TIOP PUBLISHING NONLINEARITY

Nonlinearity 22 (2009) 2423-2442 doi:10.1088/0951-7715/22/10/007

The existence and global exponential stability of a
periodic solution of a class of delay differential
equations

X H Tang' and Xingfu Zou’

! School of Mathematical Sciences and Computing Technology, Central South University,
Changsha, Hunan 410083, People’s Republic of China

2 Department of Applied Mathematics, University of Western Ontario, London, Ontario N6A
5B7, Canada

E-mail: tangxh@mail.csu.edu.cn and xzou@uwo.ca

Received 28 August 2008, in final form 4 August 2009
Published 4 September 2009
Online at stacks.iop.org/Non/22/2423

Recommended by J A Glazier

Abstract

By employing Schauder’s fixed point theorem and a non-Liapunov method
(matrix theory, inequality analysis), we obtain some new criteria that ensure
existence and global exponential stability of a periodic solution to a class of
functional differential equations. Applying these criteria to a cellular neural
network with time delays (delayed cellular neural network, DCNN) under a
periodic environment leads to some new results that improve and generalize
many existing ones we know on this topic. These results are of great significance
in designs and applications of globally stable periodic DCNNss.
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1. Introduction

For fixed T > O and w > 0, let
X=C(-1,0],R" and Co=xeC(R,R"):x(t+w)=x(@), Vt € R)}.

Then X and C,, are two Banach spaces with the supremum norms:

() forx = (x1,...,x,)T € X,
n
xll =Y i loos Xiloo = max |x;(t)]:
] te[—1,0]
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(i) forx = (x1,...,x,)T € C,,
n
x|l = Xiloos X; = max |x;(1)]|.
Il Zl| il Wiloo = max x;(0)
=

As is customary, for a function x : R — R", let x, denote the element in X defined by
x(0)=x(+0) for 6 € [, 0].
Consider the following system of functional differential equations:
xi(t) = —c;(Dx; (1) + fi(t, x;), i=1,2,...,n, (1.1)

where x(¢) = (x;(¢), ..., x,(t))T gives the state variables, c; € C(R, R), f; € C(Rx X, R),
cit+w)=ci(t)and fi(t +w, ) = fi(t,p)forp € Xandi =1,2,...,n. A more general
system is the following one in vector form:

x'(t) = —A@x @) + f(t, x,), (1.2)
where A e C(R,RV"), f e C(Rx X, R"), A(t+w) = A(t) and f(t +w, ¢) = f(¢, ¢) for
¢ € X. When A = diag(c(?), ..., cu(?)), (1.2) reduces to (1.1) if written component-wise.
Initial conditions associated with system (1.1) (or (1.2)) are of the form

xi(s)=¢i(s)7 s 6[_1—,0], i = 1727"'5’19 (1'3)

where ¢ = ($1(1), $2(1), ..., g (1) € X.

The main motivation to consider (1.1) and (1.2) is from the study of cellular neural
networks (CNNs). A CNN is formed by many units called cells. A cell may contain
linear and nonlinear circuit elements, which typically are linear capacitors, linear resistors,
linear and nonlinear controlled sources and independent sources. The circuit diagram and
connection pattern modelling a CNN can be found in [2,3]. Nowadays, CNNs are widely
used in signal and image processing, associative memories and pattern classification (see, for
instance, [3, 14, 18,21, 23]. In the last decade or so, dynamic behaviours of CNNs have been
intensively studied because of the successful hardware implementations for their applications in
many real world problems. See, for example, [5, 7-11, 18-21, 23] for stability and periodicity
analysis for CNNs.

As pointed out in [21], processing of moving images requires introduction of delays for
signal transmission among the cells. Also, the delays in artificial neural networks are usually
time varying and sometimes vary violently with time, due to the finite switching speed of
amplifiers and faults in the electrical circuit. These justify a class of delayed cellular neural
network (DCNN) model described by the following system

xX[(1) = —ci(Ox; (1) + Y aij(0)g; (x; (1) + Y bij(0)g;(xj(t — 135 (1) + L (1),

j=1 j=1
i=1,...,n. (1.4)

Here n corresponds to the number of cells in the neural network; x; () denotes the potential
(or voltage) of the ith cell at time #; g;(-) denotes a nonlinear activation; /;(¢) denotes the ith
component of an external input source introduced from outside the network to the ith cell at
time 7 ; ¢;(¢) denotes the rate with which the ith cell resets its potential to the resting state
when isolated from other cells and inputs at time ¢ ; a;;(¢) and b;;(¢) denote the strengths of
connectivity between the ith and jth cells at time 7, respectively; 7;;(¢) corresponds to the
time delay required in processing and transmitting a signal from the jth cell to the ith cell
at time . Model (1.4) includes many frequently used neural network models studied in the
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literature (see, for instance, [6, 11, 19] and references therein), but is obviously a special case
of the more general system (1.1) and (1.2).

We point out that in most situations, the activation functions in neural networks are taken
to be bounded, smooth and monotone functions (usually sigmoidal). However, in some
applications, one often needs to use unbounded activation functions. For example, when a
neural network is designed for solving optimization problems in the presence of constraints
(linear, quadratic or more general programming problems), unbounded activations modelled
by diode-like exponential type functions are needed to impose constraints’ satisfaction (see,
e.g.,[8]). Yet, the extension of the aforementioned results to DCNNs with unbounded activation
functions is not trivial at all. For example, in an autonomous network, when the activation
functions are unbounded, existence of an equilibrium for the network becomes a problem (see,
e.g., [8]), in contrast to the case with bounded activation functions where the existence of
an equilibrium point is always guaranteed [7]. Another fact we would like to mention is that
adoption of non-monotone and non-smooth activation functions may improve the performance
of a network (see, e.g., [2, 14, 20] and the references therein).

Keeping in mind the above facts about neural networks, it is desirable not to assume the
boundedness, smoothness and monotonicity of the functions g; (#) (i = 1,2, ..., n). Instead,
the following weaker conditions seem to be more admirable:

(H1) a;; (@), bij(t), ci(t), T;j(t) and I;(t)(i,j = 1,2,...,n) are continuous w-periodic
functions on R with [’ ¢;(s)ds > Ofori =1,2,...,n.

(H2) There exist constants /; such that |g;(u) — g;j(v)| < [jlu — v| for u,v € R,
j=12,...,n.

Back to (1.1) and/or (1.2), (H1)-(H2) on (1.4) would suggest corresponding weaker
conditions for (1.1) and (1.2). A natural and important concern is the existence and stability
of an w-periodic solution. The purpose of this paper is to address this concern. More
precisely, in section 2, by applying Schauder’s fixed point theorem, we will derive a set of
new sufficient conditions for the existence of an w-periodic solution of (1.1); in section 3, we
use a non-Lyapunov method (matrix theory and inequality analysis) to establish some criteria
that guarantee the global exponential stability of the periodic solution of (1.1). In section 3,
we will also derive some conditions for existence and stability of an w-periodic solution of the
more general system (1.2). Section 4 is dedicated to applications of the main results obtained
in sections 2 and 3 to the delayed neural network system (1.4). Our results on (1.1) and (1.2),
as well as on the neural networks (1.4), greatly improve and generalize many existing ones,
and are of significance in designs and applications of neural networks.

2. Existence of a periodic solution

For the sake of convenience in later sections, we first introduce some notations and definitions
needed in this paper. Throughout this paper, we always let E,, denote the identity matrix of
size n and will adopt the following notations:

. - I
w" = max w(r), w' = min w(r), W= — w(s)ds
t€[0,w] tel0,w] w Jo

and

I(a,b) =1 — e_l_”")_l max /wa(s +1) exp <— /wb(u +1) du) ds
0 K

te[0,w]

for any w-periodic functions w(t), a(t) and b(¢) on R.
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Let A = (a4ij)mxn and B = (b;j)uxn be two matrices. We say A > 0if ¢;; > 0,
i=12,....mj=12,...,.nand A > Bif A— B > 0.

For a matrix B = (b;;),xn, we write B > 0 (>0, <0, <0)if b;; > 0 (>0, <0, <0) for all
i, j=12,...,n.

Definition 2.1. Let x*(t) = (x{(t), x3(t), ..., xj;(t))T be an w-periodic solution of system
(1.1) (or (1.2)) and (1.3) with initial value ¢*(t) = (¢7 (@), d5(), ... LOraNT € X. If there
exist constants ). > 0 and M > 1 such that, for any solution x(t) of (1.1) (or (1.2)) and (1.3),

Z
lx (1) — x*(1)] < M||¢p — ¢*[le™, vt = 0,
then x*(t) is said to be globally exponentially stable.

Definition 2.2. A real invertible n x n matrix A = (a;j)nxn is said to be an M-matrix if
a;j <0,i,j=1,2,...,n,i ;«réjandA’1 > 0.

The following three lemmas will be needed in the proofs of our results.

Lemma 2.1 ([4]). Assume that S is a convex compact setin a Banach space andthat P : S — S
is continuous. Then P has a fixed point in S.

Lemma 2.2 ([1,15]). Let A = (@ij)nxn With a;j < 0,i,j = 1,2,...,n,i # j. Then the
following statements are equivalent:

(I) A is an M-matrix;
(I) There exists a vector € = (&1, &, ...,&)T > 0 such that AE > 0;
(Ill) a;; > 0, i = 1,2,...,n and there exists a diagonal matrix D = diag(d,,d,, ..., d,)
withd; >0, i =1,2,...,n such that AD is strictly diagonally dominant.

Lemma 2.3 ([1,15]). Let A > 0 be an n x n matrix and p(A) be the spectral radius of A. If
p(A) < 1, then E, — A is an M-matrix.

Now we are in a position to state and prove the main result on the existence of a w-periodic
solution of (1.1).

Theorem 2.1. Assume that the following conditions are satisfied:

DD ¢ = (1/w) [ ci(s)ds >0, i =1,2,...n;
(D2) There exist constants M ; > 0 and non-negative continuous w-periodic functions o;;(t),
Bj(), i, j =1,2,...,nsuch that

lfi(t, P)| < Zaij(t)Mj + Bi () for ¢ € X with |¢]|oo < Mj, ji=12,...,n,
j=1
and
(En - D)(Mla Mza ) Mn)T > (Bh ﬁZa ... 7Bn)Ta
where D = (I'(eij, ci)xns B =T (Bisci)s i = 1,2,...,m.

Then system (1.1) has at least one w-periodic solution.

Proof. Define the operator P : C,, — C,, as follows:

(Px);(1) = (1 —e Gy~ /wﬁ(s 1, Xgpr) EXP (— /w ci(u +t)du> ds,
0 K

i=1,2,...,n. 2.1)
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Then forall ¢ € [0, w], x € C, with |x;|00 < M;, i 2,...,n,we have

=1,
[(Px); ()] < (1 —e )~ f’” [fi(s +1, X4r)| €XP (— /wci(u +f)du) ds
0 s
<1 —e—E;a))—l ZMj /waij(s+t)exp (— /wci(u+l)du) ds
j=1 0 s

+/wﬂi(8+t)e><p (— /wci(u+t)du) ds}
0 K

< Z C(oj, ci)M; + Bi

j=1

< M;, i=1,2,...,n. (byD2) 2.2)
Let
S={x(t) = (1), x20), ..., x,)" € Cot |xiloo <My, i =1,2,...,n}. (2.3)

Then, we have shown that PS C S. Observe that

(Px); (1) = (1 —efaw)*[mﬁ(s,xx)exp (—/ . c;(u)du) ds, i=1,2,...,n.

Differentiating the above and making use of the w-periodicity of ¢;(¢), x; and f(t, ¢) int, we
obtain

(Px)i(t) = —c; (1) (Px); (1) + fi(t, x1), i=12,...,n. 24
From (2.2) and (2.4), we know that for any (¢, x) € R x S,

[(Px); ()] < lciII(Px);i (O] + | fi (2, x1)]

< lei(@)|M; + Zaij(t)Mj + Bi (1)

j=1
<N, i=1,2,...,n,
where
N; = () |M; + G (OM;+Bi(t) ¢, i =1,2,...,n.
max 1 1ci(0)] Za,() j+Bi0) i n
j=
Thus
|(Px);()| < N; forany (/,x) e Rx S, i=1,2,...,n. 2.5)
Set
Q={x@®eS: xit) —xi )| <Nt =], 1,h e R, i =1,2,...,n}. (2.6)

It is easy to verify that Q2 is a convex and compact set. Moreover, by (2.5) and the fact that
PS C S, we have PQ C Q. In what follows, we show that P : Q — £ is continuous. Let
2P 2eQ k=1,2,...with |[x® — %|| - 0as k — oco. Set

yO @) = (Px®) (1) — (PR) (1), k=1,2,....
Then by (2.4), we have

d n .
aylf%) =y + fit,x°) = fit, %), i=1,2....n 2.7)
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It follows that

) = '(1 — eyl /0 s 029 = fis +1,2000)]

X exp (—/ ci(u+t) du) ds

w
G _ k ~
< (1 —e @) 1/ | fi(s +1,x5) = fi(s +1, %)
0

X exp (—/ ci(u+t) du) ds

<A —e 7! n%gx]lﬁ(s,xs(k))—ﬁ(s,)?s)l / exp (— / ci(u+1) du) ds
s€l0,w 0 s

< w(l —e @)l n[lgx]m(s,xg")) — fils, £, i=1,2,...,n. (28)
se[0,w
Note that [0, w] x Q2 C R x C, is a compact set. It follows that f;(¢, ¢) is uniformly
continuous in [0, w] x €2, and so

H[1021X]|ﬁ(t,x,(k))—fi(t,)?,)l—>O ask— o0, i=12...,n. (2.9)
tel0,w

Combining (2.8) and (2.9), we have
max [y ()] = 0, ask—> o0, i=12....n
1€[0,0]

or
[Px® — PR|| — 0, as k — oo.

Hence, P : Q — Q is continuous.

The above verifies the conditions of lemma 2.1 for P, concluding that P has a fixed
point x* = x*(¢) € Q. Itis easy to show that x*(¢) is a periodic solution of equation (1.1),
completing the proof of the theorem.

Corollary 2.1. Assume that (D1) and the following conditions are satisfied:

(D3) There exist non-negative continuous w- periodic functions a;;(t) and B;(t), i,j =
1,2, ...,n such that for any ¢ = (¢1, ¢2, ..., )" € X,

£t @) <Y i (D)]s1oo + Bi (1), i=12....n

j=1
(D4) E, — D is an M-matrix, where D = (I'(a;j, ¢;))nxn-

Then system (1.1) has at least one w-periodic solution.

Proof. By (D4) and lemma 2.2, there exists a vector & = (&1, &, .. ., £)T > 0 such that

n=,n....0M)" = (E, — D) > 0.

Let,@,- =TI(Bi,ci), i=1,2,...,n. Choose y > 0 such that yn; >/§,~, i=1,2,...,nand
set M; = y&;,i=1,2,...,n. Then

(E, — DY(My, Ma, ..., M)" > (B1, Bas .., B)T,
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and it follows from (D3) that

it ) <Y e OM; + ity for g € X with [§jle < My, j=1.2.....0.
j=1

In view of theorem 2.1, system (1.1) has at least one w-periodic solution. The proofis complete.

Remark 2.1. Corollary 2.1 shows that conditions (D3) and (D4) imply (D2). But (D2) and
(D4) cannot lead to (D3). For example, let «;;(¢) and B;(¢),i,j = 1,2,...,n be non-
negative continuous w-periodic functions. Set D = (I'(«;;, ¢;))nx, and ,& =T(Bi,c), i =
1,2,...,n. By (D4) and lemma 2.2, there exists a vector § = (§1, &, ..., £)T > 0 such that

n=0n.n,....0)" = (E, — D) > 0.
Choose y > 0 such that yn; > ﬁj, j=12,...,n,andset M; =y&;, j=1,2,...,nand

[it,9) =Y a0l (—0OV/M; + B0, i=12,....n,

j=1
where T > 0. Then
n
1A @< Dy (OM;+ () forp € X with |jle < Mj, j=1,2,....n
j=1
and
(En - D)(Ml’ MZ’ DR Mll)T > (/él» BZ! ceey BH)T'
This shows condition (D2) is satisfied, but condition (D3) does not hold.

3. Uniqueness and exponential stability

In this section, we explore the uniqueness and stability of the w-periodic solution of (1.1). For
this purpose, we need the following condition related to (D3):

(D3’) There exist non-negative continuous w-periodic functions o;;(t), i,j = 1,2,...,n
such that for any ¢ = (91, @2, ..., @), = (D1, 2, ..., P)T € X
n
£t @) = fit. §) < Y i (D9 — Bjloo, i=12....n
j=1

Theorem 3.1. Assume that (D1), (D3’) and (D4) are satisfied. Then system (1.1) has exactly
one w-periodic solution. Moreover, it is globally exponentially stable.

Proof. By (D3’), we have for any ¢ = (¢, ¢2, ..., ¢.)" € X

£t $)] <Y ij(0)liloo + 1 £i (2, 0)], i=12....n.
j=1
This shows that (D3) holds. In view of corollary 2.1, system (1.1) has at least one
w-periodic solution, say x*(t) = (xj (), x3(t), ..., X (1)) with initial value ¢*(¢) = (P17 (1),
o5, ..., gb;‘(t))T € X. Let x(t) = (x{(¢), x2(t), ..., x,(t))T be an arbitrary solution of
system (1.1) and (1.3) with initial value ¢ (t) = (¢ (¢), $2(1), ..., d,(t))T € X. Set

yi(®) = |xi(t) — x/ ()], i=1,2,...,n (3.1
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Then, from (1.1) and (D3’), we have
it +h) — yi(t
D™ y;(t) = lim sup MAUREC AR @+ — yi(0)
h—0— h
. lxi; (¢ + h) — x;(t + h)| — |x; () — x; (1)
= lim sup
h—0~ h
< sign(x; (1) — x;7 (1) (xi (1) — x; (1))’
< —ci@O|xi () —x; O+ | fit, x0) — fit, x])|
< =i (i) = x7(@0)] + Zal, (1) max_[x;(s) = xj(s)|
j=1
——c,(t)y,(t)+Zoz,](t) max_y;(s), i=1,2,...,n
j=1
That is
D7y (1) < —c; ()i (1) + Za,](t) max_y;(s), i=1,2,....n (3.2)
j=1
It follows that
t
yi () < yi(0) exp < / ci(u) du> ds
0
n t t
+ ;/0 otij(s)krtngal))(gs yj(v) exp (-/ c,~(u)du> ds,
>0, i=1,2,...,n (3.3)

Let ¢t/ € [0, w] such that
yi(tf) = max y; (1), i=1,2,...,n.
1€[0,0]

Then it follows from (3.3) that

yi ) < y:(0) eXp< /i ci(u) du) ds
0

+Z/ a,j(s) max y,(v)exp( /ici(u)du> ds

<y (O)e\c,\w +Z max yj(s)/i a;;(s) exp (—/i ci(u) du) ds
s 0 s

_T\ W

ti* ti*
< yi(0)elile + Z max y](s)/ ;;(s) exp (—/ ci(u) du) ds
tf—w s

—T<s<w

<klpi — ¢l + Z _‘?%%éwyj(s)f a;j(s +11) exp (—[ ci(u+1t) du) ds

<kl — ¢ |oo+Zr(a,,,c,> max y;(s)

j=1

< Klpi — ¢ loo + Zr(a,-j, )1Bj — ¢Floo + ¥, D1, i=1,2,....n,

j=1
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where
K = max{em“’, elale ,em"’}.
Thus,
(Ex = DY31(t)), -, yu(6))" < Ey + D)(11 = bflocs -+ 10 — o)
and so
D1 ya N < (Ey — D) (K Ey + D)(161 — B loos - -+ [ — Do) - (B4
(3.4) shows that there exists a constant A > 1 independent of ¢ and ¢* such that
J{aé yi(t) < Al — o™, i=1,2,...,n. 3.5

Since E, — D is an M-matrix, it follows from lemma 2.2 (III) that there exist m; > 0, i =
1,2, ..., n such that

m; > Y (e ciim;, i=1,2,...,n (3.6)
j=1
Then, there exist constants 6 > 0and A (0 < A < min{c; : i = 1,2, ..., n}) such that
—my; + e T (] — gm0 )(] — g @@M)y~1 Z T(aij, ci)m; < —0, i=1,2,....n.
j=1
(3.7

Set z; (1) = yi(t)eM, i =1,2,...,n. Then from (3.3), we have

t
z;i (1) < z;(0) exp (—/ (ci(u) — 1) du>

t
MZ/ a,](s) max z,(v)exp <—f (c,(u)—k)du) ds,

t>0,i=1,2,...,n. (3.8)
Set
w(t) = max{m; 'z;(t): i =1,2,...,n}. (3.9)
Choose t;, € [—t, k] such that
w(ty) = max{w(t) : —t <t < k}. (3.10)

Thent; <t <3 <---. Fork =1,2,...,letr; be the integer such that rrw < 1 < (i + ) w.
Then by (3.5), (3.7)— (3.10), we have

24(10) < 21(0) exp (— / (eiw) — 2 du)
ot Z/ Oll](S) max z](v) exp <_/k(Ci(u) —A) du) ds

= z; (0)e** exp <— / k ci(u)du)
0

n Ik —rrw
e)ur E /
j=170

a;;i(s) max zj(v) exp (—/k(ci(u) —-A) du) ds
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et Z/ c(l](s) max< Z](U) exp <_/k(Ci(M) —A) du) ds

17 w
< 2(0)™ exp (— / ¢;w) du + f s ()] du)
tk—rrw 0

174 [0}
+ e exp (—/ ci(u)du +/ lci (u)] du) Z max zj(s)/ a;;j(s)ds
Iy —rrw 0 0

—T<s<o

+ e w(tk)Zm / a;;(s) exp (_/k(ci(u) —A)du) ds

n
— ek(fk7rkw)7rkw(c,vf)»)+w\c,-\ Zi(O) + ekrw 2 aij néa)é zj (S)
®
j=1

+ e w(tk)ij/ a;j(s) exp (_/k(ci(u) —A)du) ds

1

n
L e@Hlabo |1 4 Ae)‘(r+w)a)2&ij I — o™l
j=1

fr—(v—Do 1y
+ ¢ w(tk)Zm Zf i (s) exp (—/ (ci(u)—k)du> ds

n
— e()\.‘f‘l(f,“)(l} 1 + Ae)u(l’+a))a) Z&U ||¢ _ ¢>k”
j=1

+ e w(t;JZm,Zexp( /
= t—(v—Do

tr—(v—Dw tr—(v—1Dw
X / a;;(s) exp (—/ (ci(u) — ) du) ds
Ir—vw N

n T
—(v=1 s
= Rill¢p — ¢*|| + e w(ty) ij Ze =)o (& —1)

j=1 =1

X /wa,-j(s + ;) exp <— /w(c,-(u +14)—A) du) ds,
0 K

(ci(u) — ) du)

where

n
Ri = 1+ Ae}‘(”“’)a) Z&ij e()»+|c,'|)a)7 i = 1, 2, A (N
Jj=1
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The second term in the above estimate can be further estimated as

n Tk [0} w
e w(t) ij Ze_(”_l)‘“(‘_‘f_” / ;i (s + 1) exp <— / (citu+1t) — M) du) ds
0 K

j=1 v=1

n Fr w w
<™y (1) Z m_,-z e_("_““’(“"_”/ ;i /(s +1;)exp (— / c;(u+ty) du) ds
0 s

j=1 =l

n Tk
g e)\.(l"f‘&))(l _ ef(z)c,')w(tk) Z ij(Olij, Ci) Z e*(\)*l)w(ci*k)
j=1 v=1

<1 —e ) (1 — e @) w(n) Y " Taij. c)m;
j=1
< (m; — o)w(ty), i=12,...,n,

Here, we have used (3.7) and the fact that

re—1 o]

Tk
Zef(vfl)w(c,-f)h) — Z[efw(c,-f)h)]v < Z[efw(c,-f)h)]v — (1 _ e*a)(c;*),))*l'
v=1 v=0

v=0

It follows that
m'zi(t) <mi ' Rillg — %1+ (1 —m; ' o)w(t), i=1,2,....n.

Set

m=max{m; : i =1,2,...,n}, R:max{mi_lR,-: i=1,2,...

From (3.9), (3.10) and (3.11), we have
wt) < (1 —m~'o)wn) + Rllp — ¢*|, k=12,...,
and so
w(ty) < mo 'R|¢p — ¢, k=1,2,....
Set M = m?>0~'R. From (3.9), (3.10) and (3.12), we have
zi(t) < Mll¢ — ¢, 1 20.
It follows that

lxi (1) = x; (1)) = |y < M| — p*lle™, 120, i=12...,n

(3.11)

(3.12)

(3.13)

(3.14)

Thus, if x(¢) is also w-periodic, then we must have x(r) = x*(¢t). Furthermore, (3.14) also

implies that x*(¢) is globally exponentially stable. This completes the proof.
Combining lemma 2.3 and theorem 3.1, we have the following corollaries.

Corollary 3.1. Assume that (D1) and (D3’) hold, and that p(D) < 1, where D =
(T'(eij, ¢i))nxn. Then system (1.1) has exactly one w-periodic solution. Moreover, it is globally

exponentially stable.
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Note thatif ¢! >0, i = 1,2,...,n, then

[ej, i) =1 _e_Eiw)—l max / a;j(s +1)exp (—/ ci(u+t)du> ds

te[0,w] 0

< (1 —e @@yt max/ a;j(s +1)ds
)

rel0,0 J
=(1- e_E"‘“)_lf a;j(s)ds
0

=1 —-e ) o, ij=1,2,...,n. (3.15)
Also if cf >0,i=1,2,...,n,then by the w-periodicity of c;(t), we have

F(aj,ci) = (1 —e—Efw)—l max / a;j(s +1)exp (—/ c,»(u+t)du> ds

te[0,w] 0

< (1 — e Goy! (“Q) H[lgx]/w ci(s +1)exp (— /w ci(u+t) du) ds
( ) max |: —exp(—/wci(u+t)du>i|
1€[0,0] 0
= e Gyl (oz, ) max |: —ex (— /wc»(u)du>]
- 1€[0,] p 0

— _ —c,w) 1 Ol,) (1 —c,a))

_ 70,(4)) 1

:(ﬂ) , =12 ..n (3.16)
Ci
Let
—Goy—1, = i\
U=(-e ) o, V= ((—) ) | G3.17)
Ci nxn

Then 0 < D < U and 0 < D < V. In view of Ky Fan theorem in [4], we have

p(D) < pU), p(D) < p(V). (3.13)

This and corollary 3.1 lead to the following two corollaries.

Corollary 3.2. Assume that (D1) and (D3’) hold and c¢;(t) > 0,i = 1,2,...,n, and that
p(U) < 1. Then system (1.1) has exactly one w-periodic solution. Moreover, it is globally
exponentially stable.

Corollary 3.3. Assume that (D1) and (D3’) hold and ¢;(t) > 0, i = 1,2,...,n, and that
p(V) < 1. Then system (1.1) has exactly one w-periodic solution. Moreover, it is globally
exponentially stable.

In the rest of this section, we deal with the existence and global exponential stability
of periodic solutions for equation (1.2), and obtain some results of the same nature as those
established for (1.1). To this end, we need to use the notion of matrix measure for an n x n
real matrix A, denoted by @ (A), which is defined by

n . |E, +0A] —1
i) = Jim =g —
Here for an n x n real matrix, |A| denotes the matrix norm induced by a vector norm
|x| = Y_"_, |x;|. Thus, both |A| and p(A) indeed depend on which vector norm is adopted.
We first quote an existence result from theorem 2.1 in [22].
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Lemma 3.1 ([22]). Assume that there exists M > 0 such that for any t € [0, w]

1 w w
— / exp (— / W(A(t +u)) du) max |f(t+s, X45)| ds
M 0 s xeCy (M)

Co(M

<1 —exp (— /w W(A(s)) ds) , (3.19)
0

where C,(M) = {x € C, : maxXseo,0 |X(s)| < M}. Then system (1.2) has at least one
w-periodic solution.

Theorem 3.2. Assume that there exist a non-negative continuous w-periodic function L(t)
such that for any ¢, ¥ € X

F@.9) = fE ) < L4) max [9(s) =y (s)] (3.20)
and for any t € [0, w]

/w L(s+1t)exp <— /wu(A(u +1)) du) ds <1 —exp (— /w W(A(s)) ds) . (3.21)
0 K 0

Then system (1.2) has exactly one w-periodic solution. Moreover, it is globally exponentially
stable.

Proof. It follows from (3.21) that there exists y > 1 such that

/wL(s +1) exp (— /wu(A(u +t))du) ds < % — exp (— /w ,u(A(s))ds)
0 K 0

for ¢t € [0, w]. (3.22)

Choose M > 0 sufficiently large such that

%/w | f(t+s,0)| exp <—/wu(A(t+u))du> ds < Y- (3.23)
0 s
By (3.20), for any x € C, (M), we have
[f(@ x)| < 1f(@ 0)]+L(7) max lx(t —s)| < ML(1) + | f(z,0)] forz € [0, w].
(3.24)

From (3.22), (3.23) and (3.24), we have

1 w w
2 ] (— f M(A(t+u))du> max [F (s, )| ds

< %/w(ML(t+s)+|f(t+s,0)|)exp <— /wu(A(t+u))du> ds
0 s

= /wL(t +5) exp (— /wM(A(t+u)) du) ds
0 K

w

s~ [T f s 0 exp <— /wu(A(t+u))du) ds
M O s

<1 —exp <— /Owu(A(s)) ds) .
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This shows that (3.19) holds, in view of lemma 3.1, system (1.2) has at least one w-periodic
solution, say x*(¢) with initial value ¢* € X. Let x(¢) be an arbitrary solution of system (1.2)
and (1.3) with initial value ¢ € X. Set y(¢t) = x(¢t) — x*(¢). Then by (1.2), we have

Y@ =—A@M)y@) + f(t,x) — f(t,x]). (3.25)
Let X (¢, tp) be the fundamental matrix solution of the following system:
x'(t) = —A@)x() (3.26)

satisfying that X (¢, tp) = E,. Then by [22, lemma 2.3], we have

t
| X (2, 10)| < exp <—/ M(A(S))dS> ; 12 1. (3:27)

fo

It follows from (3.25) that

y() = X(t,0)y(0) +/ X, )[f(s,x) — f(s,x)]ds, t>0. (3.28)
0
From (3.20), (3.27) and (3.28), we have

Y] < 1X (1, 0)[y(0)] +/0 X (1 )15 x) — fs, x| ds
t
< [y(0)] exp (— /O ,u(A(s))ds)

t t
+/ L(s) max |y(s+0)|exp <—/ M(A(u))du) ds, r>0. (3.29
0 fel-7,0] P
Let t* € [0, w] such that
ly(#*)] = max |y(?)l, i=1,2,...,n
te[0,w]

It follows from (3.22) and (3.29) that

[y(@)] < |y(0)|exp <—/0 /L(A(u))du)
t* t*
+/ L(s) max |y(s+0)|exp (—/ M(A(u))du) ds
0 0e[—1,0] s

Skly(Of+ max Iy(S)If L(s)exp (-/ M(A(u))du> ds
—T<s<w 0 s

*

<klyO)+ max |y()|

_\-<

L(s)exp (—/ w(Au)) du) ds

t*—w

<klg—¢*l + max |y(s)| /wL(S +1") exp <— fw n(Au +t*))du) ds
—TRSKW 0 s

1
Skllg—¢*l+— max |y(s)]
y —t<

—t<s<w
* 1 * *
Skllo—¢ |I+;(|I¢—¢ I+ 1y@)1),
where k = exp(fow |(A(s))| ds). It follows that

ky +1 .
lo — o™,
y —1

ly(t")] <
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which implies that
ky +1 .
max [y(r)] < g — o7l (3.30)

—t<t<w Y — 1

Since y > 1 and fow w(A(s))ds > 0, so we can choose A € (0, i fow W(A(s)) ds) such that

w w -1
n=e |:$ —exp <—f0 W(A(s)) ds):| |:e“’ —exp <—/0 W(A(s)) ds):| < 1.

(3.31)
Set z(t) = y(t)e*. Then it follows from (3.29) that
lz()] < [z(0)] exp <— /Ot[M(A(S)) — 2] dS)
t t
+e”/ L(s) max |z(s + 0)| exp (—/ [(A(u)) — A du) ds,
0 0el-1,0] P
t >0. (3.32)
Choose 1t € [—1, k] such that
lz(t)| = max{|z(£)| - —T <1 <k} (3.33)
Thent; <t <13 <---. Letrg be aninteger such that rpw < f, < (ry + Dow, k=1,2,....

Then by (3.22), (3.30), (3.31), (3.32) and (3.33), we have
lz(t)| < |z(0)| exp (—/ [1L(A(s)) — 2] ds)
0
4 et / ' L(s) en[laxo] |z(s + 6)| exp <— f k[u(A(u)) — Al du) ds
0 &=, s
= |z(0)| exp (—/ [1L(A(s)) — 2] ds)
0
+ exr/kirkwL(S) max_|z(s +0)|exp <—/k[u(A(u)) — Al du> ds
0 0e[—1,0] R
e / k L(s) max, [2(5-+6)|exp (— / Tu(A®W)) — 4] du) ds
< |z(0)|e** exp (—/kM(A(s))ds> + e exp (—fk u(A(u))du)
0 173

—Tr®

Ix—ryw Iy—ryw
X / L(s) max |z(s+6)|exp (— / w(A(u)) du> ds
0 fe[—1.0] s

Tk
+ & lz(0)] ) exp (— f
i1 t—(@i—hw

n—({—1w n—(—1w
X / L(s)exp <—/ [(A(u)) — A] du) ds

k—ia)

I

[(A@m)) — A] du)

w

<[|z<0>|+wie“ rpax]|z<s)|}e“kexp<—rk / " (A ds + f |M(A(S))|ds>
se[—1,0w 0 0
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+ e |z(t)| Y exp (— / [1(Au)) = 2] du)

P —(i—Do

f—(i—Dw f—(i—Dw
X / L(s)exp <—f [(A(u)) — A] du> ds

—iw

1 - [0}
< [1 + +1 wLe“”w)} g — ¢*l exp (xw + f 4(A(s))] ds)
Y — 0

Tk
+ & |z(i)| ) exp (— /
izl ft—(Gi—Dow

ti—(i—Dw ti—(i—Dw
X / L(s)exp (—/ [(A(u)) — A] du) ds

—iw

I

[(A@m)) — A] du)

= Rll¢ — ¢* ||+ |z(10)] izklexp (—(i -1 fow[u(A(u» — 1] du)
X /Ow L(s +1;) exp (— /w[M(A(u +1)) — Al du) ds

< Rllgp — 671l + ™z (10)] B — exp (— fo ) ds)}
x _:ilexp (—(z‘ 1) /O “A) - 21 du)

1 w
< Rlo — ¢*I| +e*|z(1)] [; — exp (—/ M(A(S))dS>]
0

o ~1
X [e_“" — exp (—/ (A(s)) ds)]
0

= Rll¢ — ¢"[l + nlz(z)l, (3.34)
where
1 - w
R = [1 + %wLe””“’)] exp (Aw +/ | (A(s))] ds) )
Y - 0

It follows from (3.31) and (3.34) that

2@ < A =m~'Rlp — ¢*Il, k=1,2,.... (3.35)
It follows that

lx(®) —x*(O)| = [y < 1 —n)""'Rlp — ¢*lle ™, t20. (3.36)

Thus, if x(¢) is also w-periodic, then we must have x(t) = x*(¢). Furthermore, (3.36) also
implies that x*(¢) is globally exponentially stable. This completes the proof.
If

L) < u(A@®)), Vit el0,w], 3.37)
then there exists a 6 € (0, 1) by the periodicity of L () and n(A(¢)), such that
L) <Ou(AQ@)), Vit el0,w].
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It follows that for any ¢ € [0, w]

/w L(s +1t)exp (— /wu,(A(u +t))du> ds <0 [1 — exp (— /w M(A(s))ds)]
0 s 0
<1 —exp <— /wu(A(s))ds) .
0

This shows that (3.21) is implied by the simpler yet stronger condition (3.37). Thus, we have

Corollary 3.4. In theorem 3.2, if condition (3.21) is replaced by (3.37), then the conclusion
still holds.

Remark 3.1. In theorem 3.1, we only require the conditions ¢; > 0, i = 1,2,...,n,
which may allow ¢; () < 0 for some ¢ € [0, w], not the usually used condition c;(t) > O,
i=1,2,...,n.

Remark 3.2. Corollary 3.4 reproduces one of the main results, theorem 3.1, in [22].

4. Applications in CNNs

In this section, we apply the general results obtained in sections 2 and 3 to the DCNNs system
(1.4) given in the introduction. Firstly, we note that very recently, Huang et al [13] studied the
existence and exponential stability of the periodic solutions for system (1.4) under (H1) and
(H2), and derived some sufficient conditions among which is the following harsh condition:

(HO) cf—Z?zl(mU|+|l3ij|)lje"?’ >0,i=1,....,n,wheret = max{t; :i,j =1,2,...,n}
Applying theorem 3.1 to system (1.4), we have the following theorem:

Theorem 4.1. Assume that (H1), (H2) and the following condition are satisfied:

(H3) E, — D is an M-matrix, where D = (I'((la;;| + |bij DL, ¢i))nxn-

Then system (1.4) has exactly one w-periodic solution. Moreover, it is globally
exponentially stable.

Proof. Set
r:max{ri‘; L, j=1,2,...,n}
and

[ 9) = ay(g;@;0) + Y by (g @ (~t; N + L), i=12....n.

Jj=1 Jj=1

@.1)
Then by (H2) and (4.1), for any ¢ = (¢1, ¢z, ..., ¢, ¥ = W1, Yo, ..., ¥)T € X

[fi(t, @) = fi(t, ¥)] <le(laij(t)l+|bij(t)l)|¢j—wjloo, i=12...,n. (42
j=1

Let

a;j(t) = (la;; ()| + |b;; (D)}, iL,j=12,...,n. (4.3)
Then (4.2) and (H3) imply (D3’) and (D4), respectively. In view of theorem 3.1, system
(1.4) has exactly one w-periodic solution which is globally exponentially stable. The proof is
complete.

Similarly, by corollaries 3.1-3.3, we have the following corollaries.
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Corollary 4.1. Assume that (H1) and (H2) hold, and that p(D) < 1, where D = (I'((|a;;| +
1biiDLj, €¢i))nxn. Then system(1.4) has exactly one w-periodic solution. Moreover, it is globally
exponentially stable.

Corollary 4.2. Assume that (H1) and (H2) hold and ¢;(t) > 0,i = 1,2,...,n. Let
U= ((1—e ) wlai;]+1bi;Dlj)nxn-

If p(U) < 1, then system (1.4) has exactly one w-periodic solution which is globally
exponentially stable.

Corollary 4.3. Assume that (H1) and (H2) hold and ¢;(t) > 0,i =1,2,...,n. Let

Ve (((laijl + |bij|)lj>u>
Ci nxn .

If p(V) < 1, then system (1.4) has exactly one w-periodic solution. Moreover, it is globally
exponentially stable.

Remark 4.1. Whenc;(t) =c¢; >0, i =1,2,...,n, corollary 4.3 reproduces the main result
of theorem 4.1 in [17].

Remark 4.2. References [12, 13] also deal with the network system (1.4), which is a special
case of (1.1). The general forms of (1.1) and (1.2) are not covered by [12, 13]. In methods,
both [12] and [13] use coincidence degree theory to derive their main results, while here in this
paper, we use matrix theory and inequality analysis. In the results, [12] requires a smoothness
condition on the delay which is not feasible in many applications. Most significantly, we
have removed the conditions (HO) in theorem 3.3 in [13], and hence have shown that it is
unnecessary. Finally, we point out that the condition p(U) < 1 in corollary 4.2 is weaker than
the condition p(K) < 1 in theorem 3.3 in [13], where

. o
K = ((5— +w) (laij| + |bijl )l.i> :

To see this, we first note that

%2
e > 1+x+—, x > 0.
2
It follows that
X2
l+x+—
—xy\—1 2 2
- <—FF75=1+——, x > 0.
x<l+—> x(2+x)
2
Thus, we have
on_] o — 2 —_— ..
(1 —e ) o (la;|+1b;]) < <m+w> (lai;| + 1bij 1), iL,j=12,...,n

Set

2 -
W = ((m +a)) (|a,-j| + |bij| )lj>n><n .

Then 0 < U < W < K and therefore p(U) < p(W) < p(K).
In the following, we give two more specific examples to illustrate our results.
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Example 4.1. Consider the following scalar delay differential equation:
x'(t) = —ax(t) +b(a —sint)g(x(t — 1)) + p(2), 4.4

where a € [1,400), T € (0,400), b € R, p € Cyy and g € C'(R,R). Let
w = 2x, A(t) = a and f(t,¢) = b(a — sint)g(p(—1)) + p(t). If |g'(x)] < 1, then
(3.20) holds with L(t) = |b|(a — sint). By a calculation, we have

/w L(s +1t)exp (— /wu,(A(u +t))du> ds
0 s

2
= |ble™2" / e [a — sin(s +1)] ds
0

= |b|(1 — e™2) (1 -

asint — cost
1+a?

< |b|(1 — e™27) <1 + > vt € [0, 27].

1
V1+a?
In view of theorem 3.2, if

b < V1+a2/(1+~1+a?), 4.5)

then (4.5) has exactly one 277 -periodic solution and it is globally exponentially stable. However,
the condition in corollary 3.4 corresponding to (4.5) is

|b] <a/(1+a). 4.6)
Obviously, condition (4.5) is weaker than (4.6).

Example 4.2. Consider the following BAM neural networks

2 2
xX(() = —cr(Ox1 (1) + Y ar;(0)g;(x; (1) + Y bij(1)g (x;(t — T1;(1))) + L1 (1),

Jj=1 Jj=1

2 2

X () = —ca(Oxa(t) + Y arj(0) £ () + D b () (x(t — T2 (1)) + La(0), (4.7)
j=1 j=1

where ¢1(t) = 2 +sint, ¢c>(t) = 2 +cost, I1(t) = sint, I,(t) = cost, a1 (t) = ap() =

asint, ax (t) = axn(t) = acost, b;1(t) = bip(t) = bsint, by (t) = by(t) = bcost,

gi1(x) = 3 +sin 2T",gg(x) = 5 +cos7, 11(t) = 121(¢) = sint, 112(f) = 122(t) = cost.

Then the functions ¢; (¢), a;;(¢), b;;(t) and I;(t) are 27 -periodic solutions; the functions g; (x)

satisfy the condition (H2) with [} = [, = 1. By a simple calculation, we have

(—('“w" * 'bif')’f>" = la| + [b|

ci
al+ b al+|b

V- lal +|b| |a| +|b| ’
la| +1b] |al +|b|

p(V) =2(la| +1b)).

and

By corollary 4.3, if |a| + |b| < 0.5, then system (4.7) has exactly one 27 -periodic solution and
it is globally exponentially stable.



2442 X H Tang and X Zou

Acknowledgments

This work is partially supported by the NNSF (No 10771215) of China, by NSERC of Canada
and by PREA of Ontario (Canada).

References

[1] Berman A and Plemmons R J 1979 Non-negative Matrices in the Mathematical Science (New York: Academic)
[2] ChuaL O and Yang L 1988 Cellular neural networks: theory IEEE Trans. Circuits Syst. 35 1257-72
[3] ChuaL O and Yang L 1988 Cellular neural networks: applications /IEEE Trans. Circuits Syst. 35 1273-90
[4] Deimling K 1985 Nonlinear Functional Analysis (Berlin: Springer)
[5] Dong M 2002 Global exponential stability and existence of periodic solutions of CNNs with delays Phys. Lett.
A 300 49-57
[6] Dong Q, Matsui K and Huang X 2002 Existence and stability of periodic solutions for Hopfied neural network
equations with periodic input Nonlinear Anal. 49 471-9
[7] Forti M 1994 On global asymptotic stability of a class of nonlinear system arising in neural networks theory
J. Diff. Eqns 113 24664
[8] Forti M and Tesi A 1995 New conditions for global stability of neural networks with application to linear and
quadratic programming problems IEEE Trans. Circuits Syst. 42 354—-66
[9] Gopalsamy K and Sariyasa S 2002 Time delays and stimulus-dependent pattern formation in periodic
environments in isolated neurons /EEE Trans. Neural Networks 13 551-63
[10] Gopalsamy K and Sariyasa S 2002 Time delays and stimulus-dependent pattern formation in periodic
environments in isolated neurons: Il Dyn. Contin. Discrete Impuls. Syst. Ser. B 9 39-58
[11] Guo S and Huang L 2003 Exponential stability and periodic solutions of neural networks with continuously
distributed delays Phys. Rev. E 67 011902
[12] Huang C, Huang L and Yuan Z 2005 Global stability analysis of a class of delayed cellular neural networks
Math. Comput. Simul. 70 133-48
[13] Huang L, Huang C and Liu B 2005 Dynamics of a class of celluar neural networks with time-varying delays,
Phys. Lett. A 345 33044
[14] Kennedy M P and Chua L O 1988 Neural networks model for nonlinear programming /EEE Trans. Circuits
Syst. 35 554-62
[15] LaSalle J P 1976 The Stability of Dynamical System (Philadelphia: SIAM)
[16] Li X, Huang L and Zhu H 2003 Global stability of cellular neural networks with constant and variable delays
Nonlinear Anal. 53 319-34
[17] Liu B and Huang L H 2006 Existence and global exponential stability of periodic solutions for cellular neural
networks with time-varying delays Phys. Lett. A 349 474-83
[18] Liu D and Michel A N 1993 Cellular neural networks for associative memory [EEE Trans. Circuits Syst.
40 119-21
[19] Mohamad S and Gopalsamy K 2003 Exponential stability of continuous-time and discrete-time cellular neural
networks with delays Appl. Math. Comput. 135 17-38
[20] Morita M 1993 Associative memory with non-monotone dynamics Neural Networks 6 115-26
[21] Roska T and Chua L O 1992 Cellular neural networks with nonlinear and delay-type template Int. J. Circuit
Theory Appl. 20 469-81
[22] Tang X H and Zhou Y G 2006 Periodic solutions of a class of nonlinear functional differential equations and
global attractivity Acta Math. Sin. 49 899-908 (in Chinese)
[23] Venetianer P L and Roska T 1998 Image compression by cellular neural networks IEEE Trans. Circuits Systems
145 205-15


http://dx.doi.org/10.1109/31.7600
http://dx.doi.org/10.1109/31.7601
http://dx.doi.org/10.1016/S0375-9601(02)00706-5
http://dx.doi.org/10.1016/S0362-546X(01)00113-4
http://dx.doi.org/10.1006/jdeq.1994.1123
http://dx.doi.org/10.1109/81.401145
http://dx.doi.org/10.1109/TNN.2002.1000124
http://dx.doi.org/10.1103/PhysRevE.67.011902
http://dx.doi.org/10.1016/j.matcom.2005.06.001
http://dx.doi.org/10.1016/j.physleta.2005.07.039
http://dx.doi.org/10.1109/31.1783
http://dx.doi.org/10.1016/S0362-546X(02)00176-1
http://dx.doi.org/10.1016/j.physleta.2005.09.064
http://dx.doi.org/10.1109/82.219843
http://dx.doi.org/10.1016/S0096-3003(01)00299-5
http://dx.doi.org/10.1016/S0893-6080(05)80076-0
http://dx.doi.org/10.1002/cta.4490200504
http://dx.doi.org/10.1109/81.662694

	1. Introduction
	2. Existence of a periodic solution
	3. Uniqueness and exponential stability
	4. Applications in CNNs
	 Acknowledgments
	 References

