1

βdme
. Noticing that

min
w∈( 1

β
,∞)

{
b′(w)

} = −2 + 2
√

2

β
e−(2+√

2),

and using the inequality

e2+√
2 = e · e1+√

2

= e

[
1 + (

1 + √
2
) + (1 + √

2)2

2
+ · · ·

]

> e
(
2 + 2

√
2
)
,

we obtain

α1 ≤ 2 + 2
√

2

β

√
d2
m + [

θ(dm)
r

]2
e−(2+√

2)

<
2 + 2

√
2

βdm

e−(2+√
2) <

1

βdme
.

From the above, we conclude that when 1
βdme

>

α > α1, all roots of (3.10) and (3.11) have negative
real parts and thus, E∗∗ is asymptotically stable.

When α = α1, then all roots of (3.11) have negative
real parts, and (3.10) has a pair of purely imaginary
roots ±iω1 satisfying the following transversality con-
dition:

d Re(λ)

dα

∣∣
∣∣
α=α1

= − α2
1dm + r[b′(w∗∗)]2

α3
1 + 2α3

1rdm + α1[rb′(w∗∗)]2

< 0. (3.17)

Therefore, Hopf bifurcation occurs from the equilib-
rium E∗∗ at α = α1 (see [6]). The bifurcated periodic

solutions are synchronized because the synchronized
solutions of (3.1) are described by the scalar equation

dw(t)

dt
= −dmw(t) + ρb

(
w(t − r)

)

which has (3.10) as its characteristic equation at the
positive equilibrium w = w∗∗, and hence has a Hopf
bifurcation at α = α1 as well.

When α ∈ (α2, α1), all roots of (3.11) have negative
real parts, and (3.10) has a pair of conjugate complex
roots with positive real parts. Thus E∗∗ is unstable.

When α = α2, (3.10) has a pair of conjugate com-
plex roots with positive real parts, and (3.11) has a pair
of purely imaginary roots ±iω2 satisfying the follow-
ing transversality condition:

d Re(λ)

dα

∣∣∣∣
α=α2

= − α2
2(dm + 3Dm) + r[r∗b′(w∗∗)]2

α3
2 + 2α3

2r(dm + 3Dm) + α2[rr∗b′(w∗∗)]2

< 0.

Notice that the multiplicity of ±iω2 is 2 (see (3.6)),
and thus, the classic Hopf bifurcation theorem (see [6])
cannot be applied. However, (3.1) is a symmetric sys-
tem, and therefore, we can apply a Hopf bifurcation
theorem for symmetric functional differential equa-
tions (e.g., Theorem 2.1 in [12]) to explore symmet-
ric Hopf bifurcations near E∗∗ which may lead to the
existence of phase-locked periodic solutions, mirror-
reflecting waves and standing waves, as stated in the
following theorem.

Theorem 3.1 Assume that α < 1
βdme

, and w∗∗ ∈
( 2
β
,∞). Let α1 and α2 be defined as in (3.15).

(i) E∗∗ is asymptotically stable if 1
βdme

> α > α1,
and unstable when α < α1.

(ii) When α decreases to pass α1, (3.1) experiences a
Hopf bifurcation from E∗∗, giving rise to a syn-
chronous periodic solution with period T near
2π/ω1, where ω1 is defined in (3.16).

(iii) When α further decreases to pass α2, (3.1) expe-
riences a symmetric Hopf bifurcation from E∗∗,
giving rise to eight branches of asynchronous
periodic solutions with period T near 2π/ω2

(where ω2 is defined in (3.6)), and these branches
are:
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(iii-1) two phase-locked periodic solutions satis-
fying wj(t) = wj−1(t ± T

3 ), j (mod 3),
t ∈ R;

(iii-2) three mirror-reflecting waves satisfying
wi(t) = wj(t) �= wk(t) for t ∈ R and dis-
tinct i, j, k ∈ {1,2,3};

(iii-3) three standing waves satisfying wi(t) =
wj(t + T

2 ) for t ∈ R, i, j ∈ {1,2,3} and
i �= j .

Proof We have already shown the conclusions (i)–(ii)
before the theorem. The proof of conclusion (iii) can
be completed by applying Theorem 2.1 in [12]. To this
end, we need to verify all conditions of Theorem 2.1
in [12] for the model (2.18). Such verification work is
similar to those in [1, 3, 4, 15] for some neural network
models with a ring structure, for readers’ convenience,
we give the details below.

Let D3 be the dihedral group of order 6, and define
the action of D3 on R3 = {w : w = (w1,w2,w3)} by

(γw)j = wj−1, (κw)j = w3−j , j (mod 3),

where γ is the generator of the cyclic group Z3, and κ

represents the flip action. Then it is easy to show that
the right side of the system (3.1) is D3-equivariant (see
[12] for the definition of D3-equivariant), and thus the
assumption (H2) in [12] is satisfied.

Next, let

ξ = ei 2π
3 , vj = (

1, ξ j , ξ2j
)
, j = 1,2,

Δ(α2, iω2) =
⎛

⎝
λ + s1 −s2 −s2

−s2 λ + s1 −s2

−s2 −s2 λ + s1

⎞

⎠

∣
∣∣∣∣∣

α=α2
λ=iω2

,

where s1, s2 are as in (3.6) with w̄ = w∗∗. Then we
have

vT
j vi = 3 as i, j ∈ {1,2}, i �= j,

vT
j vj = 0 as j ∈ {1,2}, v1 = v̄2,

1 + ξj + ξ2j = 0, j = 1,2.

Noting that λ+ s1 + s2 = 0 when α = α2 and λ = iω2,
we obtain

KerΔ(α2, iω2) = span{v1, v2},
dim KerΔ(α2, iω2) = 4,

and we conclude that there exists a 2-dimensional ab-
solutely irreducible representation R2 of D3 such that

KerΔ(α2, iω2) is D3-isomorphic to R2 ⊕ R2. There-
fore, the assumption (H3) in [12] is also satisfied.

Thirdly, the generalized eigenspace corresponding
to ±iω2 consists of Re(eiω2v) and Im(eiω2v), where
v ∈ KerΔ(α2, iω2). Therefore, the assumption (H1) in
[12] is satisfied as well.

The above and (3.12) verify all the conditions of
Theorem 2.1 in [12] for system (3.1) at E∗∗. By
this theorem, we conclude that when α decreases to
pass α2, there are various periodic solutions bifurcated
from E∗∗. In order to apply Theorem 2.1 in [12] to ob-
tain the results in (iv-1)–(iv-3), we need to explore the
symmetries of these bifurcated periodic solutions. To
this end, we need some preparation.

Let τ = 2π
ω2

and S1 = {z : |z| = 1, z ∈ C}. Denote
by Pτ the Banach space of all continuous τ -periodic
mappings w : R → R3 with the supremum norm,
and let SPτ be the subspace of Pτ consisting of all
τ -periodic solutions of the linearization of (3.1) at
w = w∗∗ with α = α2. Then,

SPτ =
{

4∑

i=1

xiεi : xi ∈ R, i = 1,2,3,4

}

,

where

ε1 = cos

(
2π

τ
t

)
Rev1 − sin

(
2π

τ
t

)
Imv1,

ε2 = sin

(
2π

τ
t

)
Rev1 + cos

(
2π

τ
t

)
Imv1,

ε3 = cos

(
2π

τ
t

)
Rev1 + sin

(
2π

τ
t

)
Imv1,

ε4 = sin

(
2π

τ
t

)
Rev1 − cos

(
2π

τ
t

)
Imv1.

Let D3 × S1 act on Pτ by

(χ, θ)w = χw(t + θ), (χ, θ) ∈ D3 × S1, w ∈ Pτ .

Then, SPτ is a D3 × S1-invariant subspace of PT . In
the rest of the proof, we need to identify all subgroups
of D3 × S1 satisfying the conditions of Theorem 2.1
in [12], by which we can obtain (iii-1)–(iii-3).

Proof of (iii-1) For θ ∈ (0, τ ), let

Σθ = {(
γ j , eiω2jθ

) : j = 0,1,2
}
.
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Then Σθ is a subgroup of D3 × S1. Consider the fixed
points set in SPτ under the action of this subgroup:

Fix(Σθ ,SPτ )

= {
w ∈ SPτ : (χ, θ)w = w, (χ, θ) ∈ Σθ

}

= {
w ∈ SPτ : γw(t) = w(t − θ), t ∈ R

}

= {
w ∈ SPτ : wj−1(t) = wj(t − θ),

j (mod 3), t ∈ R
}
.

It is easily seen that

γ

4∑

i=1

xiεi =
(

4∑

i=1

xiεi

)

(· − θ)

if and only if

x3 = x4 = 0, x1, x2 ∈ R, as θ = 2τ

3
,

x1 = x2 = 0, x3, x4 ∈ R, as θ = τ

3
,

x1 = x2 = x3 = x4 = 0, as θ �= τ

3
,

2τ

3
.

Therefore,

Fix(Σθ ,SPτ )

=

⎧
⎪⎨

⎪⎩

{x1ε1 + x2ε2 : x1, x2 ∈ R} , as θ = τ
3 ,

{x3ε3 + x4ε4 : x3, x4 ∈ R} , as θ = 2τ
3 ,

{0} as θ �= τ
3 , 2τ

3 .

Hence, dim(Fix(Σθ ,SPτ )) = 2 for two values of
θ ∈ (0, τ ), that is, θ = τ

3 or 2τ
3 . In view of the con-

clusion of Theorem 2.1 in [12], the subgroup Σθ at
θ = τ

3 accounts for a phase-locked periodic solution
of (3.1) satisfying wj(t) = wj−1(t + T

3 ), j (mod 3),
while the subgroup Σθ at θ = 2τ

3 is responsible for
a phase-locked periodic solution of (3.1) satisfying
wj(t) = wj−1(t − T

3 ), j (mod 3) for t ∈ R, where
the period T is near τ = 2π

ω2
. This completes the proof

of (iii-1). �

Proof of (iii-2) Denote Σm = {(κ,1), (1,1)}, then Σm

is a subgroup of D3 × S1, and the fixed points set in
SPτ under this subgroup is:

Fix(Σm,SPτ )

= {
w ∈SPτ : (χ, θ)w = w, (χ, θ) ∈Σm

}

= {
w ∈SPτ : κw(t) = w(t), t ∈ R

}

= {
w ∈SPτ : w3−j (t) = wj(t), j (mod 3), t ∈ R

}
.

Note that

κ(x1ε1 + x2ε2 + x3ε3 + x4ε4)

= x1ε1 + x2ε2 + x3ε3 + x4ε4

if and only if

x3 = x1 cos

(
4π

3

)
− x2 sin

(
4π

3

)
,

x4 = x1 sin

(
4π

3

)
+ x2 cos

(
4π

3

)
, x1, x2 ∈ R.

Therefore

Fix(Σm,SPτ )

=
{

4∑

i=1

xiεi : x3 = x1 cos

(
4π

3

)
− x2 sin

(
4π

3

)
,

x4 = x1 sin

(
4π

3

)
+ x2 cos

(
4π

3

)
, x1, x2 ∈ R

}

,

which implies dim Fix(Σm,SPτ ) = 2. In view of the
conclusion of Theorem 2.1 in [12], there exist 3
mirror-reflecting waves of (3.1) satisfying wi(t) =
wj(t) �= wk(t) for t ∈ R, (i, j, k) ∈ {1,2,3}, where
i, j, k are distinct, completing the proof of (iii-2). �

Proof of (iii-3) Denote Σs = {(κ,−1), (1,1)}, then
Σs is a subgroup of D3 × S1. If θ ∈ {0, τ

2 } where
τ = 2π

ω2
, then

eiω2θ =
{

1, θ = 0,

−1, θ = τ
2 .

Note that

Fix(Σs,SPτ )

= {
w ∈ SPτ : (χ, θ)w = w, (χ, θ) ∈ Σs

}

=
{
w ∈ SPτ : κw(t) = w

(
t + τ

2

)
, t ∈ R

}

=
{
w ∈ SPτ : w3−j (t) = wj

(
t + τ

2

)
,

j (mod 3), t ∈ R
}

=
{

4∑

i=1

xiεi : x3 = −x1 cos

(
4π

3

)
+ x2 sin

(
4π

3

)
,

x4 = −x1 sin

(
4π

3

)
− x2 cos

(
4π

3

)
, x1, x2 ∈ R

}
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and thus,

dim Fix(Σs,SPτ ) = 2.

Again by Theorem 2.1 in [12], there exist 3 stand-
ing waves satisfying wi(t) = wj(t + Tω

2 ) for t ∈ R,
(i, j) ∈ {1,2,3} and i �= j , where Tω is near τ = 2π

ω2
.

This completes the proof of (iii-3) and hence the proof
of Theorem 3.1. �

Finally, we consider the remaining Case 1: w∗∗ ∈
( 1
β
, 2

β
), which implies 1

βe
> b′(w∗∗) > 0 (see (3.9)).

Again, we need to solve (3.12) and (3.13) for ω > 0.
Now the positivity of b′(w∗∗) implies that ωr ∈
(3π/2,2π), and thus, we need to replace (3.14) by

−θ̄

ur
= tan θ̄ , θ̄ ∈

(
3π

2
,2π

)
. (3.18)

Denote by θ̄ = θ̄ (u) the unique solution of (3.18),
and let

ᾱ1 = b′(w∗∗)
√

d2
m + [

θ̄ (dm)
r

]2
,

ᾱ2 = r∗b′(w∗∗)
√

(dm + 3Dm)2 + [
θ̄ (dm+3Dm)

r

]2
.

(3.19)

Then ᾱ1 (ᾱ2) is the first α value from the above for
which (3.12) (or (3.13)) has a pair of purely imaginary
roots ±ω1(±iω2), where

ω̄1 =
√[

b′(w∗∗)
ᾱ1

]2

− d2
m,

ω̄2 =
√[

r∗b′(w∗∗)
ᾱ2

]2

− (dm + 3Dm)2.

(3.20)

We can also easily verify the transversality condition

d Re(λ)

dα

∣∣∣
∣
α=ᾱi

< 0, i = 1,2.

Therefore, repeating the proof of Theorem 3.1, one can
conclude that when α decreases to pass the critical
value ᾱ1 and then ᾱ2, there occur Hopf bifurcations
with the same symmetries described in Theorem 3.1.

However, there is a difference between Case 1
and Case 3: in Case 3, E∗∗ remains stable for α ∈
(α1,1/βdme) and when α passes α1, E∗∗ loses its sta-
bility to some periodic solutions due to Hopf bifurca-
tions; while in Case 1, E∗∗ has already lost its stability

before ᾱ1. Indeed, the condition b′(w∗∗) > 0 allows
(3.10) to have the zero root λ = 0 at

α = ᾱ0,1 := b′(w∗∗)
dm

, (3.21)

and also allows (3.11) to have the zero root at

α = ᾱ0,2 := r∗b′(w∗∗)
dm + 3Dm

. (3.22)

Obviously, these critical values have the following re-
lations:

ᾱ2 < ᾱ1 < ᾱ0,1, ᾱ2 < ᾱ0,2 < ᾱ0,1. (3.23)

One can also verify the transversality condition at
α = ᾱ0,1 and α = ᾱ0,2 for (3.10). Thus, E∗∗ already
becomes unstable when α ∈ (α1, α0,1), before Hopf
bifurcations occur at α = α1 and α = α2.

Summarizing the above, we have the following the-
orem for Case 1.

Theorem 3.2 Assume that α < 1
βdme

, and w∗∗ ∈
( 1
β
, 2

β
). Let ᾱ1, ᾱ2, ᾱ0,1 and ᾱ0,2 be defined in (3.19),

(3.21) and (3.22) respectively:

(i) E∗∗ is asymptotically stable if 1
βdme

> α > ᾱ0,1,
and unstable when α < ᾱ0,1.

(ii) When α decreases to pass ᾱ1, (3.1) experiences a
Hopf bifurcation from E∗∗ giving rise to a syn-
chronous periodic solution with period T near
2π/ω̄1, where ω̄1 is defined in (3.20).

(iii) When α decreases to pass ᾱ2, (3.1) experiences
a symmetric Hopf bifurcation from E∗∗, giving
rise to eight branches of asynchronous periodic
solutions with period T near 2π/ω̄2 (where ω̄2 is
defined in (3.20)), and these branches are:
(iii-1) two phase-locked periodic solutions satis-

fying wj(t) = wj−1(t ± T
3 ), j (mod 3),

t ∈ R;
(iii-2) three mirror-reflecting waves satisfying

wi(t) = wj(t) �= wk(t) for t ∈ R and dis-
tinct i, j, k ∈ {1,2,3};

(iii-3) three standing waves satisfying wi(t) =
wj(t + T

2 ) for t ∈ R, i, j ∈ {1,2,3} and
i �= j .

Remark 3.1 In Case 1, the equilibrium E∗∗ loses its
stability when α decreases to pass α = ᾱ0,1 at which
the characteristic equation has a zero eigenvalue while
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Fig. 2 Transient oscillation
of solutions of (3.1). Here
dm = 0.07,Dm = 0.01,

r = 8.5, r∗ = 0.1,

β = 1
2 ln 2,

α = 1.1 > α1 ≈ 1.092983,

w∗∗ = 15.2617 and the
initial conditions are
(w1(t),w2(t),w3(t)) =
(1.8t + 15,15,−1.8t + 15),
t ∈ [−r,0]. The three
curves in the figure
represent
w1(t),w2(t),w3(t)

respectively

Fig. 3 Synchronous
periodic solutions of (3.1).
Here
dm = 0.07,Dm = 0.01,

r = 8.5, r∗ = 0.1,

β = 1
2 ln 2, α = 0.9,

w∗∗ = 15.9719 and the
initial conditions are
(w1(t),w2(t),w3(t)) =
(1.88t + 16,16,

−1.88t + 16), t ∈ [−r,0].
The three curves in the
figure represent
w1(t),w2(t),w3(t)

respectively, giving a
synchronized periodic
solution

all other eigenvalues have negative real parts. Thus,
bifurcation at this value is interesting and important to
this model. At another smaller critical value ᾱ0,2, the
characteristic equation also has a zero eigenvalue. It
would also be interesting to know what happens when
α pass this value. There may be equilibrium bifurca-
tion at these values giving rise to non-homogeneous
positive equilibria carrying certain symmetries. We
choose not to discuss these two values in detail in this
already lengthy paper, and will instead leave it as a
future work.

Remark 3.2 For Case 3, the equilibrium E∗∗ loses its
stability when α decreases to pass α = α1, yielding

to a branch of synchronous periodic solutions. Among
those periodic solutions stated in Theorem 3.1, only
this branch can possibly be stable since for those asyn-
chronous ones, there is at least one eigenvalue that has
positive real part. Since the pair of purely imaginary
roots at α1 are simple, the standard algorithms devel-
oped in Hassard et al. [6] can be applied to determine
the direction and stability of the bifurcated synchro-
nous periodic solutions. Due to the limitation of space,
we choose not to give the straightforward but tedious
computations here for the formulas that determine the
bifurcation direction and stability. Our numeric sim-
ulations seem to suggest that the bifurcation at α1 is
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supercritical and the bifurcated synchronous periodic
solution is stable. See Fig. 3 for an illustration. Also in
this case, since the right most pair of eigenvalues cross
the purely imaginary axis in the complex plane via a
pair of non-zero eigenvalues as α passes α1, transient
oscillations should occur when α is in the right neigh-
borhood of α1, and this is confirmed by simulations as
shown in Fig. 2.
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