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Abstract

In a delayed Hopfield neural network that is strongly connected matirinhibitory interconnectiongast and inhibitory
self-connections lead to global convergence to a unique equilibrium of the network. By applying monotone dynamical systems
theory and an embedding technique, we prove that this conclusion remains true without the requirement of strong connectivity
or non-inhibitory interconnections. © 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

We consider the system of delay differential equations

n
— = —u;(t) —i—Zaijgj(uj(t -t)+Ji, i=12...,n, (1.1

du; (1)
dr

j=1

whereajj, tj andJ; are given constants ang > 0. This is obtained from the original Hopfield artificial neural
network model (see [12]) by appropriate rescaling under the assumption of identical neurons with equal input re-
sistance and capacitance (see [3]). The time defgys 0 account for the finite switching speeds in the circuit of
neurons (amplifiers). Usually thex n matrix A = (ajj) is assumed to be irreducible, which means that the network

is strongly connected. The activation (or transfer) functignse ¢! are sigmoidal, strictly increasing, odd, and
have lim,— +00gj (1) = £1 andg;. O > g}(u). Sinceaijjg;(u) = [ajj gfl. O)]g; (u)/gf/ (0), reassigning;j allows us

to assumgr} (0) = 1. A typical such activation function ig; (v) = tanh(u), which has been widely adopted for
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neural networks. For convenience, we itemize these assumptigsasnfollows:
(H1) gjeCYR).,  gjw) >0, sup)(u)=g;0) =1
ueRrR

(H2) gj(0) =0, gj(u) saturates at+1, i.e, Iirjrcl gj(u) = %1
U—>xToo

Model (1.1) withrj = 0 has been widely used for several purposes; for example, content addressable memories,
signal processing, parallel computations and optimizations; see, for example [12,17,21], and the references therein.
When a neural network is designed for optimization problems, itis required that given aninput, there be awell-defined
computable solution for all possible initial states. From a mathematical point of view, this requires that the network
should have a unique equilibrium that is globally attractive. Indeed, earlier applications of the Hopfield model with
7j = 0 to optimization problems have suffered from the existence of a complicated set of equilibria (see [17]).
The addition of time delay leads to even richer and more complicated dynamics such as sustained oscillations and
various connecting orbits between equilibria and periodic orbits (see [3,4,6—-8,13-15,19,20,23], and the references
therein). Consequently, the global convergence of (1.1) with positive dglayf great importance in applications.

For the single delay cagej = t), Bélair [2] and Ye et al. [24] obtained some sufficient conditions for global
convergence of the network by using Lyapunov functions/functionals; and for the multiple delay case, Cao and Wu
[5], Gopalsamy and He [11], van den Driessche and Zou [18], and Ye et al. [25] also attacked the global convergence
of the network via Lyapunov functions/functionals and monotone dynamical systems theory.

By using a Lyapunov functional, Gopalsamy and He [11] obtained the following result.

Theorem 1.1. Assume thatH1) and (H2) hold andzjj > 0. If

max :Z'“” |} <1 (1.2)

then, for every inpufl = (Ji, ..., J,)", systen(1.1) has a unique equilibriuna* that is globally asymptotically
stable, independent of the delays

This theorem provides an explicit criterion for global attractivity of (1.2). However, it has an obvious drawback:
it neglects the signs of the connecting weights, and thus, does not distinguish the differences between excitatory
(aij > 0) and inhibitory(ajj < 0) connections. By using monotone dynamical systems theory and the so-called
“exponential ordering” (see [16] for details), van den Driessche and Zou [18] showed that for a network with
non-inhibitory interconnectionsnhibitory self-connection§.e., negative self-connections) can stabilize the net-
work if the delays in inhibitory feedback channels are sufficiently small. More precisely, they established the
following result in terms of the matrix measure:

n
ni(A) = lr;]izg(l aji + Zlaji| for any A € R"*".
JF#
Theorem 1.2(van den Driessche and Zou [18, Theorems 3.1 and 3AHsume thafH1) and (H2) hold, zj; > O
and A = (ajj) is ann x n irreducible matrix withaj > 0 for j # i. Assume also that eithgri(A) < 1 or
m(%(A + AT)) < 1. Then for every inpufl = (J1, ..., J,)', system(1.1) has a unique equilibrium, which is
globally asymptotically stable provided that the diagonal delgysorresponding to negative; are sufficiently
small such tha® < 7;j < 1/(1 — ea)).

Theorem 1.2 reveals the positive impactrdfibitory self-connectionghat is, for a network wittmon-inhibitory
interactions4jj > Ofori # j), fastand relatively large inhibitory self-connections (smalk- 0 andaji < 0) ensure
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the desired global convergence to a unique equilibrium of the network. Our aim here is to show that the above assump-
tions ofnon-inhibitory interactionga;j > 0 ) and irreducibility ofA are not crucial. In other words, we confirm the
stabilization role of fast and large inhibitory self-connections for a delayed network with a general connection matrix.
This is useful in applications as it allows for a much broader class of connection topologies in a network with delayed
feedback to have a globally asymptotically stable equilibrium. Theoretically, such a confirmation is necessary for
two reasons. Firstly, the work of Smith and Thieme [16] shows that excitatory effects tend to stabilize a network as
the corresponding model generates a monotone semiflow, and the work of Baptistini and Taboas [1] establishes the
existence of periodic solutions in a simple network of neurons involving inhibitory interactions and with large delay

in signal transmission. Secondly, the work of Bélair et al. [3] shows that in a network of neurons with delayed feed-
back, frustration is a necessary condition for a network to generate nonlinear oscillation through Hopf bifurcation,
and having inhibitory interaction is a minimal requirement for a network to be frustrated. Our approach is to embed a
network into a larger system with only excitatory interactions, a technique previously employed to study the conver-
gence problems for population dynamics by Cosner [9], and Wu and Zhao [22]. This approach allows us to apply the
powerful theory of monotone dynamical systems to derive quite general sufficient conditions for global convergence.

2. Stabilization role of fast inhibitory self-connections

We show that Theorem 1.2 can be improved to include networks with more general interactions (i.e., without
assumingzj > 0 for j # i and without the irreducibility ofA). More precisely, we prove the following theorem.

Theorem 2.1. Assume thatH1) and (H2) hold, andzj; > 0. If either (i) u1(A) < 1 or (ii)

n . .
max 1 ai + |aij| + |aji| 1
1<i<n o 2
JF#
then for every input = (J1,..., J,)', system(1.1) has a unique equilibrium, which is globally asymptotically

stable provided that the diagonal delagscorresponding to negativa; are sufficiently small such thé@t< ;i <
1/(1 - ea)).

Proof. Forj # 1, Ietai;r = max{ajj, 0} andaij* = max{—ajj, 0}. Then botrui}r andaij* are non-negative fof # i.

Moreoveraij = a; — a; andlaij| = af +ay for j # i. Definen x n matricesB = (bj) andC = (cij) by

aii for j =i, 0 for j =i,

bij = af +s for j#i, D= gy +s for j#£i (2.1)
wheres > 0 is a real number to be specified later. Now, sige= bjj — cjj, (1.1) can be rewritten as
du; (1) - -
# = —u;(t) + Y _bijgj it — 7)) — Y cijgj it — 7))+ Ji. (2.2)
Jj=1 j=1
Letv; = —u;,i =1,...,n. Then (2.2) (i.e. (1.1)) is embedded into the following@mensional system:
du,- t " "
% = —u;(t) + Zbijgj(uj(t —Tj) + ZCijfj(Uj(f —Tj) + Ji,
j=1 j=1
dv; (1) . . .
B —vi (1) + ZCijgj(uj(t - 7j) + Zbij.fj(vj(t —5i)—Ji, i=1...,n, (2.3)

j=t j=1
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where f; is defined byf; (x) = —g;(—x) fori =1, ..., n and forx € R, and thusf; also satisfies (H1) and (H2).
Further define;; (¢),i =1, ..., 2n, by

x; (1) = u; (1), Xnti(t) =vi (1), i=1,...,n,
and definei; (x),i = 1,...,2n by
hi(x) = gi(x), hytyi(x) = fi(x), xe€eR, i=1...,n.

Then (2.3) can be written as

2n

—xi(t) + Y _wihj(et = i)+ Ki, i=1,....2n, (2.4)
j=1

dxz (t)
Cdr

whereK; = J; andK,; = —J; fori =1,...,n,the 2t x 2n matrix W = (wjj) is given by

B C
W:(C B), (2.5)

and eactijj, i, j =1,..., 2n, is given by
T = Tati,j = Tin+j = Tatint+j = tj, L, j=1....n (2.6)

By (2.1), it is obvious thabjj > 0 andcjj > O for j # i, and thus, thes2 x 2n matrix W is irreducible. In order to
apply Theorem 1.2 to (2.4), we need to compui€W) andul(%(W +wh).
For anyk € {1, ..., 2n}, there are two cases for computing(W):

Case 1(1 < k < n). Inthis case,

2n
wkk+ Y| wikl = wkk+ Z|w]k| + lerH-j kl = brk+ ijk + chk
J#k Jj#k J#k j=1

From (2.1) it follows that

2n
Wik + Z|wjk| = bk + Z(bjk + cjk) = akk + Z[(ajk +5) + (ay + )]
J#k J#k J#k
n n
= a+ ) (@ +ay) +25] = a+ Y _lail + 21 = Ds. (2.7)
J#k J#k

Case2(n+ 1<k <2n). Letk =n+1i,where 1<i < n. Then,

2n n 2n n n n
wkk+ Y _lwikl = wk+ Y _lwil + D wikl =bi + Y ci + Y _bji =ai+ Y _lajl +2(n — Ds.
J#k j=1 J=n+1,j#k j=1 Jj#i J#i
- (2.8)
Combining Cases 1 and 2,
n
pni(W) = max ) aii + Zlapl +2(n—Ds ¢ . (2.9)

J#
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Similarly, we can establish the following:

=maxqiaj+ )y ————+2n—1s . (2.10)
1<i<n 2

<W+WT) " Jaij| + |aji

Therefore, if either condition (i) or (i) is satisfied, then (2.9) or (2.10) enable us to ckass@sufficiently small
such that eithep (W) < 1 orul(%(W + WT)) < 1. For such an > 0, application of Theorem 1.2 to (2.4)
ensures that (2.4) has a unique equilibriufy which is globally asymptotically stable if the diagonal delays in
(2.3) corresponding to negativa;i, i = 1, ..., 2n, are sufficiently small such that8 Tjj < 1/(1 — ewjj). Note

thatwy,1int+i = wii = bii = aiij andTyj = T4 ,4i = 7i fori = 1,..., n. This guarantees that every solution of
(1.1) also converges to a unique equilibriufnof (1.1) provided that the diagonal delass> 0 corresponding to
negativeu;i are sufficiently small such that® z; < 1/(1 — ea;). |

The result of Theorem 2.1 shows that, under certain restrictions, the network is globally convergent provided
that the diagonal delays in the inhibitory self-connection channels are sufficiently small. However, Hopf bifurcation
can occur as these delays are increased, as some numerical simulations in the following section suggest. Note that
Theorem 2.1 imposes no restrictions on the sizes of the delays in the interconnection channels and the non-inhibitory
self-connection channels.

3. Examples and numerical simulations

In this section, we consider some particular networks of two neurons and give supporting numerical simulations.
Wei and Ruan [19] considered the network
dui(t) dua(r) _

P —u1(t) + 2tanh p2(t — 112)], 7a —up(t) — 1.5tanh 1 (t — 121)] (3.1)

and showed that when, + 21 is increased to pass through the critical value 0.8, the origin loses its stability and
Hopf bifurcation occurs. The bifurcation is supercritical and the periodic solution is orbitally asymptotically stable.
Their numerical simulations at»> = 0.325 andry1 = 0.525 (henceri2 + 721 > 0.8) supported their conclusions
([19], Fig. 2). We add two inhibitory self-connections and consider the new network

d”;t(t) = —u1(t) — L5tanh 1 (r — r1p)] + 2tanh pa(r — 112)],
dudzt(t) = —uz(t) — L5tanh pa(t — r21)] — 0.6 tanh k2t — 722)]. (3:2)

By Theorem 2.1, this network converges globally to the unique equilibrium (the origin), prosigdedl/(1+1.5¢)
andtz2 < 1/(1+ 0.6e) (but for arbitrary values ot1> > 0 andtp; > 0). This is illustrated by the numerical
simulation shown in Fig. 1 in whichi2 = 0.325,721 = 0.525, 717 = 0.1 andtz = 0.2. Note that Theorem 1.1
does not apply to (3.2).

Note that condition (i) in Theorem (2.1) is equivalent to

n
Z|aji|<1—aii, i=1,...,n, (3.3)
J#



P. van den Driessche et al./Physica D 150 (2001) 84-90

06 B

04 T

02

-1 1 1 1 1 1 | 1 |

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8

ul

Fig. 1. Numerical simulation of solutions of (3.2) with, = 0.325,721 = 0.525,711 = 0.1, 722 = 0.2.
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Fig. 2. Numerical simulation of solutions of (3.2) withy andt,1 as for Fig. 1, buty1 = 722 = 0.6.
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which represents a kind of “diagonal dominance” for the network (1.1) witieare negative. Similarly, condition
(ii) in Theorem (2.1) also gives another “diagonal dominance” condition

n

Z—'a”';m"' <l-ai, i=1....n (3.4)

J#
It should be pointed out that the stabilization role of the inhibitory self-connections is not simply due to the diagonal
domination (3.3) and (3.4), it has to be associated with the restrictions on delays in the self-connection channels.
To see this, fixr1p = 0.325 andry; = 0.525, but increase;; = t22 = 7. Numerical simulations show that when
7 becomes large enough, the trivial solution of (3.2) loses its stability and sustained oscillations occur; see Fig. 2
for the numerical simulations in which= 0.6 > max{1/(1+ 1.5¢), 1/(1+ 0.6e)}. The simulations were done by
using XPPAUT [10].
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