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1. Introduction

When considering transmission and spread of some infectious diseases that have much short infection
duration, one may often neglects the demographic structure of the host population and just focus on

the transmission dynamics. A classic example is the following Kermack—McKendrick ordinary differential
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equation (ODE) model [1]
S'(t) = —BSH)I(t),
T'(t) = BSWI(E) 1), (1.1)
RI(t) =~I(t),
where S(t), I(t) and R(t) represent the sizes of the susceptible, infected and removed individuals at time ¢
respectively, 5 > 0 denotes the transmission coefficient, and v > 0 is the recovery/remove rate.
When the spatial spread is concerned, one can incorporate spatial diffusion into (1.1), leading to the
following diffusive version:

0S(x,t) 9?8 (z,t)

T dy o BS(x,t)I(z,t),
oI(x,t) . 9%I(x,t) 19
ot —d2 912 +ﬁS(x,t)I(x,t)—'yI(x,t), ( : )
OR(x,t) . 9?R(x,t)

where S(z,t), I(z,t) and R(z,t) represent the populations of the susceptible, infected and removed
individuals at location = and time ¢, respectively. Here, d;, d2 and d3 are positive constants representing the
diffusion rates of the susceptible, infective and removed individuals, respectively. For more details, see [2,3]
and references cited therein.

In (1.1) and (1.2), mass action infection mechanism is adopted. Since the demographic structure is ignored,
the infection mechanism plays a crucial or even a decisive role in such models without demography, and
there have been some efforts of exploring various infection mechanisms. For example, Kennedy and Aris [4]
replaced the mass action term by an incidence term of the form f(5)I and conducted some linear analysis
for the special case with zero diffusion rate of susceptible individuals. Capasso and Serio [5] introduced a
saturated incidence rate 5SI/(1 + kI) into epidemic models to prevent the unboundedness of the contact
rate. Liu et al. [6] proposed the incidence rate kI'S/(1 + aI®) (I,h > 0) which was also used in many
papers, where kI' measures the infection force of the disease and 1/(1 + aI") measures the inhibition effect
from the behavioral change of the susceptible individuals when their number increases or from the crowding
effect of the infective individuals; see also [7]. The effect of nonlinear incidence rate of the general form
f(S)g(I) on the dynamics of epidemiological models is also studied in [8]. More examples about nonlinear
incidence rates can be found in [9] and the references therein; and it is known that a nonlinear incidence can
have important impact on the disease dynamics, see, e.g. [6,7,10] and the references therein. In particular,
recently Wang et al. [11] replaced the mass action in (1.2) by the standard incidence function 8ST/(S + 1)
and investigated the existence/non-existence of traveling waves. We point out that $SI/(S+1I) is not in the
form of separated functions of S and I respectively. More recently, Shu et al. [12] further considered a more
general form ¢(5, I, R) for the incidence function and explored the existence and non-existence of traveling
waves of the model system resulted from replacing the mass action in (1.2) by such a general form ¢(S, I, R)
satisfying some conditions.

The aforementioned works are for SIR type dynamics of diseases that are transmitted within a single
host population. When considering transmission of SIR type vector-borne (e.g., mosquito-borne) diseases,
the number of variables will typically be doubled. However, following the work of Cooke [13], one can
actually reduce the number of variables in vector-borne disease models. The main idea is that, because
the new infection of mosquitoes is a result of biting infectious hosts, one may assume that the population
of infectious vectors is proportional to the populations of infectious host at some previous time due to
latency. This idea has been used by some other researchers, see, e.g. [14-18]. To demonstrate this idea, let
us denote the populations of susceptible and infectious hosts (e.g., humans) and vectors (e.g. mosquitoes)
by S(t),I(t), Vs(t) and V;(t) respectively. Assume that it takes an infected vector 7 time units to become
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infectious. Since a vector population is usually quite large, it is assumed in [13] that V() is proportional to
I(t —7), that is, V;(t) = pI(t — 7) for some p > 0. If the host’s infection rate is of the form f(S)h(V7), then
the force of infection for host at time ¢ is given by

FS@)RVi(t) = fF(SE)h(pI(t — 7)) = f(S{)g(I(t —T)), (1.3)

where g(u) = h(pu). Considering the fact that the time it takes an infected vector to become infectious
varies from individual to individual, we introduce a function k(7) to denote the probability that an infected
vector becomes infectious 7 time units after infection. With this consideration of variance in latency between
individuals, we obtain the infection rate for the host at time ¢ as

£(5(1) / T RE)g(I(t - ©))de = F(S(1) / K(t — $)g(I(s))ds. (1.4)

Adding spatial variable x, this immediately leads to the following model system parallel to (1.2):

85((9:;,1&) _d 022;2,75) B f(S(a:,t))/_t k(t —s)g(I(z,s))ds,

Pt = T (s [ ke = ol s)s =) (15
T 2R(x

c’)Rét,t) _ 4,0 1;:(62,15) Iz, ).

We point out that Bai and Zhang [14] recently considered a spatial case of (1.5) in the sense that
f(S) =S and the kernel k(£) has support only on a bounded interval [0,r]. That is, they studied

9500 _ g, D) _ sy /t K= 8)g(U (@, 5))ds, )
mg, D _ 4,2 gg; D 4 8S(a, 1) /t_r k(t = s)g(I(w, 5))ds — yI(x,1).

Allowing non-compact support for the kernel k(£) and allowing a more general f(S) will bring in some
challenges. In addition, as we give our assumptions on the function g in the next section and compare with
those in [14], we find that the conditions in [14] are strong in some aspects but are still not sufficient for one
of its key lemmas. See Remarks 2.1 and 2.2 in Section 2. Obviously, our model system (1.5) can include many
(if not all) diffusive SIR models without demography in previous works, and is more difficult to analyze.

For diffusive disease models without demography, typically there is a continuum of disease free equilibria
and hence, when considering traveling wave solutions for such model systems, one is naturally confined to,
after dropping the R equation since it is decoupled from the other two, those connecting two equilibria (S, 0)
and (S, 0) with So, < S.. Here S, is related to the initial susceptible population and S, is related to the
population size of the susceptible class after the epidemics, which is often referred to as the final size (of the
susceptible population). For more details of such traveling waves and the various approaches in exploring
the existence of such traveling waves, see [2,3,11,12,19-24].

If there exists such a traveling wave solution, the wave speed accounts for how fast the disease spreads
geographically and S, reflects how severe the disease is. Non-existence of such traveling waves implies that
the disease cannot invade spatially. Thus, existence/non-existence of traveling wave solutions of the above
mentioned type for the model system (1.5) is of practical significance. Mathematically, (1.5) is a diffusive
system with predator—prey type interaction, time delay and spatial non-locality, and the research on its
existence/non-existence of traveling waves is challenging and is of theoretical importance.

The main goal of this paper is to discuss the existence/non-existence of traveling wave solutions of system
(1.5). Our methods in this paper are mainly based on those in [11] and several early studies [24-27]. To prove
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the existence theorem, we will employ the Schauder’s fixed point theorem for a partially quasi-monotone
mapping, and the challenging and difficult task is to construct an appropriate convex set that is invariant
under this mapping. In particular, we give some useful properties of a second-order linear differential operator
and its inverse to provide a general scheme for verifying the compact of the mapping. The proof of the
nonexistence theorem is based on an idea of applying bilateral Laplace transform, which was first introduced
by Carr and Chmaj [28], and further used in [11,14,24]. But our argument in the proof of nonexistence is
different from those in the aforementioned works [14,24] and we deduce a contradiction in a new way. More
precisely, unlike proving the unboundedness of the left-hand of the characteristic equation 1(c, A) = 0, we
discuss the analyticity of the bilateral Laplace transform of the populations of the infected individuals I at
some finite point to derive a contradiction.

The rest of the paper is organized as follows. In Section 2, we give some simple assumptions about
the incidence functions and state the two main theorems on the existence and nonexistence of traveling
wave solution respectively. Some remarks are also given to compare our results with some previous ones. In
Section 3, some preliminary results are given. Similar to [11], notations of differential and integral operators
are introduced, and some useful properties of the integral operator are discussed more detailedly. In Section 4,
we construct a profile set in which, the task of looking for a traveling wave can be reduced to the existence
of fixed point of a mapping. To apply the Schauder’s fixed point theorem, we also prove the continuity
and compactness of the mapping and the invariance of the profile set under this mapping. In Section 5, to
complete the proof of the existence theorem, we further verify that the fixed point satisfies the boundary
conditions for the desired traveling wave solution. In Section 6, the nonexistence theorem is proven for the
two sub-cases respectively if the existence conditions are violated. In particular, we accomplish it by a way
of contradiction different from the existing ones for the first sub-case.

2. Main results

We are interested in positive traveling wave solutions of (1.5). Since R(zx,t) does not appear in the

equations of %—f and %, we only need to study the following system:
2 t
Bt~ 5 (s [ ke gl
ot Ox? oo (2.1)
oI (x,t 0%I(x,t ¢ '
o) @, T 556 0) [ b= gl = 2T, 1)

Letting £ = = + ct, where c¢ is a positive constant corresponding to the wave speed, we will look for special
solutions of (2.1) in the form of (S(&),1(£)) where the profile (S(€), 1(£)) satisfies the following associated
system of differential equations:

¢5'(€) = duS"(€) — F(S(€) / " k()g(I(€ — cs))ds, (2.22)

(€)= daT"(€) + (S(E) / T h(s)g(I(€ — es))ds — I(€) (2.2b)
with the boundary conditions:
S(—00) = Su,  S(+00) = Swe € [0,5.), I(2o00) = 0. (2.3)

Here S, > 0 is a constant reflecting the initial homogeneous population distribution for the susceptible class.
Throughout this paper, we make the following assumptions.

(A1) k(s) is a nonnegative and Lebesgue integrable function on [0, 00), and [, k(s)ds = 1, [~ sk(s)ds < occ.
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(A2) f,g are nonnegative and continuous functions on [0, c0) satisfying f(0) = 0, f(S«) > 0,¢9(0) = 0. The
function g has a right-hand derivative at origin with ¢/, (0) > 0, and g(u) < ¢/, (0)u for u € [0, S.].

Further assume that there exist positive constants L; and Lo such that

f(w) = f(v)

0< py—— < Ly, (2.4)
0< w < Ly (2.5)

hold for all w,v € [0, S,] with u # v.
(A3) There exist dp > 0,6 > 1 and w > 0 such that g(u) > ¢/, (0)u — wu? for u € [0, ).

Remark 2.1.  The inequalities (2.4) and (2.5) are equivalent to the conditions that f and ¢ are
nondecreasing and Lipschitz continuous on [0, S]. In this paper, we do not need to assume the monotonicity
and Lipschitz continuity of f and g on [S,, 00).

Remark 2.2. The assumption (A3) is used to construct a lower solution (see Lemma 4.3). The condition
that ¢’/ (0) exists can guarantee that this assumption holds. Note that although (A3) is relatively weak, it
is not implied by (A2). Indeed, we can find a function g which satisfies (A2), but not (A3). For example,

0, u =0,
glu) = u+ -, u € (0,e72),
t(ut+e?), uele? 00).

It is worth noting that the example g above satisfies ¢/, (0) = 1 and the conditions (H1) and (H2) in [14].
However, since this function does not satisfy the assumption (A3), neither can it satisfy the inequality

I —g(I) < I?forall 0 < I < & which was used in the proof of Lemma 2.4 in [14]. This indicates that
the proof of Lemma 2.4 in [14] is incorrect.

We are now in a position to state main results on the existence of a traveling wave solution to (2.1).

Theorem 2.1. Assume that (A1)-(A3) hold. If Ry = f(S.)g’.(0)/~y > 1, there exists a ¢* > 0 such that
for each ¢ > c¢* system (2.1) admits a non-trivial and positive traveling wave solution (S,T) satisfying the
boundary conditions (2.3). Furthermore, S is nonincreasing on R, 0 < I(§) < Sy, — Soo for all £ € R, and

v [ reae= [ sisce ( | wsparte - cs))ds) d€ = ¢(S. — 5u0). (2.6)

Remark 2.3. Suppose that a function g satisfies the associated conditions in the assumption (A2). Let

_ Jo(w), wel0,S],
(u) = {g(S*)7 u € (Sy, 00).

It is easily seen that, if for the function g above there exists a traveling wave solution of system (2.1) satisfying
the boundary conditions (2.3) and 0 < I(§) < S, — Soo < S, for all £ € R, this traveling wave solution is
also the one of system (2.1) with the function g. Therefore, we only need to prove Theorem 2.1 under the
following additional condition:

g(u) = g(Ss) forall u > S,.

Together with the assumption (A2), this implies that g is a bounded function and g(u) < ¢/, (0)u for all
u > 0. We can also easily verify that g is nondecreasing and Lipschitz continuous on [0, 00), that is, (2.5)
holds for all u,v € [0, 00) with u # v.
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Remark 2.4. In order to prove the existence of traveling wave, the key step of a method via Schauder fixed
point theorem is to construct a convex set bounded by some upper and lower solutions. Different from the
monotone systems in which comparison principle guarantees the upper and lower solutions are independent,
for non-monotone systems, the upper and lower solutions are coupled [12]. Moreover, it is more difficult to
construct the upper and lower solutions for nonmonotone systems with time delay [24-27]. In this paper, the
incidence infection function we consider is separable. A non-separable infection function incorporated into
our model with time delay will make the construction of upper and lower solutions even more challenging.
We also need to find some constraints on the non-separable infection function to ensure the invariance of
the convex set under the mapping. We leave them as our future work.

On the other hand, we can state the following theorem on the nonexistence of a traveling wave solution
to (2.1), which implies that ¢* is the minimal wave speed.

Theorem 2.2. Assume that (A1)-(A8) hold. If Ry > 1 and ¢ < c¢*, or Ry < 1, there is no nontrivial and
nonnegative traveling wave solution (S, 1) to system (2.1), satisfying the boundary conditions (2.3).

3. Preliminaries

Given p > 0, we first introduce the function spaces

L, = {¢ ‘R>R ‘ e HHg() € L®(R,R) } ,

By = {¢ € C(R,R)

supe "Il g(¢)| < oo} :
£eR

By x By ={P=(d1,¢2)| i € By, i=1,2}.

Moreover, %, is equipped with the exponential decay norm defined by

6], = supe lg(¢)),
£eR

and %, x %, is equipped with the norm defined by

2], = max{[¢1],,, |2, }-

It is easy to show that (%, -|,) and (%, x %,,|-|,) are Banach spaces.
Next, similar to [11], we will introduce the second-order linear differential operator A; and its inverse A;l
for i = 1,2. Note that for any positive number «;(i = 1,2), the equation

—d N+ cA+a; =0

has two real roots

— V2 +4doy Vet + 4d;oy
_)\11.:$<07 )\2i:$>0~ (3.1)

Then the second-order linear differential operator A; is defined as

AZh = —dih” + Ch/ + aih. (32)

We can also define the corresponding integral operator A;l as

-1 — 1 ¢ —Mi(6-w) > Ag; (€—x)
(A7 h)(&) = 009 00 [/_Ooe h(:zc)dac—&—/g e h(z)dz|. (3.3)

6



H. Hu and X. Zou Nonlinear Analysis: Real World Applications 58 (2021) 103224

The fact that Ay; > Aq; for ¢ = 1,2 implies that the integral A;lh is well-defined for any h € Z),,. Let po
and p be two positive numbers such that

po < p < min{ A1, A2} (3.4)

Note that
By C By C Ly,

Hence, the operator Ai_l can be restricted in the Banach space %,,, or %,,, and we have the following Lemma
about the properties of A7 L

Lemma 3.1. For any uop and p satisfying 0 < po < p < min{A11, A2}, we have
(i) A;': B, — B, is a bounded linear operator;

(i) Ai_l : By — By is a compact operator.
Proof. Assume that h € %, then
(A7 h)(€)le™ 8 < |n] M (&)

for all £ € R, where

M(§) Ll [/E —Ai(E—a)+ulel g, 4 /OO A2i(§—x)+ulz| g

= e~ x e x|.
di(A2i + A1i) [ oo ¢

M (€) is continuous and differentiable with respect to £ on R, and by L’Hépital’s rule we can show that

1 1 1 1
+ , M(oo) = + .
A — @ A+ p (00) Ai+p o Ay —p

Hence, there exists a constant M; > 0 such |M(§)| < M; for all £ € R, and

M(—o00) =

(A7 h)(E)e ™l < My lh],,. (3.5)
This inequality implies that Ai_lh € %, for all h € %, and
-1
|47 "hl, < Mylhl,.

Therefore, A;l : B, — B, is a bounded linear operator.

To prove that A, 1, B, — P, is compact, we shall employ Arzela—Ascoli theorem and a standard

diagonal process. First, similar to the proof above, we have A-! : B, — B, is also bounded, that is,

1
there exists a constant My > 0 such that

A7 ],y < Molhl,,,-

Assume that {h,} is a bounded sequence in %,,,, and denote u,, = A; 'hp. Thus, {u,} is a bounded sequence

in %,,,. Note that |u,(§)| < e“o‘f‘|un|uO for all £ € R. Hence, for each fixed k € N, {u,} can be viewed as a

bounded sequence in C([—k, k], R) with respect to the maximum norm, i.e., {u,(§)} is uniformly bounded
n [—k, k]. Since

€ )
|(Ai—1h)/(€)} — m —/\11-/7 e>\1i(§z)h(z)dz+>\2i/§ e)\zi(ﬁfz)h(m)dx
< Aailhl, [1A7 @]
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etolél
ro

< >‘2i|h‘/toM0 ‘euo\.l

= /\2i|h‘MOMOGuU‘E‘7

{un (&)} is also equi-continuous on [—k, k]. According to the Arzela—Ascoli theorem and the standard diagonal
process, we can extract a subsequence {h,, } such that w,, = A;lhnk converges in any C([—k, k], R) with
respect to the maximum norm. We shall also prove that the subsequence {u,, } converges in %, with respect
to the norm |- | .

Given any € > 0, there exists an integer N > 0 independent to u,, such that

e () = (O] € I (O] + (O
< e*(u*uo)|€|(|unk|uo + [tn )

<€

for any |{| > N and k,m € N. Since {u,, } converges uniformly on the interval Iy = [-N, N], we can find
K € N such that

e MMy, (&) = Unpn (€)] < Jttny, (€) — tn,, (€)] < €

for any £ € [-N,N] and k,m > K. The above two inequalities imply that {u,, } is a Cauchy sequence
in %,,. Since %, is a Banach space, {un, } converges in %,. This proves the compactness of the operator
A;l : By — PBu. The proof of the lemma is complete. [J

From Lemma 3.1 in [11], we can obtain that
Ai(A7h) = h (3.6)
for any h € %, (in fact, it also holds for any h € .Z},,), and
A7 (Ah) =h (3.7)

for any h € %, such that b’ h"” € 4,. Thus, A7' is actually the inverse operator of A; in some
sense. Furthermore, according to the theory of impulsive systems [29], we have the following more general
conclusion, which is an extension to Lemma 2.1 in [30] and is useful for the proof of invariance of the cone

in the sequel.

Lemma 3.2. Leti=1 or2. Assume that h € £\, satisfies the following conditions: (i) h',h" € L\, ;(ii)
R is continuous on R\{&;}, where {&;} is a finite increasing sequence; (iii) h(§;+), h(§;—), W' (&+) and
W (&—) exist. Then A;'(A;h) € C(R,R) and

1

(AT (A)](€) = h(E) + 55—

Z (bj + /\1i&j)e)\2i(§_§j) + Z (bj - /\giaj)e_)‘“(g_gj) (3.8)
§;>¢€ £ <€

for any & ¢ {&;}, where a; = h(&j+) — h(&;—) and b; = B (§;+) — B/ (§—). In particular, further assume
h e C(R,R), (3.8) can be reduced to

- 1 oy e
(A7 (Am)](€) = (&) + N Z b2 (=8 4 Z bje i(6=E) (3.9)
21 1z ijf £j<£

for all £ € R.
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Proof. The assumptions of h imply that A;h = —d;h" +ch' +a;h € Z5,,. Thus, A;l(Aih) is well defined,
and the function [A;!(A;)h](€) is continuous with respect to & on R. By Theorem 87 in [29], (3.8) holds for
any & ¢ {&;}. Furthermore, the continuity of h is equivalent to a; = 0 for all j. Thus, with this additional
assumption, the continuity of [A;*(A;h)] implies that (3.9) holds for all £ € R. [

Finally, note that the characteristic equation corresponding to the linearization of Eq. (2.2b) at (S, 0) is
T(c,A) == daA* — e\ + f(s*)g;(O)/ k(s)e™?*ds — v = 0. (3.10)
0

Since

Y(c,0) = f(S:)g(0) =7,
lim 7(c,\) =00 forallc>0, lim Y(c,A)=—o0 forall A>0,
c— 00

A—00
% — A1+ f(s*)g;(O)/ sk(s)e ds] < 0,
0
2 [e%s)
3%‘;” — 2y + 2 f(S,)g, (0) / 2h(s)e 3 ds > 0,
0

then it is easy to obtain the following lemma, which is similar to Lemma 2.5 in [31] and Lemma 2.1 in [32]
and Lemma 2.2 in [33].

Lemma 3.3. Assume that Ry = f(S.)g.(0)/y > 1. Then there exists a positive constant
¢ =sup{c>0]|2(c,A) >0 forallX >0},

and the following statements hold.
(1) Ifc=c*, then Y(c,\) =0 has a unique positive root \*.
(ii) If ¢ > ¢*, then T(c,\) = 0 has two distinct positive roots A\1 < A2, and

<0, xe (),
T(C»A){> 0, A€[0,A)U(A2,00).

In what follows, we always suppose Ry > 1 and fix ¢ > ¢* except for Section 6.
4. Construction of an invariant cone
In order to construct a profile set, we firstly state three lemmas.

Lemma 4.1. The function I (£) = eM¢ satisfies the following differential inequality
I’y (&) = daT7 (&) + f(S*)/ k(s)g(L4(§ — es))ds — yL.(S). (4.1)
0

Proof. By the characteristic equation (3.10), it is easy to verify that

eI (€) = daI"(€) + F(S.)d, (0) / T h(s) T (€ — es)ds — I (€).

Noting that g(u) < ¢/, (0)u for all u > 0 (see Remark 2.3), we obtain that g(1y (£ — cs)) < ¢/ (0)14(§ — cs)
always holds. Therefore, (4.1) is true and the proof is completed [

9
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Lemma 4.2. There exist 3 € (0, \1) and o0 > S, such that the function S_ (&) = max{S, — pe”¢,0} satisfies
() < DS (O) = (S () | helallis — es))ds 4.2
for any & # (1, where (1 := =1n SQ*.

Proof. We first choose a positive number g = = mm{)\l, i }, then ¢ — di 8% > 0. Let

. F(8:)g4(0) fy~ k(s)e 1eds
e max{S*, cﬁgdlgz )

—(cB—d1%) o+ f(S*)gﬁr(O)/ k(s)e"?Mds < 0.
0
If £ > (3, then S_(&) = 0. Clearly, (4.2) holds for & > (3.

If £ < (1, then S_(£) = S, — e, Recalling the choice of 3 and g, and noting that g(u) < g’y (0)u for all
u > 0 (see Remark 2.3), we have

cS (€)= di S (&) / k(s _ es))ds

(e — d12)0c% + (S, — 00) / K(s)g( 16 21¢%)ds

I /\

(0B — d182)0e" + F(S,) (0)eM€ / B(s)e1e"ds

—(cB — dif¥)o + F(S.)d (0) /0 K(s)e wds} of8
0.

IN A

Hence, (4.2) also holds for £ < ¢;. This completes the proof. O

Lemma 4.3. Let n = min{B, (0 — 1)A1,5(A2 — A1)}. Then there ewists M > 1 such that I_(§) =
max{e*&(1 — Me"),0} satisfies

I (6) £ dt"(©) + 1(5-©) | " h(s)g(I_ (€ — es))ds — 11 (€) (43)
for any & # (o, where (5 = % %

Proof. Since \; <1+ A; < Ay, by Lemma 3.3(ii) we have 7(¢, A1 +7) < 0. Denote

S — ! h s)e” M ds 4 w h s)e~0Mesdg
D= TP w— (ng+(0)g/0 k(s) ds + f(s*)/0 k(s) d ) (4.4)

which is a positive constant. In fact, this expression is deduced later.
Let n
M = max{e~ 1" §, ', D}, (4.5)

where (; is in Lemma 4.2, then we have

1 1 1
=—In—< <0 < —1ndp.
©) nHM_C1_7 42_)\1110
10
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If £ > (o, then I_(£) = 0. Noting that

F(S_(©)) / T R()g(I_ (€ — es))ds > 0,

(4.3) holds for & > (s.
If ¢ < (o, then T_(&) = eM&(1 — Me™), S_(&) = S, — 0eP¢. Thus, I_(£) < eM& < e < ). By the
assumption (A3), we can obtain that g(I_ (¢ — ¢s)) > ¢/, (0)I_ (£ — cs) — wI? (€ — ¢s) for s > 0. Therefore,

l”(€) ~ el (€ + F(5-(©) [ e)all-(€ ~ es))ds ~ 11 (©
> a1 ()~ el )+ S(5-(6) [ ko) [1L O~ e9) ~ I’ (€ — e9)] ds = 21(¢)
> dy [A} — (M1 +0)2Me™] M —c [N — (A1 +n)Me™] eM& —yeMi(1 — Me™)

L OF(S-(O) [ ke [1 -2 ds—wp(S-(©) [ M s
> = T(e Ay + )M — g (0) [£(S.) = f(Ss — 00™)] / k(s)eM (o) ds

0
+Mg' (0) [£(S.) = f(S. — 0e™)] / " () AHEeds — wf(S. — o) / " k(s)eMoEen s
0 0

o0 e}
> [— T(e, M\ +n)Me"™ — Lyg', (0)e” / k(s)e 1% ds — wf (S, )e?= g / k‘(s)e_e’\lcsds} eMé
0 0

> [— Y(e, A\ +n)M — ngﬁr(O)Q/ E(s)e~ M ds — wf(S*)/ k(s)e_e’\lcsds] etme,
0 0

Here, in the last step we have used the fact that £ < (o <0, n < g and n < (0 — 1)\;. It follows from (4.4)
and (4.5) that (4.3) holds for £ < (3. This completes the proof of the lemma. O

Setting
oy = max{dlz\f +ech +1,019(54)}, ag = max{dgx\f +ch+ 1,7},

it follows from (3.1) that the inequality
A1 < min{A;1, A2}
holds. Then we can choose g, i+ so that
A1 < po < < min{Aiq, A2}

Let S4 (&) = S.. Using these four functions Sy, S_, I and I_ to specify the boundary of a profile set, we
can define this set as
F:{(S,I)EQNX%MS_SSSS+,I_SISI+} (46)

Clearly, I' is a nonempty, bounded, closed and convex set in %, x %,,. We will look for traveling wave
solutions of system (2.1) in I', that is, (S, I) € I" satisfying system (2.2) with the boundary conditions (2.3).
We are now ready to define Hy(S,I), Hy(S,I) by

H(5.1)(0) = 50 - 1(5(6) [ " h(s)g(I(€ — es)ds,
H5.1)0) =l (©) + 1(5(©) | " k($)g(I(€ — es))ds —AI(©)

for any (S,I) € I'. We give the following lemma about the properties of the operators H; and Hs.

11
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Lemma 4.4. The following statements hold.
(i) Hi(I') is a bounded set in B, fori=1,2;
(ii) H; : I' — A, is a continuous mapping for i =1,2.

Proof. Due to the monotonicity of f and the boundedness of g (see Remark 2.3), for any (S,I) € I' we

have
oo

[H1(S, D) ()] < a1S(&) + f(S(E)) | k(s)g(I(§ — cs))ds

S—

o0

< a1Si + f(Sy) k(s)g(S«)ds
0
< 018, + f(5:)g(55),

[Ho (S, I)(E)] < (a2 = )I(§) + F(S(E)) /OOO k(s)g(I(§ — cs))ds

< (a2 — NI (E) + £(S.) / " k(s)g(S.)ds
< (g — )M+ F(S.)g(S.).

Since A1 < pio, [H1(S,I)],, < a1S« + f(S.)g(Ss) and [H2(S,I)],, < as — v+ f(S4)g(S.). Hence, the sets
H,(I') and Hy(I") are bounded in %, .

Recalling that %,,, C %,,, the operator H; can also be viewed as a mapping from I' to %,,. Given € > 0,
there exists A > 0 such that

/00 k(s)ds < e.
A
For any (S1,11), (S2,I2) € I', we have
|H1(S1, 11)(€) — Hi(Sa, I2) (&) e
< 01|81 (&) — S2(&)le ™ + [ £(S1(8)) — f(S2(&))]e M / k(s)g(I>(€ — cs))ds
LRSI ()e e / T R($)g(I (€ — es)) — g(Ia(€ — es))lds
o 1 - K «)ds 1(§) — 52 e el
< ( w1 [T kea(500 ) 191(6) — Sa(©)]
T F(S,)e e / k()1 (€ — e5)) — g(Ta(€ — es))[ds

A
< lax + Lig(S))IS1 — Sal, + f(S.)e 1€l / k(s)lg(11 (€ — ¢s)) — g([a(§ — cs))ds

0
(S, )eHe /A k()1 (€ — e5)) — g(Ta(€ — es))[ds
< fon + Lig(S.]|81 = S, + Laf(5) | * h(s) I (€ — e8) — Lo(€ — es)lerIE—celonle—cel-leD g
0
L F(S,)e /A k() ([g(L1 (€ — e3))| + |g(Ta(€ — es)))ds

A [es)
< for + Lag(S.))1S1 = Sal, + Laf(S)IR = B, [ bs)er™ids +2£(8.)9(5.) [ bls)as.

Here in the last two steps we have used the Lipschitz continuity of g and the boundedness of g on [0, 00)

respectively; see Remark 2.3. Let
0 = min | €, % ,
Iy k(s)eresds

12
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then for any (S1, 1), (S2, I2) € I satisfying |S1 — 2|, < & and |I1 — I5|, < J, we have
[H1(S1, 1) — H1(52, 12)],

A
< o+ Lig(S)J5+ Laf(8.)5 [ K(s)er™sds + 27(S.)g(S.)e
0
< 0067
where Cy = aq + L1g(Sx) + Laf(S«) + 2f(S.)g(S«) is a positive constant. This implies that the operator

Hy :I' = %, is continuous. Similarly, we can prove that the operator Hy : I' — %, is also continuous. This
completes the proof.

Next, we define an operator F := (F1(S,1), F»(S,I)) by
Fi(S,I) = A7 H;(S,I), i=1,2. (4.7)
By Lemmas 3.1 and 4.4, the operator F' is also well defined on I'" and the following conclusion holds.
Lemma 4.5. F = (Fy, F3) is a continuous and compact mapping from I' to %, x AB,,.

Proof. It suffices to prove that F; : I' — 2, is continuous and compact for ¢ = 1, 2. Firstly, F; = Ai_lHi
can be viewed as the composite of mappings H; : I' — %, and A;l : B, — B,,. Then, Lemmas 3.1(i) and
4.4(ii) imply that F; : I' — 2, is continuous. Secondly, F; = Ai_lHl- can also be viewed as the composite of
mappings H; : I' — %,,, and Ai_l : By — Bu. Therefore, it follows from Lemmas 3.1(ii) and 4.4(i) that
F;: I' = %, is compact. This completes the proof. [

For (S,I) € I', we can rewrite (2.2) as

(4.8)

ALS = Hy(S, 1),
Aod = Hy(S,1).

Thus, from (3.6) we can obtain that if the mapping F has a fixed point in I, i.e., there exists (S,I) € I
satisfying

{S:Fl(S,I), (4.9)

1= FQ(S7I)7

then it must be a solution of system (4.8) or (2.2). If this solution further satisfies the boundary conditions
(2.3), then it gives a traveling wave solution of system (2.1), which is our search target.

In order to employ the Schauder’s fixed point theorem to prove the existence of a fixed point of the
mapping F' in I', we also need to verify the cone invariance of I" under F.

Lemma 4.6. F = (Fy, F3) maps I into I
Proof. By Lemma 4.5, F(I') C %, x %,. Therefore, we only need to verify
S_<F(S1I)<S5; =85,

I_ < Fy(S,I)< I,

for all (S,I) e T.

13
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Due to the assumptions (A1)—(A2), the boundedness of g (see Remark 2.3), and «; > L1g(Sx), we have

Hi(S,1)(§) = Hi(S-, I1)(£) N
> ar[S(§) = S-(&)] = [F(5(9)) — f(S- (5))]/0 k(s)g(I(§ — cs))ds
)

> ay[S(§) = S-(&)] = g(S)[F(5()) = F(S-(£))]
2 [on = Lag(S.)][S(§) = 5-(8)]

> 0.
Thus, F1(S,I) > F1(S_,I;). It follows from (4.2) in Lemma 4.2 that
Fi(S_, 1) = AT H (S, 1) > ATH(ALS2).

Noting that S_ is a continuous function on R satisfying all of the assumptions in Lemma 3.2, S’ ((1—) <0
and S’ ((1+) = 0, in view of (3.9) we obtain that AT'(A;S_) > S_. Thus, Fy(S,I) > S_. Note that
Hi(S,I) <18 < a1 Sy = A1Sy. Since Sy is a constant function, it follows from (3.7) that

Fi(S,I) = AT H, (S, 1) < ATH(ASy) =Sy
So far, we have proven that
S_ < F(S,I)<54.

Since ay > 7, the monotonicity of f and g implies that the operator Hs(S,I) is monotone with respect
to variables S and I. Thus, we have

F2(S—aI—) < FZ(Sa I) < FQ(S+aI+)'
It follows from (4.3) in Lemma 4.3 that
Fo(S_, 1) = A7 Hy(S_, 1) > A7 Y (A1),

Note that I_ is continuous on R satisfying all of the assumptions in Lemma 3.2, I’ ((oc—) < 0 and
I' ((+) = 0. By (3.9) we obtain that A;'(AxI_) > I_. Hence, Fp(S_,I_) > I_. Since A\; < p, we have
I, 1,1 € #,. 1t follows from (4.1) in Lemma 4.1 and (3.7) that

Fy(Sy,I4) = Ay Ho(S1, 14) < AyH(Aoly) = I

Hence, we have also shown that
I_ < F(SI)<I,.

This completes the proof of the lemma. [

5. Proof of the existence of traveling wave

By Lemmas 4.5-4.6, we know that F' is a continuous and compact mapping from the bounded closed
convex set I' of 4, into itself. It follows from the Schauder fixed point theorem that the mapping F' has a
fixed point (S,I) € I', that is, there exists a point (S, I) € I" such that (4.9) holds. Consequently, we obtain
that this point (S, I) satisfies the system (2.2). In the following, we shall verify this solution (5, I) satisfies
the boundary conditions (2.3).

Firstly, since S_ < .S < S, and I_ <[ <1, we can get that

lim S(&) =S, lim I(¢§) =0, (5.1)

£——o0 {——o0

14
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and
lim e 7€) = 1. (5.2)

£——o0
The equality (5.2) also implies that I is non-trivial. In fact, it can be shown that I(¢) > 0 for any £ € R.
Assume by contradiction that there is {y € R such that I(§) = 0, then there exist constants a,b € R such
that &o, (2 € (a,b). It follows that I attains its minimum in (a,b) for £ € [a, b]. From (2.2b), we obtain that

—doI"(§) +cI'(§) +71(§) 20, £ € [ab].

By the elliptic strong maximum principle, it follows that I(£) = 0 for £ € [a, b], which contradicts the fact
that 1(£§) > 0 for £ € [a, (2) from Lemma 3.2. The monotonicity of g and ¢/, (0) > 0 imply that g(u) > 0 for
all u > 0; see the assumption (A2) and Remark 2.3. Together with the assumption (A1), we have

/000 k(s)g(I(§ —ecs))ds >0

for all £ € R. Therefore, by (2.2a) and (5.1), it is easy to see that S is also non-trivial.
Recalling the definition of A;l, we have

13 oo
(A7) = 7 S (—/\u /_ e MED h(p)de + Ao / e’\Qi(f_’”)h(x)dx>, (5.3)

3

1

L\ (g) = 1 2 ¢ —A1i(§—x) o A2i(§—x)
(A7 = F5 T <)\1¢ | R A L) B T B

for any h € %,,. Hence, if lim¢_, o h(§) exists, then by L’Hopital’s rule, we have

lim (A7h)'(€) = lim (A7'h)"(€) = 0.
{——o0 §{——o0
By Lemma 4.4, we know that H.(S,I), H2(S,I) € A,. It is easily seen that H,(S,I)({) — a15. and
Hy(S,1)(€) — 0 as £ = —oo. Consequently, from (4.9) we obtain that

Jim §(€) = tim [ATH(S,D)(€) =0, lim §7(€) = lim [ATH(S,1)]"(€) =0, (5.5)
and
Jim 7€) = lim (A7 RS DN© =0, lm (9= lin (A7 H(SDN© =0 (50)

Secondly, we intend to study the asymptotic behavior of S and I as x — oo. For the sake of convenience,
we denote

w(©) = 1(5(€) | " R()g(I(€ — es))ds. (5.7)

We will rewrite (2.2a) as
15" (§) — eS'(§) = P(8). (5.8)
Integrating (5.8) from —oo to £ yields

13
08/ (€) = e(S(€) — 8.) + /_ (a)d. (5.9)

Due to the boundedness of S, it can be shown that the integral in the equality above should be uniformly
bounded by contradiction. Thus, it follows that

/jo Y(x)dz < oo, (5.10)
15
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which in turn yields S’ is bounded on R. Since

D) < f(Se)g(Sk) (5.11)
for all £ € R, it follows from (5.8) that S” is also bounded on R. Note that (5.8) implies that

1
[e™ /NS Q) = et Nup(g).
1
Integrating this equality from & to oo gives
L
d1 £

Thus, S is nonincreasing. Since we have shown that S is non-trivial, one can obtain that

e et/hgr(g) = e~/ dy(z)dz.

0 < S(o0) < S(—00) = S..

Moreover, since S’ is a non-positive and integrable function on R and we have shown that S” is bounded on
R, it is easily seen that S’(£) — 0 as & — oco. Therefore, letting & — oo, it follows from (5.9) that

o(S. — S(00)) = / (z)dz. (5.12)
Note that (2.2b) can also be rewritten as

= doI"(&) + cI'(§) +7I(§) = ¥(&). (5.13)
By the fundamental theory of second-order linear ordinary differential equations, we obtain that
- - 1 13 - oo
I(€) = Cre ™8 4 0?2 4 — / e MED)y(2)de + / 22 () | (5.14)
do(A2+ A1) \ Voo ¢

where C1, Cy are constants, and

5 —c+ /2 +4dyy 5 et/ +4dyy

1= 2ds » 2 2ds
Note that (5.11) guarantees the integral in (5.14) is well defined, and

_ 1 ¢ X1 (6~) = A2 (¢—w)
da(A2 + A1) </—oo © v(@yde+ /5 ‘ v(z)do

Since I(£) — 0 as &€ — —oo0, then C; = 0. Note that I(¢) < I, (¢) = e, Recalling the definition of A; in
Lemma 3.3, together with (3.10), it is easily seen that A\; < Ay. Hence, we can also get Co = 0. Consequently,

1 ¢ ehien) ~ Jale-a)
1(¢) = m (/Ooe 1/)(x)dsr+/’E e P(x)de | . (5.16)

< F(8)9(S.) (5.15)

Since (5.10) holds, it follows from the equality above and Fubini’s theorem that I is also integrable on R,
and

/00 1(&)d¢ = i/oo Y(x)dr < oo, (5.17)

— 00

which together with (5.12) implies that (2.6) in Theorem 2.1 holds. Moreover, by (5.16) and (5.15), we obtain

that for any £ € R,
1 by /E 6731(6790)1)[,( Yda + A /0067\2(571)1/,( )d
—_— | -N z)dx + Ao z)dx
da(A2 + A1) — ¢

%f(Sgg(s*).

')l =

IA

16
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Hence, a combination of the two conclusions that I’ is bounded and I is a positive and integrable function
on R yields I(¢) — 0 as £ — oco. Together with (5.1) and (5.6), an integration of (5.13) from —oo to ¢ yields

§ 3
il +el© 47 [ Hade= [ v
—00 —o0
which implies that I'(§) — 0 as £ — oo. Since ¢ is a bounded and continuous function with g(0) = 0 and
I1(§) — 0 as £ — 00, by Lebesgue’s dominated convergence theorem, we have

lim k(s)g(I(§ — es))ds = 0.

£—00 J

Therefore, it follows from (2.2) that S”(£) — 0 and I”(§) — 0 as £ — oo. We conclude the asymptotic
behavior of S and I as £ — oc.

Jim S() = Sz < 5., Jim §'(€) = Jim §”(5) =0, (5.18)
Jdim 1(6) = lim 1'(6) = lim 1(€) = 0. (5.19)

Finally, we are ready to prove I(§) < S, — S for all £ € R. Since I is a positive and integrable function
on R, we can define

Ge) = 1(6) + 2 / * )de s T / " el (E0) [ () da. (5.20)

C J_oo C 13
It follows from (5.1), (5.19), (5.12), (5.17) and L’Hépital’s rule that

i = im =7 h r)dx = 5, — 5(00).
lim_G(6) =0, Jin G©) =2 [ I)dr=S. - 5(0)

£{——o0 o
By (5.20), we can obtain that

ey — ey o L [ eldate—a)
GO =1©+ 1 [ @

GO =1"€) ~ 31O+ /§ £/ 426 [ ()

and
lim G'(§) =0, lim G'(¢)=0.

£——o0 £—o0
It follows from (5.13) that
—d2G" (&) + G (§) = ¥().

Noting that G’(c0) = 0, integrating the equation above from £ to oo yields

1 oo
G'(¢) = d2/€ eC/d2(£_J;)’(/}(:L.)dx >0,

which implies that G is a nondecreasing function on R. Since G(c0) = S, — S(c0), we obtain that
1(§) < G(§) < 8x = S

for all £ € R. This completes the proof of Theorem 2.1.

17
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6. Proof of the nonexistence of traveling wave

For Ry > 1 and ¢ < ¢*, or Ry < 1, assume by contradiction that there exists a non-trivial and nonnegative
traveling wave solution (S(z + ct), I(x + ct)) of (2.1), that is, (S(£), I(£)) satisfies system (2.2) with the
boundary conditions (2.3). Firstly, note that if 7(§) = 0, then S(£) = S,. Hence I is non-trivial. Similar to the
discussion in Section 5, we can know that I(£) > 0 for all £ € R. Secondly, since (S, I) is a bounded solution
of system (2.2), then by the fundamental theory of second-order linear ordinary differential equations, we
obtain that

1 3 . oo
S)=——=— / e_Al(f_’”)gp(x)dx—i—/ Mo (g)de |, (6.1)
di(A2 + A1) < —o0 3
1 13 - oo _
€)= — / e MET) (g dx+/ 22y (2)dz |, 6.2
© d2<x2+m<_m @)+ [ @ (62)
where
3 _ —c+ c2 + 4dqy 5 :c+\/c2+4d17
1 2d1 ) 2 2d1 ;
5 _ —cT c2 + 4dyy 5 :c+\/c2+4d27
1 2d2 ) 2 2d2 )
p(x) = vS(x) — f(S(x)) / k(s)g(I(z — cs))ds,
0
and

P(x) = f(S(x)) /OOo k(s)g(I(z — cs))ds. (6.3)

By Lebesgue’s dominated convergence theorem, it is easily seen that ¢(+o00) and 9 (+o0) exist. Therefore,
from (6.1) and (6.2), by L’Hopital’s rule we can show that

S'(£o0) = S (+o00) = I'(£o0) = I"(£o0) = 0. (6.4)
Furthermore, it is easily seen from (6.2) that
= MI(€) ST'(€) < AI(8). (6.5)

Thirdly, from (2.2a), we can obtain that
- 1 _
[e=c/h g (g)) = e ct/dig(€).

1

Since we have shown that S’(c0) = 0, integrating the equality above from & to oo yields
1 o0
e~/ hgl(¢) = 77/ e~/ dy(z)da.
dl E
Thus, S is nonincreasing and for all £ € R,

S.>8(§) > 8% >0. (6.6)

Finally, let J(&) := ff I(z)dz, which is well defined on R since

oo

J(§) = —[d1S"(§) + daI'(§) — S(&) + ¢S — cI(§)].

1
v
Moreover,

J(o0) = /00 I(z)dx = ¢(Ss — Sx0) < 0.

— 00
In the following, we distinguish two cases.

18
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6.1. The case Ry > 1 and c < c*

In this case, we will first show that a claim about the function J(-).

Claim. (1) There exist two constants £y < 0 and Ky > 0 such that 1(§) < K1J(§) for any & < &o; (II) there

is p > 0 such that J(&) = O(e®) as & — —oc.

Since I(—o0) = 0, there exists §&; < 0 such that for any & < &, I(§) < min{dg, S«}. According the

assumptions (A2)—(A3), we have for any £ < &,

waOO k(S)Ie — CS dS fO )g . CS))dS /
fooo k(s)I(§ —cs)ds — f k(s)I ( ~cs)ds < 4. (0).
Noting that I(—occ) =0 and 6 > 1, it is easy to show that

o Jo K(s)I°(€ = es)ds 7
Egr_noo Jo R(s)I(§ = cs)ds N

94(0) —

Hence, together with Ry > 1, we have

i ) f Sk —cs))ds _
§——o0 fo k:(s)[(f — cs)ds

Thus, there exists £ < 0 such that for any £ < &,

75 [ relatre - espas = I [Taorie - e

Therefore, by (2.2b) we have for any & < &,

1) > (€ + T ([T k(e - s - 19)) + L= rce),

Integrating both sides of (6.7) from —oo to & yields

Y(Ro — 1)

=01 < 19 - ar'© + I (519 - [T k66 - e )

for any £ < &y. Integrating both sides of (6.8) from —oco to & gives

—”RO{ D[ st i

<cJ(§) RO +1) / / k(s J(x — cs)]dsdx
=cJ(§) RO +1) / / / csk(s)I(x — mes)dmdsdz
=cJ(&) + (ROQH/O csk(s )/0 J(& —mes)dmds

< (14 2B [T o)as) este

Ky=c (1 + M/ sk(s)ds) , Ky = @
2 0 d2

for any £ < &p. Let
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From (6.9), we have for any & < &,
1(§) < K1J(8),

and

_ §
W/ J(u)du < Ko J(€).

—0oQ

Since J is a nondecreasing and positive function, then for any ¢ < &y and any 7 > 0 we have

Ry—1
W =1 s ) < Ko (0)
We can choose 7 = A/(QES{BI), then for any & < &,
1
JE—7) < L) (6.10)
Let

1 (R —1)

P T 2€K0 ’

then p > 0, and by (6.10) we have

J(E—T)e P < 1{](5)6—9(5—7) = J(€)e ¢

e

for any & < &y. This implies that

sup  J(€)e P = max J(£)e PE.
£€(—00,&0] £€léo—.0l
Therefore, J(£) = O(e”®) as € — —oo. This completes the proof of the claim.
For A € C, we define a bilateral Laplace transform of I by

L) = / e MI(¢)de = / e MdJ(¢). (6.11)
Let a, b € RU {£o0} with a < b denote the abscissas of convergence for £()\), that is, the integral (6.11)
converges in the strip a < R\ < b and diverges for RA > b and for R\ < a. Since I is bounded, [}~ e *I(£)d¢
converges for any A with R\ > 0. Hence, together with the claim (II) above, we know that (0,p) C (a,b).
Furthermore, by (6.5) and the claim (I), it is easily seen that

J(E) = - 1(€) > Kot (6.12)
K
for any £ < &y, where Ky = %‘f)e_;?go > 0. The inequality (6.12) implies that b is a finite real number
not greater than \o. Since J(€) is nondecreasing, by properties of Laplace transforms (Theorem 2.5a and
2.5b, [34]), one can obtain that £(\) is analytic in the strip a < A < b and A = b is a singular point of
L(A). In the following, we will prove that A = b is an analytic point of £(\), which causes a contradiction.
From Theorem 2.2.2a in [34], we obtain that for any sufficiently small € > 0, J(£) = 0(e(®=9¢) as &€ — —oo.
Therefore, it follows from the claim (I) and (6.5) that for any sufficiently small € > 0, as £ — —o0,

1(§) = o(e"™9%) (6.13)

and
I'(€) = o(e*=9)%).
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Hence, together with the boundedness of I and I’, we know that the integrals f_oooo e I'(¢)d¢ and
J75 e 67 (£)dE converge at least in the trip 0 < RA < b (see Theorem 2.2.1 in [34]), and

/ h e MI(€)dE = AL(N), (6.14)
/ h e MI(€)dE = N2L(N). (6.15)

Integrating both sides of (2.2b) from —oo to £ gives

13
‘[ b(e)de = cI(€) — doT'(€) + 1T (E),

where () is defined as (6.3). Therefore, from the discussion above we obtain that for any sufficiently small
€>0,as & - —o0,

3
/ Y(x)dz = o(e®=9%), (6.16)
By Fubini’s theorem, we have
/ o6 / k(s)I(€ — cs)dsde = £(\) / k(s)e2esds, (6.17)
—00 0 0

which also implies that the integral on left-hand side converges in the trip a < ®A < b. Eq. (2.2b) can be
rewritten as

doI"(8) = cI'(§) + f(S:)g'(0) /OOO k(s)I(§ — cs)ds —yI(8) = P(S), (6.18)

where

P(&) = £(5.)0,(0) | K(s)I(€ —es)ds — F(S(8)) [ k(s)g(I( — es))ds.
0 0

Taking the bilateral Laplace transforms of both sides of (6.18) and using (6.14), (6.15) and (6.17), we get

o0

T(c, \)L(N) = / e M P(e)de. (6.19)

— 00

By the boundary conditions (2.3) and the assumptions (A2)—(A3), there exist M; > 0 and & < 0 such
that for any £ < &,
f(5(€)) < My
and
0 < g/ (0)1(&) — g(1(§)) < wI’(€).
Therefore, together with (6.6), we have for any £ < &,

PO < 017 - £SO | T K)I(€ - es)ds
= (50) [ K€ — es) — g 016 —cs) s,
< 2, LS. - S(©)| | " R(s)I(€ — es)ds
w - S 4 — CS S. .
+Aaﬁ B()I°(€ — cs)d (6.20)
Integrating both sides of (2.2a) from —oo to & gives

3
4S9 =c(5©) -5+ [ vla)da.
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Then
S, — S(¢) =[S, — S(0)]e®r® + CT/ edr (¢~ / W(2)dzds.
1
Noting (6.16), it follows from L’Hopital’s rule that for any o with 0 < o < min{b, ¢/d; },

S, — 5(€) = 0(e”®) (6.21)
as £ — —oo. In addition, (6.13) implies that for any sufficiently small € > 0, as £ — —o0,
/ h k(s)I(€ — cs)ds = o(e®~9¢), (6.22)
and ZO
/ k(s)I%(& — cs)ds = o(elb=9%¢), (6.23)
Let '

oo = min{b, i, (6 —1)b}.
di
From (6.20), together with (6.21), (6.22) and (6.23), we have for any ¢ with 0 < o < 0y,
|P(&)] = o(e®*9%) (6.24)

as £ — —oo. This implies that f?oo e M P(£)d€ converges for any A with A < b + 0. On the other hand,
noting that P(§) is bounded, fooo e M P(£)d¢ converges for any A with ®A > 0. Therefore, the integral
ffooo e M P(€)d¢ converges at least in the strip 0 < RA < b+ 0 and is analytic with respect to A in this
strip.

By Lemma 3.3, we know that when 0 < ¢ < ¢*, T'(¢,\) > 0 for all A > 0. This implies that 7(c,b) # 0.
Hence, in a neighborhood of A = b, (6.19) can be rewritten as
7 (i, % [ N e M P(€)dE. (6.25)

Consequently, A = b is an analytic point of £()\), which is a contradiction.

L) =

6.2. The case Ry < 1

Recalling J(o0) < 00, together with (6.4), an integration of (2.2b) on the real line yields

J(o0) = / o; 1) = - / RE / k(s)g(I(€ — cs))dsde. (6.26)
Similar to the discussion in the last part of Section 5, it can also be shown that for all £ € R,
I(€) < Sy — Soo < S..
Hence, by the assumption (A2), we have for all £ € R,
g(I(€ = ¢5)) < g (O)I(€ — cs). (6.27)
Therefore, together with (6.6) and (6. 27) it follows from (6.26) that

J(0) < g+ // (€ — es)dsde

- /0 K(s) [ RGISE
=R [ re)ae

— 00
< J(00).
This is a contradiction, which completes the proof of Theorem 2.2. [J
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