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ABSTRACT

This paper is devoted to studying the spatial dynamics of a nonlocal dispersal species model with annually synchronized emergence

of adults. In the situation of a bounded domain, we show threshold dynamics of the adult population, and provide exact persistence

criterion. In the situation of a spatially homogeneous unbounded domain, we obtain the existence and computation formula of

spreading speeds, which coincide with the minimal wave speed for the traveling waves. The above results are obtained in both

monotone and nonmonotone cases of maturation impulse function. Numerical simulations are carried out to demonstrate the

theoretical results.
2020 MSC: 35K57, 37N25, 92D25

1 | Introduction

Mathematical models play a very important role in spatial ecology
because they help understand and explain evolution of biological
species in time and space (see, e.g., Cantrell and Cosner [8];
Murray [37, 38]; Okubo and Levin [40]). Reaction-diffusion equa-
tions, which contain random diffusion operators and reaction
functions, can describe the spatial movement and growth of
the population in time and space. Spatial theories about the
spread and persistence of species obtained by reaction-diffusion
equations agree in many cases with field observations (Cantrell
and Cosner [8]; Murray [37, 38]; Shigesada and Kawasaki [43]).

For many biological species, such as birds and large mammal,
there is one (or more for some species) breeding season annually,
reflected by the births occurring at the beginning of the season
and newly born individuals growing into adults before the end of

© 2024 Wiley Periodicals LLC.

the year. For instance, in Colorado, big brown bats usually breed
only in late June [16]. For such a species, its long-term population
dynamics can be more properly described by a so-called metered
model that distinguishes the growths of immature and mature
populations which are connected by the producing and maturing
in the beginning and end of the breeding season. Within a season,
the population can move in the space and population mortality
depends continuously on time, while between seasons the popu-
lation gives birth to offsprings in discrete form. In [28], Lewis and
Li constructed an impulsive reaction-diffusion model for species
with distinct reproductive and dispersal stages, which describes
a seasonal birth pulse plus dispersal and nonlinear mortality
throughout the year. In the one-dimensional space, they provided
a critical domain size to determine whether a species is persistent
or extinct in a bounded domain, and also showed the existence of
spreading speed and traveling waves in the unbounded domain.
These results were extended by Fazly, Lewis, and Wang [14,15] to a
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general impulsive reaction-diffusion-advection system in a high-
dimensional space. For a class of species of stream insects with
different life stages, Vasilyeva, Lutscher, and Lewis [47] proposed
a reaction-diffusion-advection system incorporating nonlocal
impulse to describe the population dynamics. Considering the
effects of climate changes, Wang and Wang [48] studied the
persistence and propagation dynamics of a PDE and discrete-
map hybrid model with habitat shift. Meng, Ge, and Lin [36]
explored the effect of impulsive harvesting on the logistic model
with free boundaries. Recently, Wang and Wang [49] considered
an impulsive reaction-diffusion-advection system with bistable
nonlinearity, and proved the existence, uniqueness, and global
stability of bistable traveling wave.

It has been observed and reported that in addition to reproductive
synchronization in years, many egg-laying animals may also
demonstrate synchronous emergence of mature individuals, and
synchronous hatching and emergence (Santos et al. [42]). One
can refer to the reference [7] for the synchronous maturation of
Xiphophorus variatus, and [22] for the synchronized emergence
of adult cicadas in 13- and 17-year cycles as instances. According
to such an observation, Bai, Lou, and Zhao [3] established the
following impulsive reaction-diffusion population model with
the annually synchronous emergence of mature individuals:

d*u,,
Ot =Dy 7~ = fun),
u,(x, t7) =u,(x,t)+ R(x;N,,), t=r1,
um(xao) = Nm(x), me N,
Nm+1(x) = um(x, 1)7

xeQ, 0<t<L1, t#7,

11)

where 7 € (0,1) and R(x;N,,) is value of the solution, evaluated
att = 7, of the following equation:

d%v
atUm = DI #

U (X, 0) = g(N,,, (X)),

-4, X€ 8,t € (0, 1], 12)
X E€Q,

which is the first modeling study to qualitatively assess the effects
of synchronous development activities on the persistence and
invasion of population in a spatially defined habitat. In model
(1.1)-(1.2), it is assumed that the whole species can be classified
into two stages: mature and immature, and mature individuals
reproduce offsprings at the beginning of the mth year, with m €
N=1{0,1,2,..}. Here, u,(x,t) and v,,(x,t) are the adult and
juvenile population densities, respectively, at location x € Qand
time t € [0, 1] within year m € N, N,,,(x) is the adult population
density at the beginning of year m, and v,,(x, 0) is the density
of immature population at the beginning of mth year, which
depends on the adult population density at the beginning of
mth year (i.e., g(-) is a birth function). The constants D,, > 0
and D; > 0 denote the random diffusion rates of mature and
immature individuals, respectively, f(-) is the death rate function
of adult population, including both density-independent and
density-dependent mortalities, d; > 0 is the nature death rate of
juvenile population. The parameter 7 € (0,1) is the impulsive
time, which means that the immature individuals develop into
the adult stage after time 7 at each year. In [3], Bai, Lou, and Zhao

investigated the spreading speed and traveling waves for model
(1.1) on an unbounded spatial domain, and studied the critical
domain size to reserve species persistence on a bounded domain.

The dispersal mode employed in the aforementioned references
[3, 14, 15, 28, 47-49] is assumed to be random diffusion, that is, all
individuals move randomly with a fixed spatial step on the real
line [8]. This dispersal mode appears to be a local behavior [25],
which causes small-scale results for scalar equation model [41]
and may even underestimate the invasion speed [10]. However,
some species can actually disperse in a nonlocal way, that is,
individual walkers can randomly select their own spatial step size
from some distribution [2, 18, 25, 35]. Considering the impact of
birth pulse and nonlocal dispersal, Wu and Zhao [53] constructed
an impulsive nonlocal dispersal population model, which is a
nonlocal version of the model considered in [14, 15, 28]. They
studied the threshold dynamics of such model in a bounded
domain, and showed that the invasion speed of population is the
same as the minimal speed of traveling waves. We point out that
age structure is not considered in [53].

Note that model (1.1) contains the Laplace operator u,,, which
represents the local dispersal mode of immature and mature
individuals in the space. However, we adopt an integral operator
[J ¢ —dl(x) := fQ J(x,y)p(¥)dy — ¢(x) to describe the spatial
movement of immature and mature individuals. That is, all indi-
viduals can move from any location to other location regardless
of distance. In this paper, we consider the following nonlocal
dispersal population growth model with annually synchronized
emergence of matured individuals:

alum = DM [/ J(x’y)um(y7 t)dy —Up| — fM(um)9 X € 5’
Q
0<t<Ll, t#r1,
u, (x, t7) = u,,(x,t) + v,(x,7), t=rt,
um(xso) = Nm(x), me N,
kNm+l(x) = um(x’ 1)’

<

1.3)

where u,,(x, t) and v,,(x, t) are the adult and juvenile population
densities at location x € Q and time t € [0, 1] within year m € N,
respectively, v,,(x, t) satisfies

6,0m =D, [ [m0.0ay -, - £, x €D
Q

t € (0,7],
Uy (x,0) = g(N,,,(x)), x€Q,
(1.4)

Dy, >0 and D; > 0 denote the diffusion rates of mature and
immature individuals, respectively, f,,(-) and f;(-) are the death
rate functions depending on the adult and juvenile population,
respectively, g(-) is the birth function, and 7 € (0, 1) is the time
when the immature individuals become mature. When 7 = 0, the
model (1.3)-(1.4) becomes the scenario of the model in [53].

Throughout this paper, we assume that J(x,y) satisfies the
following assumption:
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(J1) J(x,y) is nonnegative and continuous on R X R satisfy-
ing that J(x,x) > 0 for any x € R, /R J(x,y)dx =1 and
Jo I, y)dy = 1.

Here, J(x,y) is the probability of the species jumping from
location y to location x, fR J(x,y)v,(y, t)dy represents the rate
where immature individuals are arriving at location x from all
other places, and —v,,(x,t) = — /R J(x,y)v,,(x, t)dy is the rate at
which they are leaving location x to travel to all other sites. At the
same time, assume that the death rate functions f;, f; and the
birth function g satisfy:

(H1) f3(0)=0 < f},(0), fy is locally Lipschitz continuous in
u€eR, :=[0,00) and f),(u)/u is strictly increasing in
ueR,.

(H2) f;(0)=0< f7(0), f; is locally Lipschitz continuous in
u € R, and f;(v)/v is strictly increasing in v € R,.

(H3) g(0)=0<g'(0), g(N)>0 for N>0 and g is locally
Lipschitz continuous in N € R,. Moreover, g(N)/N is
nonincreasing in N € R, and there exists N > 0 such that
g(N) < N.

(H4) There exist real numbers p,, > 0,p0; > 0,0, > 0,0, >
0,vy > 1, and v; > 1 such that fy,,(u) < f3,(0)u + pyu*™
for 0 < u < gy, and f;(v) < f1(0)v + p;v” for0 < v < 7.

(H5) There exist real numbers p, > 0,0, > 0, and v, > 1 such
that g(N) > g'(0)N — p,N” for0 < N < g,,.

A classical form of death functions satisfying assumptions (H1)
and (H2) takes the form

fw) = au + bu?,

where the positive constant a in the first term is the natural
death rate while the second term can be rewritten as (bu) - u with
bu being the density-dependent death rate due to intraspecific
competition. The birth rate functions satisfying (H3) and (H5)
include the Beverton-Holt function

_ PN
g(N)——q+NW1thp>0andq>0,

and the Ricker function
g(N) = Ne'M with r > 0.

One can refer to [14, 28, 31] and the references therein for more
general forms and biological interpretation of f and g.

We remark that when Q = R or Q = [0, L], the impulsive emer-
gence function R(x;N,,) in (1.1) can be expressed explicitly
(refer to [3] for details). However, v,,(x,7) in (1.3) does not
have an explicit expression by g(N,,(x)) due to the occurrence
of nonlinear term f;, which causes that system (1.3)-(1.4) is
strongly coupled.

Notice that model (1.3) includes a maturation impulse, and the
impulse occurs at time 7 of each year, that is, this sudden
change happens periodically. Then, we will consider the 1-year
time solution map of system (1.3). Similar to the discussion in

[24, Theorem 2.1] and [57, Lemma 2.4], we can derive that for
any nonnegative, continuous, and bounded initial value v,,(x, 0),
the nonlinear equation (1.4) admits a unique nonnegative and
bounded classical solution v,,(x,t) for t € [0,1]. Let T, be the
time-¢ solution map of Equation (1.4). In the same way, let S, be
the solution map of u;, = D, [fQ J(x = y)u(y,t)dy — u] = ().
For any density distribution ¢(x) of adult population at location
x at the beginning of the year, the density distribution at time 7 is
S.(¢)(x). Since the newborn offsprings will develop into mature
stage after time 7, the density of newly emerging adults at time 7
is T.g(¢)(x). Then, the adult population density will be [S,(¢) +
T.g(¢)](x)attime 7+ due to the impulsive maturation emergence.
During the remaining time interval (z, 1], the spatial distribution
follows Equation (1.3) and thus becomes S;_,[S.(¢) + T.g($)1(x)
at the end of year. This means that the time-1 solution map of (1.3)
is given by

QlAIx) :=S,[S.() + T.gPI(x), x€Q. (19

Therefore, system (1.3) can be reduced to the following discrete-
time recursion:

Ny (0) = Q[N ](x), x€Q, m>0. (1.6)

One can also refer to Liang, Yi, and Zhao [30, Section 2], Zhao [59,
Section 3.1] and Wu and Zhao [53] for this type of recursion.

The main purpose of this paper is to explore the evolution
dynamics of discrete-time problem (1.6) in the cases of bounded
and unbounded spatial domains. The remainder of this paper
is organized as follows. Section 2 is dedicated to the threshold
dynamics of (1.6) in a bounded spatial domain. In Section 3,
for the spatially unbounded case, we prove the existence of
invasion speed of system (1.6) and show that it coincides with
the minimal speed of traveling waves of (1.6). In Section 4, we
present some numerical results to demonstrate our theoretical
results. In Section 5, we summarize the main results, compare our
results with those in literature on similar topics, and discuss some
possible future research in this line.

2 | Threshold Dynamics in a Bounded Domain

This section is devoted to the threshold dynamics of system (1.6)
when the spatial domain Q C R is a bounded and open interval
containing the origin. In this situation, we observe that the
nonlocal dispersal operator ¢(x) — [ o /(6 »)$(y)dy — ¢(x) in
(1.4) and (1.3) can be viewed as ¢(x) fR J, V)e(y) — p(x)]dy
with Dirichlet-type boundary condition ¢(x)=0,Vx € R\ Q,
which is the nonlocal counterpart of the elliptic operator ¢, with
homogeneous Dirichlet-type boundary condition.

We point out that in (1.3) and (1.4), the values of u,,(x,t) and

v,,(x,t) at the boundary 6Q are implicitly determined by the
equation itself. To explain this, we look at the equation

u =d [/ JO,yu(y,t)dy —u|, xe€ Q,t>0. (PA))]
Q
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Let u(x, t) be the unique solution to (2.1) with initial condition
u(x,0) = uy(x) € C(Q). Then, u(x, t) satisfies

u(x,t) = ug(x) + d/ [/ J, y)u(y, s)dy — u(x,s)] ds,
0 Q
x€Q,t>0.

Since u € C(Q x R,), for x, € 9Q, there holds that

Uk, 1) = ug(xp) + d / [ / T y)u(y, $)dy — u(xo, s)] ds,
0 Q
t>0.

Therefore, in order to avoid the incompatible definitions of
u,,,v,, for x € 0Q, we assume that u,,(x,t) =0 for m > 0,x €
R\ﬁ,t €[0,1]and v, (x,t)=0form >0,x € R \ﬁ,t € [o,7].
‘We also mention that under this assumption, the solution may be

discontinuous on the boundary.

In next two subsections, we aim to investigate the threshold
dynamics of system (1.6) in bounded domain Q for two different
cases: (i) the birth function g is monotonically increasing in N,
and (ii) the birth function g is not monotone.

2.1 | Casel:gis Monotone

First, we note that the spatially homogeneous version of (1.3) has
the form

u'(t) = = f(u), 0<t<1l,t#r,
u(tt) =u(t)+v(r), t=r,

u(0) =N,,, meN,

Ny = u(l),

2.2)

where v(7) is the value of the solution, evaluated at t = 7, of the
following initial value problem:

V(t)=—f1(v), 0<t<1

v(0) =g(N,,), meN.
Obviously, problem (2.2) also provides a discrete-time dynamical
system:

Ny = QIN,] :=8,_.(S:(N,.) + T.g(N,.)), m=>0, (2.3)
where $, (respectively, T,) is the time-t solution map of u/(t) =
—fu(u) (respectively, v'(t) = — f,;(v)) fort € [0, 1]. One can easily
verify that under the assumptions (H1)-(HS5) on birth and death
functions, the map Q is monotone and strongly subhomogeneous
(refer to Zhao [59]). For the recursion relationship (2.3), a

straightforward calculation shows that the Fréchet derivative of
0 at zero is

0'(0) 1= e /M@ 4 g/(0)e/M@-D-11Ox

Define M := (1 + ¢ /1©7)N. By (H3), we see that if 0 < N, < N
with N > M, then 0 < N,, <N, Vm > 1. Hence, the map Q is

continuous and compact on R. Now by [59, Lemma 2.2.1 and
Theorem 2.3.4], the following threshold dynamics for (2.3) can be
obtained.

Proposition 2.1. Assume that g is increasing in N. Then, the
following statements hold:

(i) IfQ'(0) < 1, then N,, = 0 is a globally asymptotically stable
fixed point of (2.3)in R,.
(ii) If Q’(0) > 1, then (2.3) has a unique positive fixed point,

denoted by @, which is globally asymptotically stable in R\
{0}.

Equip the continuous function space C(Q,R) with the norm
l¢ll = max, 5 [¢(x)[. Let C(Q,R,):={p e C(QR)p(x)>
0 VxeQ} For any ¢,9 € C(Q,R), we write ¢ > if
$-PECQR,);¢>Pif¢ -9 € C(Q,R,)\ {0} and ¢ > 9 if
¢ > 9 forall x eqQ.

Linearizing system (1.3) at zero, we obtain

atam = DM [/ ](x’y)ﬁm(yy t)dy - ﬂm - f),\/[(o)am: X € 5’
Q
O0<t<l,t#r,
i, (x, t7) = d,,(x,t) + 0,,(x,7), t=r1,
i, (x,0) = N, (%),

Vo1 (%) = (%, 1),

P

meN,

(2.4)
where 0(x, t) satisfies the linear evolution equation

4,0,, = D, [/ J(x,)0,,(y, )dy — 0, | — f1(0)0,, x€Q,
Q
0<t<1,

ﬁm(x5 0) = g,(O)Nm(x)7 X € 5

Similarly, we can derive from (2.4) a discrete-time recursion
system as follows:

Nm+1(x) = O[Nm](x) = gl—r [gr(Nm) + Trg(Nm)](x)a

Vx€Q, Ym >0, 2.5)

where S, is the time-t solution map of the linear equation
3,4, = Dy, [ / I, )i, (v, H)dy — um] - f1,(0)a,, x € Q,
Q
and T, is the time-t solution map of the linear equation
6,0,, =D, [ / J(x, )0, (y, )dy — 15m] — £1(0)0,,, x € Q.
Q
Look at the nonlocal eigenvalue problem

Clplex) = / I yedy = dp(x), x€Q.  (26)
Q
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By [20, Lemma 3.5], the operator L : c(Q, R, > cQ, R,) is
compact and positive. Then, it follows from [34, Lemma 3.1] that
the spectral radius r(£) is a simple eigenvalue of £ with a positive
eigenfunction ¢* € C(Q,R +), that is, the eigenvalue problem
(2.6) has a principal eigenvalue 1,(Q) = r(£) corresponding to a
positive eigenfunction ¢*.

Remark 2.1. As that pointed out in [2, Remark 2.4] and [21,
Theorem 3.1], the principal eigenfunction ¢* is strictly positive on
Q and vanishes in R \ Q. Therefore, a discontinuity occurs on 9Q
and the boundary value is not taken in the usual “classical” sense.

According to the above discussion, the following two eigenvalue
problems

Dy [ / J(x, y)p(y)dy — (p(x)] — f1,0p(x) = Ap(x), x€Q,
Q
and
D, [ / J(x, y)e(y)dy — fp(x)] — f10)p(x) = 1p(x), x€Q
Q

admit the principal eigenvalues 4,,(Q) := Dy1,(Q) — Dy, —
f1(0) and 2,(Q) := D;4,(Q) — D; — f}(0), respectively. Denote

RO ‘= e’lM(Q) + g/(o)elM(Q)(l—T)Jr}q(Q)‘r'

Then, one can check that N, (x) = (R,)" ¢*(x), x € Q,Vm > 0, is
a solution of system (2.5). Furthermore, R, is a threshold value on
the global dynamics for system (1.6), which are read as follows.

Theorem 2.2. Assume that (J1), (H1)-(H5) are satisfied, and g
is monotone. Then the following statements hold:

(1) IfR, < 1, then the adult population becomes extinct eventu-
ally, that is, lim,,,_, , ., N,,,(x) = 0 uniformly for x € Q.

(i) If Ry, > 1, then system (1.6) admits a unique positive steady
state N* € C(Q, R,) with N* > 0. Moreover, the adult popu-
lation is persistent, that is, for any N, € C(ﬁ, R\ {0}, there
holds lim N,.(x) = N*(x) uniformly for x € Q.

m—+oo

Proof.

(i) Suppose that Ry < 1 and let

_ SeM@tp*(x), telo,1],
u(x,t) = , _

e @I [5elm @ p* (x) + (x,7)], t € (1,1],
where § is a positive constant and v(x, t) = 5g’(0)e* "
¢*(x) for t € [0,1]. By (H1), (H3), and (H4), we see that
u(x,0) = 6g'(0)p* > g(d¢*) = g(ul(x,0)),

+ f1(©)

v, =Dy [ / J(x, y)o(y, )dy — v(x, 1)
Q
> 5/11(Q)g’(0)e’11(9)‘g0*

- 6g/(0)eM D, [ / J(x, y)*(y)dy — <P*]
Q

+8f1(0)g'(0)eh Vg

=0, te(,1],

u; — Dy [/ J(x, yu(y, dy — u(x, I)] + fu(w)
Q

> 62 (Q)eh(Digp* — et DD, [ / J(x, ) ()dy — ¢*
Q

+8f! (0)eM@igr

=0, te(,1],

and

7 - Dy [ [ .y ~ax.0| + £u@
Q

> 62, (Q)eM@-D g o+

— §el@OL, Dy, [ / I, y)e* ()dy — <0*]
Q

+813,(0)e Nk,

=0, te(rl1],

where K; = e@7 4 g/(0)eM 7, Then, u(x, t) is an upper
solution of

-

u, = Dy, [/ J, yuly,t)dy —u, | — fuw), xe 5,
Q

< O0<t<1,t#r1,
u(x, t*) = u(x, t) + v(x, 1), t=r,
u(x,0) = 6¢*(x), xEQ,
2.7

where v(x, 7) is value of the solution, evaluated at t = 7, of
the following problem:

v, =Dy [/ I, y)o@,)dy —v| - f,(v), x€Q,
Q
0<t<1,

v(x,0) = g(u(x,0)), x€Q.

Denote N, (x) = 5(R,)"¢*(x) for all m > 0. For any given
initial data uy(x,0) = Ny(x) in system (1.6), we can take a
sufficiently large & such that Ny(x) < No(x). Since u(x,t)
is an upper solution of (2.7), by the comparison argument
and mathematical induction, one can obtain that N,,(x) <
N,,(x)forallm > 0and x € Q. When R, < 1, there must be
lim,,_. ,o, N,»(x) = 0 uniformly for x € Q, which implies the
desired result.

(ii) Before establishing the existence and uniqueness of the
positive steady state, we define the space

X={p: Q- R|e is bounded and Lebesgue

measurable in Q}
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with the norm ||@]|x = sup, 5 l¢(x)|. Then, (&, - |I5) is a
Banach space. Let X, = {p € X|p(x) > 0 Vx € Q}. In this
way, X, becomes a positive cone of X and induce a partial
ordering on X. Moreover, we can check that the interior of
X,, denoted by int(X, ), is nonempty, and

int(X,) = {cp € X, |inf p(x) > 0}
xeQ
= {go € X, |p(x) > € for some e > 0, Vx € 5}.

Recall the operator £ defined in (2.6). An argument similar
to [20, Lemma 3.5] can be carried out to obtain that £
is compact and strongly positive from X, to X,. Since
cQ, R,) C X,,(4,(Q), p*) is an eigen-pair of L in the space
X, . Then the classical Krein-Rutman theorem [26] implies
that (1,(€), ¢*) is the principal eigenpair of £ in the space
X, . Under the assumptions (J1), (H1)-(H5), we see that for
any initial data u(0; ¢) = ¢ (respectively, N, = ¢) with ¢ €
X,, system (1.3) (respectively, system (1.6)) admits a unique
nonnegative solution u(t; ) (respectively, N, (¢)). By the
maximum principle of nonlocal dispersal equations (cf. [44,
Propositions 2.1 and 2.2] and [18, Propositions 4.1.4 and
4.1.5]), we derive that for any ¢,, ¢, € X, with ¢, <, # ¢,,
we derive that S,[¢;] < S,[9,] and T,[¢,] < S;[¢,] for all
t >0, where S, and T, are the time-t solution maps of
the first equations in (1.3) and (1.4), respectively. Note that
Q(p) = u(1;¢9) and Q™(¢) = N,,(p), where Q is defined in
(1.5). Then, we have Q[¢, ] < Q[¢,] for any ¢,, p, € X, with
» S E Q.

Claim 2.1. The operator Q is strongly subhomogeneous in the
sense that Q(6¢) > 6Q(p) for any ¢ € int(X,) and 6 € (0, 1).

For Claim 2.1, we first prove S, is strongly subhomogeneous
for ¢ € (0,1]. Fix 6 € (0,1). For any ¢ € int(X,), let w(x,t) =
S, [0p](x) — 6S,[@](x)Vt > 0. Then, w(x,0) = 0for x € Q,and for

x € Q,t €(0,1], w(x, t) satisfies

w(x.1) = Dy [ / G y)w(y. 0dy — w(x, t)]
Q

— Fu(S 0916 + Fur(88,[p1(0))

— Fu(©S,[21(0) + 6w (S[2]()

=D, [ / e, y)w(y. Hdy — w, r)]
Q

— H(x, Hw(x,t) — h(x,1),

where

ds,
§=55;[69p]+(1-5)6S;[¢]

_rhdfu®
H(x,t) = /0 ~dE

h(x, 1) = fu(8S:[®](x)) - 6fu(S:[¢](x)).

Let U(t,s), t >s >0, be the evolution operator of the linear
nonlocal dispersal equation

u,(x,t) = Dy, [/ JCe, y)w(y, t)dy —w(x,t)| — H(x, Hw(x, t),
Q
X € a,t > 0.

Then the maximum principle of nonlocal dispersal equations (cf.
[44, Propositions 2.1 and 2.2] and [18, Propositions 4.1.4 and
4.1.5]) implies that U(t, s)[¢] > 0 for any ¢ > 0. By the formula
of variation of constants, there holds that

w(x,t) = / U(t,s)[—h(:,s)](s)ds, x € Qe (0,1].

Since f),(u)/u is strictly increasing in u € R, when ¢ > 0, we
have h(-,t) <0 and hence w(-,t) > 0 for t € (0,1]. Thus, S, is
strongly subhomogeneous for ¢ € (0, 1]. Similarly, we can prove
that T, is strongly subhomogeneous for ¢ € (0, 1]. Since g(N)/N
isnonincreasing, we obtain that g(IV) is subhomogeneous. Hence,
it follows from (1.5) that Q is strongly subhomogeneous.

By Claim 2.1, similar to the proof of [53, Theorem 2.2], we can
easily prove that Q has at most one strongly positive fixed point
in X.

Suppose that R, > 1, then we can take iMﬂ< (@), 1, < ,(Q)
and y € (0,g’(0)) such that e* 4 yem(1-0+47 5 1 Let

.0 EeiM‘go*(x), te|o,7],
u(x,t) = X |
- eMDge e (x) + v(x,7)], t € (7,1],

where v(x, t) = syei”go*(x) fort € [0,1]. By (H2) and (HS5), there
holds that for € > 0 small enough,

u(x,0) = eyp* < eyp* +e9*(g'(0) — ¥ — py(ep™)=™")
= g'(0)ep* — py(eg*)s < gleg*) = g(u(x,0)),

v, —D; [/ I, oy, )dy — v(x, )| + f1(v)
Q

< eyl el —eyeh'D, [ / JCx, )@ ()dy — qo*]
Q
+eyfi(0)el p* + p (eyetipr)”
= eyel! [/Tzco* - D / J(x, )*¥)dy + D;p* + f }(0)¢*]
Q

+p (eyeliteey

= v[d; = 1,(Q) + pe” L (yetipr) 1] <0, re(0,7],

u,— Dy [ / T, yyuy, Hdy — u(x, 1)

+fM(E)

< elyetip® —eeln'D, [/ J(x, Y)p*(y)dy — qo*]
Q
+ef}, (Mg + py(ectipr)

= eelut [/TMqo* — Dy, / J(x, »)p*(y)dy + Dy ¢* + f ;4(0)90*]
Q
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+ py(eetip*)m
= u[dy — Ay (Q) + ppye™ My <0, te(0,1],

and

u, — Dy [ / J(x, yyu(y, t)dy — u(x, t)] +fu@
Q

< edy e TIK, gt — eIk, Dy [ / J(x,y)e dy — ¢*]
Q
+ &1, ()M DK,0" + pyy (el Ky
= e, [/Tw* —Dy / I, )@ ()dy + Dyg* + f}w(O)qo*]
Q

+ par(eelu =D Ky )

= u[dy — A (Q) + pye U IR YN <0, tEe(n],

where K, = et 4 yeif *. Then, u(x, t) is a lower solution of (2.7)
with § replaced by . Meanwhile, we can choose a constant g, > 0
small enough such that for any given ¢ € (0,&,], M > ep*(x) Vx €
Q, and

Qleg™] = S, [S:(ep") + T:8(ep™)] 2 Sy [eiM’w* + ei”ysco*]
> (ezM " },ezMuffm,f)w* > eg",
which induces that
M > Q" (ep*)(x) = Q"(ep*)(x), x € Q, Vm > 0.
Thus, there exists N, € int(X,) such that
mlir?oo Q"ep*](x) = N.(x),Vx € Q, (2.8)

and N, is lower semicontinuous in the sense that
liminf,_, N.(x) > N.(x,) for any x, € Q. On the other hand,

noting that g is monotone, we have that g(M) > g(N,)(x) >
8(Q™(e@*))(x). Define
U (x, 1) = u(x, ;;Q"(9")), v, (x, 1) = v(x, £;8(Q™(e9™))),
V(x, 1) € Qx[0,1],
where u(x, t; Q" (ep*)) (respectively, v(x,t;g(Q™(ep*)))) is the
solution of (2.7) (respectively, (1.4)) with the initial condition

u(x,0;Q"(ep*)) = Q"(ep*) (respectively, v(x,0;g(Q™(ep*))) =
g(Q(ep*))) for m > 0. It follows that

U (X, 1) S Uy (6, 8) Sule, ;M) < max  u(x, t; M),

(x,0)eQx[0,1]

U(, 1) € Uyt (6, 8) < 0(x, £;8(M)) < max  v(x, t; g(M)).

(x,0)eQx[0,1]

Hence, the limits u(x,t) := lim wu,(x,t) and uv(x,t) :=
m—+oo

lim v,,(x,t) exist for (x,t) € Qx [0, 1]. Especially,
m—+oo

liIP u,,(x,0) = liI}_l Q" (ep*)(x) = u(x, 0),

lim v,(x,0)= lim g(Q™(ep*))(x) = v(x,0), for x € Q.
m—+oo m—+oo

Hence, by (2.8), N, (x) = u(x,0) for x € Q. Moreover, by (1.3), we
have

(5, 1) = Uy (X, 0) = / Dy [ / TG Y. $)dy — i (x,5) | ds
0 Q

- / fM(um(x’ S))ds’ te [O’ T]’
0

and
U, (x, ) — u,,(x,7) — v,,(x,7)
= / DM [/ J(x7y)um(y5s)dy_um(x5s) ds
0 Q
~ [ Fulnxoonds, t e 1l
0
where

O £) = O (x,0) = / D, [ / TG0 Yoy )y — vp(x, )| ds
0 Q

- / Filom(e)ds, ¢ € [0,7].

It then follows from Lebesgue’s dominated convergence theorem
that

u(x,t) —u(x,0) = / Dy [/ J(x, y)u(y, s)dy — u(x, s)|ds
0 Q

—/ fu(u(x,s))ds, telo,r1],

and
u(x,t) —u(x,7) —ov(x,7)
= /0 ey [ /Q TG, y)u(y, s)dy — u(x, s)| ds
- / e s)ds, £ € 1),
where

v(x,t) —v(x,0) = / D, [/ J(x, y)v(y,s)dy — v(x,s)|ds
0 Q

t
- / frv(x,s))ds, telo,r].
0
This shows that

u; =Dy [/ J(x, yyu(y, )dy — u(x, t)] = fu(u(x, 1)),
Q

t € (0,1],t # 1,
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Uy = DI [/ J(x,y)U(y, t)dy - U(xa t) - fl(v(xs t))s te (07 T]’
Q

and thus the limiting function u(x, t) is a solution of (1.3), while
v(x,t) is a solution of (1.4). By the fact that u(x,0) = N.(x)
and v(x,0) = g(N,)(x) Vx € Q, we have u(-,1) = u(-,1;N,).
Notice that u(x,1)= mlier u,(x,1) Vxe 5, equivalently,

u(x,1) = lim Q™' (ep*)(x) Vx € Q, which together with (2.8)
m—+oo
implies that

N.(x) = u(x,1) = u(x, ;N,) = Q[N.](x).
Hence N, is a fixed point of the operator Q.

Recall that M is an upper solution of system (1.6), then for any
given constant 7 > 1_,there hold_s Q(ans nQ(M) < nM, which
leads to that Q™' (nM) < Q™(nM) < (nM) forallm > 0. Noticing
that for € > 0 small enou_gh, £p*(x) <M <nM Vx € Q, we have
0 < QM(ep*)(x) < Q™"(nM)(x), Vx €Q. Therefore, we can also
find N* € X, such that lim Q"(nM)(x) = N*(x), Vx € Q, and
m—+oo

N* isupper semicontinuous in the sense that lim sup,_ N *(x) >
N*(x,) for any x, € Q. Moreover, Q(N*) = N*.

Based on the above argument, there should be 0 < N, < N* in
X. Since the strongly positive fixed point of Q is unique in X, we
have N* = N,. By the upper semicontinuity of N* and the lower
semicontinuity of N, it follows that N* is continuous. Moreover,
we can obtain from Dini’s theorem that mliTm Q" (ep*)(x) =

lim Q"(nM)(x) = N*(x) uniformly for x € Q.
m—+oo

Finally, for any given initial value N, = ¢ € C(Q,R,) with ¢ >
0, there holds u(-,1;¢)> 0 (see, e.g., [25]), and thus N, =
u(-,1; ) > 0. Without loss of generality, one can take N, as
the new initial datum and choose a sufficiently small ¢ €
(0,¢,] and a sufficiently large 7 > 1 so that ep* < N, < nM.
This causes that Q™(e¢*) < Q™(N,) < Q™(yM), Vm > 0. Con-
sequently, mlier N, (x)= mlier Q™(@)(x) = N*(x) uniformly for

x € Q. The proof is completed. O
Next, we let Q= (¢,,¢,) with —co < ¢, <0< ¢, < +00, and
consider the case when the dispersal only depends on the distance

between the starting location x and the destination y, namely,
J(x,y) =J(x —y). Look at the following linear eigenvalue:

P
(Lo + OB = d [ / TG = Yy — )
31
rap(). Vet oD, (29)

where d and a are positive constants. It is well-known (see, e.g.,
[6, 11]) that under the following assumption:

(J2) J(x)isanonnegative, symmetric, and continuous function
on R with J(0) > 0, fR J(x)dx = 1,and sup, _, J(x) < +oo0,

problem (2.9) admits a unique principal eigenvalue, denoted by
Ap(L¢, ¢,y + @), corresponding to a positive eigenfunction 3* €

C([¢,,?,]). Moreover, we have some properties on the principal
eigenvalue 4,(L, ¢,) + ).

Proposition 2.3 [9, Proposition 3.4]. Assume that the kernel
function J satisfies (J2), then

(D) Ap(L, ¢y +a) is strictly increasing and continuous with
respecttot =€, —¢€;

(i) limg,_¢ o Ap(Lie, ey +@) =a—d;

(lll) limnggla+oo AP(‘C(t)bfz) + a) =a.
By Proposition 2.3 and the definition of R, we derive that

lim R, = e /MO-Du 4 o/(0)e~Un@+Dr)A-0~(/1O+DDT - oy
03t 10" 0 g( ) QD

lim R, =e/n©® 4 g/(o)e—f},,(O)(l—f)—f 707 0'(0)
ty—tymtoo O ’
and R, is strictly increasing and continuous with respect to ¢ :=
¢, — t,. Therefore, Theorem 2.2 implies the following corollary.

Corollary 2.4. Assume that (J2), (H1)-(H5) hold, and g is
monotone. Then, the following statements are valid:

(@) If Q'(0) <1, then the adult population becomes extinct
eventually.

() IfQ,<1< Q'(0), then there exists a critical value ¢* €
(0, +o0) such that the adult population is persistent if and
onlyift,—¢,>¢*

(iii) IfQj, > 1, then the adult population is always persistent.

2.2 | Case2: gis Nonmonotone

In this subsection, we will show the threshold dynamics of
systems (1.6) when the birth function g in nonmonotone. We
make the following assumption:

(H6) There exists ¢ > 0 such that g(N) is nondecreasing for 0 <
N <o.

Inspired by the method used in [19, 23, 28, 46], we first define a
nondecreasing function

+ .
g (N) .—Org/as)]cvg(v), VN > 0.

Clearly, g* is nondecreasing and locally Lipschitz continuous,
and g*’(O) = g’(0). Then by Proposition 2.1, system (2.3) with g
replaced by g* has a positive fixed point @™ if and only if Q’'(0) >
1. Similarly, we introduce another function

g (N):= min gV), VOXN <w".
N<V<wt

Then, g~ is nondecreasing and locally Lipschitz continuous, and
system (2.3) with g replaced by g~ has a positive fixed point
@~ when Q'(0) > 1. By the definitions of g=, we easily see that
0<w <w<w', g (N)<glN)<g"(N),(g9)(0) =g'(0), and
g*(N) < g'(0)N. Furthermore, there exists g, € (0,c*) with ¢* =
min{o, g,} so that g=(N) = g(N) for 0 < N < g,
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Next, we introduce the following two auxiliary equations:

O, = Dy [/ JO U, (v, )dy —upy | — fuwy), x €R,
Q
0<t<1,t#1,

) Uy (X, t1) = u,, (x, t) + 0}, (x,7), t=r,
Uy, (x,0) = Ny (%),
N () =u,(x,1),

me N,

(2.10)

and

0,uy, = Dy [/ JG YUy (v, Ay =ty | = fru(uy), x €R,
Q
O0<t<1,t#r,
U, (X, 1) = u,(x, 1) + v (x, 7), t=1,
U, (x,0) = N, (x), meN,
(N, (X)) = u(x, 1),

(2.11)

where v,(-,7) (respectively, v,(-,7)) is the value of the solu-
tion, evaluated at t =7, of problem (1.4) with the initial
value v,,(x,0) = g"(N;.(x)) (respectively, v,,(x,0) = g~(N;,(x)))
for m > 0. In the same way as (1.6), we can induce from (2.10)
and (2.11) the following discrete-time systems:

N, () = QFINLI(x) = 81 [S:(N) + T g+ (N1 (x),

x€Q,m>0, (2.12)
and

Ny () = QT[N I(x) = 8, [S:(N;,) + T.g~(N;) (%),

xeQ,m>0. (213)

Let N, (x) (respectively, N, . (x)) be the solution to system
(2.12) (respectively, (2.13)). It follows from a comparison argument
that for 0 < N, (x) < Ny(x) < Nj(x) <w* with N;,Ny,N; €
X,, there holds that

0 < N;(x) <N, (x) <NL(x) <wt, x€Q, Vm>0.
By theorem 2.2, we see that models (2.10) and (2.11) have the same

threshold value R,. Then, we have the following results on the
dynamics of (1.6).

Theorem 2.5. Assume that (J1) and (H1)-(H6) hold. Then, we
have the following statements:

() IfR, <1, thenlim,,_ .., N,,(x) = 0 uniformly for x € Q.

(i) IfR, > 1, then for any initial datum N, € c(Q, R\ {0}, the
solution N,,(x) of system (1.6) satisfies

lim sup max[N,,(x) — N/ (x)] <0
m—+o0  xeQ

< lim inf min[N,,(x) — N7 (x)],

m—+00 e

where N (x) (respectively, N (x)) is the unique positive steady
state of system (2.13) (respectively, (2.12)).

Proof.

(i) Suppose that R, < 1. It follows from the definition of g*
that g*(N) > g(N) for all N > 0. Then by a comparison
argument, we infer that 0 < N,,,(x) < N;,(x) forx € Q,m>
0. Since (g*)'(0) = g'(0), by Theorem 2.2(i), we have that
N (x) converges to zero uniformly for x € Q as m — .
Hence, N,,(x) converges to zero uniformly for x € Qasm —
0.

(ii) Suppose that R, > 1. A comparison argument can be carried
out to obtain that 0 < N,,(x) < N}, (x) for x € Q,m > 0.
Since (g*)'(0) = g’(0), by Theorem 2.2(ii), we have that
lim,, .., N},(x) = N} (x) uniformly for x € Q. Then,

lim sup max[N,,(x) — Nf(x)] < 0. (2.14)

m—+oo  x€Q

Notice that w satisfies

u'(t) = —f(u), 0<t<1, t#r,
u(tt) =u(®)+v(r), t=r,
u(0) = wt = u(l),

where v(7) is the value of the solution, evaluated at t = 7, of
the following initial value problem:

V() =-f,(v), 0<t<1
v(0) =g*(w*), meN.

By a comparison argument, there holds that N f(x)<wton
Q.Then for any ¢ > 0, there exists a large integer M such that
N,(x) <@’ +¢, xE€Q,m>M. (2.15)

In the following, we show the Lower limit of N,,. For this
purpose, we choose € > 0 small enough and let

g-(N):= min g(V), VOXN<w'+e.
+e

N<V<w+

Consider the following perturbed system of (2.11):

atum = DM [/ ](X,y)um(y, t)dy — Uy
Q

= (W), x €R,
J 0<t<1,t#71,
U, (X, t1) = u,(x, t) + v,,(x,7), t=r,
U, (x,0) = Ny, (), meN,

N1 (%) = (%, 1),

where v,,(-, 7) is the value of the solution, evaluated att = 7,
of problem (1.4) with the initial value v,,,(x, 0) = gz (N, .(x))
for m > 0. It follows from (2.15) and a comparison argument
that for Ny(x) > Ny (x) > 0with Ny, N, € &, there holds
that

0N, .(x)<N,(x)<w"+¢ x €Q, Ym > M.
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Since (g7)'(0) = g’(0), by Theorem 2.2(ii), we have that
lim,,_, ,, N;,.(x) = N .(x) uniformly for x € Q, where N,
is the unique positive steady state of the discrete system
{Np.c oo This gives that

lim inf min[N,,(x) — N;.(x)] > 0.

m—+0  yeq
Finally, letting ¢ — 0, we obtain

liminf min[N,,(x) — N7 (x)] > 0.

m—+oo xeQ
The proof is completed. O

Remark 2.2. The persistence criterion obtained in Corollary 2.4
still applies to Theorem 2.5 since (g*)'(0) = g’(0).

3 | Spreading Speeds and Traveling Waves in an
Unbounded Domain

In this section, we will show the existence of spreading speed and
its coincidence with minimal wave speed for system (1.6) with
two kinds of birth functions, that is, the function g is monotone
(Section 3.1) and nonmonotone (Section 3.2), respectively. In this
situation, Q = R.

For simplicity, we consider the case when the dispersal only
depends on the distance between the starting location x and
the destination y, namely, J(x,y) = J(x — ). In this section, we
always assume that

(J3) J is a nonnegative, symmetric, and continuous function
on R with J(0) >0, [ J(x)dx=1 and [ e*J(x)dx <

+00,Vu € [0, u*) for some constant u* > 0.

Under the above assumption, we can rewrite system (1.3) as

1t = Dy [ [ 6= a0y -,
R

_fM(um)’ x €R,
) 0<t<1,t#1,
U, (X, t7) = u,,(x, t) + v,,(x,7), t=r1,
um(xao) = Nm(x)a meN,

Nm+1(x) = um(xs ]-)a

3.1

where the impulsive perturbation term v,,(x, 7), which represents
the synchronized maturation, is the value of the solution v,,(x, t),
evaluated at ¢ = 7, of the following initial value problem:

atUm =Dl [/ ](x —J’)Um(y, t)dy —Unm
R

_fl(vm)a
U (X, 0) = g(N,n(x)),

x €R,t €(0,1],
x eR.

3.2)

Clearly, problem (3.1) can still induce the discrete-time system

(1.6).

Let X := BC(R,R) be the set of all continuous and bounded
functions from R to R with the supreme norm. Let X, :={¢ €
X|¢(x) >0Vx € R}. Forany ¢, € X,wewritep > pif¢ —9 €
X¢>9pife—ppeX, \{Ohand ¢ > if ¢ > ¢ forall x € R.
Here, X, is a closed cone of X and it induces a partial ordering
relation which makes X as an ordered Banach space. In addition,
we equip X with the compact open topology, that is, a sequence
of ¢"(x) converges to ¢(x) uniformly for x in any compact subset
of R. Moreover, we denote

X,={u€X|0§u(x)§r, VxG[R},

where r > 0 is given real number, and define the translation
operator 7, : X - X by

T ulx)=u(x-a), VueX,aeR.

3.1 | Casel: gis Monotone

To study the propagation dynamics of (1.6), based on Proposi-
tion 2.1, we need to assume that Q’(0) > 1, which can guarantee
the existence of a positive fixed point of discrete-time system (2.3),
which is globally asymptotically stable. Since the solution map S,
of (3.1) is not compact, Q in system (1.6) is not compact. In the
rest of this subsection, we will apply the abstract theory in [12]
for monotone semiflows with weak compactness. Accordingly,
we need to state the known definition of the Kuratowski measure
of noncompactness.

Definition 3.1 [59]. Let £ be a Banach space. The Kuratowski
measure of noncompactness in € is defined by

x(B) = inf{r : B has a finite open cover of diameter < r}

for any bounded set B of &. Clearly, x(B) = 0 if and only if B is
compact. Moreover, x(B; + B,) < x(B;) + x(B,) for any bounded
sets B, and B,.

We are now able to establish the propagation dynamics of (1.6) by
utilizing the theory developed in [12, 34].

Theorem 3.2. Assume that (J3), (H1)-(H5) hold, and g is
monotone. If Q' (0) > 1, then there exists a spreading speed c* for
system (1.6) such that the following statements are valid:

@) If ¢ € X,, where w is the positive fixed point of sys-
tem (2.3), and ¢(x) =0 outside a bounded interval, then
limm—»co,lx\Zcm |Qm[¢](x)| =0,Vc > c*.

(ll) If ¢ € Xw \{O}r then 1imm—>oo,|x|gcm IQm[¢](x) - w' =
0,Vc € (0,c*).

Proof. At first, by (H1)-(H5), an argument similar to that in
[52, Theorem 2.2 and Lemma 3.1] can be carried out to show that

for any ¢ € X, \ {0}, Q(¢) > 0, and Q(6¢) > 6Q(¢) V6 € (0,1).
Next, we show that Q satisfies the following properties:
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(R1) T,0Q=QoT7,forally € R.

(R2) Q : X, — X is continuous with respect to the compact
open topology.

(R3) There exists 8 € [0, 1) such that x(Q[V](0)) < 8x(V(0)) for
any YV C X,.

(R4) Q is order preserving in the sense that if ¢ > for ¢,9 €
X4, then Q[¢] > Q[].

(R5) Q :[0,w] — [0,w] admits two fixed points 0 and w,
and for any ¢ € X, with 0 < ¢ < w, it holds that
lim,, ., Q"[¢](x) = .

Let |f] be the nearest integer less than or equal to f. If u(x, )
is a solution of (3.1) with n = || and t = — |f| € [0,1), then
u(x +y,f),Vy € R is also a solution. This verifies (R1). One can
prove property (R2) by the arguments similar to those in Weng
and Zhao [52, Lemma 3.1]. To show property (R3), we take x = 0.
Since any bounded set in R is precompact, we have x(Q[V](0)) =
0. On the other hand, by the boundedness of V(0), there holds
that x(V(0)) = 0. Hence, x(Q[V](0)) = x(V(0)) = 0. In view of
the monotonicity of g, we obtain that Q is order preserving and
(R4) holds. By part (ii) in Proposition 2.1, we see that Q satisfies
property (R5). Therefore, Q satisfies all conditions in [12, Remark
3.7], and discrete-time system (1.6) admits a spreading speed c*
such that the statements (i) and (ii) hold. O

In the following, we consider the linearized system at zero to
compute c*, which has the form

alum =DM [/J(x—Y)”m(y,t)dy—”m
R

_fjl\/[(o)uma x E€R,
P, 0<t<l, t#r,
um(X, t+) = um(-xy t) + R(X;Nm)’ t=r1,
um(xao) = Nm(x)a meN,

Nm+1(x) = um(xs ]-)a

(3.3)

where R(x;N,,) = e /197g'(0) /2 6(Dy7,x = )N, (y)dy with
Gla, x) = i Ja elr-De-iwx gy, and f(w) = Jo €I (y)dy, in
which i is the imaginary unit. More details on derivation of
G(a, x) can be found in A. For any u € R_, set u(x, t) = e n(t).
Then, we have

dZ(r” = [DM / J)edy =Dy - f &(O)]n(t), 0<t<1,
R

3 t#71,

D) = n(0) + e 1O%g (0) / C(Dyr.y)edyn(0), =1,
R

where fR G(D;t,y)etdy is finite by Lemma A.4. Solving the
above equation, we obtain a time-1 solution map

n(1) =

eCu +g/(0)ecﬂ(1—r)e—f}(0>r / oD, y)e“ydy]n(o),
R

where
C,= DM/](y)e“ydy —Dy — f1,(0), ueR,.
R

Hence, we can rewrite system (3.3) as

Nm+1(x)
= e #x [l +g/(0)ecﬂ(1—r)e—1'§<o)r/Q(le’y)euydy]Nm(x)_
R

(3.4)

Since the dispersal kernel function J is symmetric, a comparison
argument similar to that in [34, Proposition 3.9] and [52, Theorem
3.2] can be conducted to show the formula of the spreading speed
c* as follows:

¢ =inf L1n [e% + g/(0)eCki-De 170 /
u>0 U

G(Dyt, y)et dy] .
R

(3.5)

Theorem 3.3. Assume that (J3), (H1)-(H5) hold, and g(N) is
monotone with respect to N. Let c* be defined as in (3.5). Then for
each c > c*, there exists a traveling wave solution W(x + cm) for
system (1.6), where W () is nondecreasing in & and connects 0 to
w, while for any ¢ € (0,c*), there is no traveling wave solution for
system (1.6), which connects 0 to w@.

Proof. Denote M the set of all nonincreasing and bounded
functions from R to X. Then, one can verify that Q still satisfies
the properties (R1)-(R5) in the proof of Theorem 3.2 with X,
replaced by M, where M, = {¢p € M|0 < ¢ < w}. Therefore,
we can obtain the existence and nonexistence of monotone
traveling wave by using Theorem 3.8 in [12]. O

3.2 | Case2:gis Nonmonotone

This subsection is devoted to propagation dynamics of system
(1.6) with a nonmonotone birth function g. Similar to the
discussion in Section 2.2, we always assume that (H6) are

satisfied.

Next, we introduce the following two auxiliary equations:

atum = DM [/ ](X _y)um(y’ t)dy — Uy
R

= (uy,), x €R,
< 0<t<1, t#r,
U (x, t4) = u,,(x, 1) + v} (x,7), t=r,
um(xyo) = N,J;,(x), meN,

N, (0 = (1),

(3.6)
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and

atum = DM [/ J(x - Y)“m(y, t)dy —Up
R

_f(um)a x E€R,
) 0<t<1,t#1,
Uy, (X, t7) = u,,(x, t) + vy,,(x, 7), t=r1,
u,(x,0) = N, (x), meN,

N (0) = uy(x, 1),

3.7)

where v} (x, ) (respectively, v;,(x,7)) is the value of the solu-
tion, evaluated at t =7, of problem (3.2) with the initial
value v,,(x,0) = g"(N;.(x)) (respectively, v,,(x,0) = g=(N;,(x)))
form > 0.

By the same argument for the recursion operator Q in (1.6), we
can process (3.6) and (3.7) to two discrete-time recursion systems
for N;;, and N, as

N, () = QFINLI() = S1[S:(N) + T g+ (N;)1(x),

x€R,m>0, (3.8)
and

Ny () = QT[N I(x) = 8, [S:(N;,) + T8~ (N;) (%),

xeR,m>0, 3.9)

respectively. Let N}, and Nj, be the solutions of (3.8) and (3.9),
respectively. It follows from comparison arguments that when 0 <
N;(x) < Ny(x) < NJ(x) <@,

0<N,(x)<N,(x) <N}(x), x€R, m>0. (3.10)
We have obtained in Section 3.1 that c¢* given in (3.5) is the
spreading speed of (1.6) when the birth function g is monotone.
Notice that the value of the spreading speed c* is determined only
by the linearized system (3.4). Meanwhile, models (3.6) and (3.7)
have the same linearized system at u = 0, that is, Equation (3.3).
Then, Theorem 3.2 can be employed to show that c* is also the
spreading speed of models (3.8) and (3.9). At this point, we can
use a comparison argument together with (3.10) to prove that c*
is also a spreading speed for system (1.6) when g is nonmonotone,
which is read as follows.

Theorem 3.4. Assume that (J3), (H1)-(H6) are satisfied. If
Q'(0) > 1, then the following statements hold:

(i) If ¢ € X+ and ¢(x) = 0 outside a bounded interval, then
1immaco,|x|20m |Qm[¢](x)| =0,Vc > c*.

(i) Ifp € X, \ {0}, then

w~ < liminf Q™[¢](x) < limsup Q™"[¢](x) < w*,

m—oo,|x|<cm m—soo,|x|<cm

Ve € (0,c*).

Before proving the existence of traveling waves of system (1.6), we
state the following definition and lemmas.

Definition 3.5 [59]. Let £ be a Banach space. A continuous
mapping F : € — £ is called x-condensing if it is bounded and
x(F(B)) < x(B) for any nonempty bounded closed set B C £ with
x(B) > 0; and it is compact dissipative if there is a bounded set
B, C & such that B, attracts each compact set in £. Clearly, a
compact map is x-condensing.

Lemma 3.6 Asymptotic fixed point theorem [39]. Let &€
be a Banach space. If F : & — £ is x-condensing and compact
dissipative, then F admits a fixed point.

To show that an operator is x-condensing (see the proof of Theo-
rem 3.9), we introduce the following property of the Kuratowski
measure of noncompactness (cf. [4, Lemma 5].)

Lemma 3.7. Let € be a Banach space, a < b be two real numbers
andT C C([a, b], &) be a bounded set. DefineT'(s) := {f(s)|f € '},

Vs € [a, b]. If T is equicontinuous on [a, b), then x (fab F(s)ds) <

J x(T(s))ds, where [ T(s)ds =1/, f(s)ds|f € T}

Choose p = p(c) € (0, 9) for any given ¢ > c*, where D=
min{D,;, D,,}. Set

X, 1={¢ € C(R,R)| sup [¢(x)|e" < +o0},
xeR

and ||¢ll, :=sup,  |#(x)|e™?™|. Then, (X,, | - ll,) is a Banach
space. Defineaset Yi+ :={¢ € X,|0 < ¢ < L*}. We see that Y, +
is a nonempty, convex, and closed subset of X, since 0,L* €
Y +. Next, we recall some known results for the following linear
integro—differential equation

3.1
u(x,0) = ¢(x), G

{u[ =d[/,J(x - yu@,0dy —u], xeR,t>0,
where d is a given positive constant. By [52, Lemma 3.1], the above
equation generates a strongly continuous semigroup P,(t) on X.
Moreover, the unique mild solution of (3.11) has the form of

(dr)t

[Pa()p](x) = e 3 = a(@)x), (3.12)
k=0 '

where a,(¢)(x) = ¢(x) and a,($)(x) = [, J(x = y)a,1($)()dy

for any integer k > 1.

Lemma 3.8.

(i) For any given nonempty and bounded interval I := [a,b] C
R and t >0, it holds that x(P,(t)U");) < e"¥x((U"),) for
eachset U C Yy +.

(ii) Themap T.P(1) is a x-contraction on Y, + with the contraction
coefficient e**~.

Proof. Part (i) comes from [13, Lemma 2]. Part (ii) can be seen in
[53, Lemma 3.4]. O

We now are ready to establish the existence of traveling wave
solutions.
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Theorem 3.9. Assume that (J3), (H1)-(H6) are satisfied.
Suppose that Q'(0) > 1, then the following statements are true:

(i) For any c € (0,c*), system (1.6) admits no traveling wave
W (x + cm) satisfying W(—oo0) = 0.

(ii) If, further, D), > D*, where D* satisfies
eLMfD* + e(LM*D*)(1*T)+(LI*DI)TLg — 1, (313)

with Ly, L;, and L, being the Lipschitz coefficients of fy,
fr, and g on [0,@™"], respectively, then for any c > c*,
system (1.6) admits a continuous traveling wave W(x + cm)
satisfying that W(-c0) =0 and w~ < liminf,_, W(£) <
limsup,_, W) <wt.

Proof.

(i) On the contrary, we suppose that there exists ¢, € (0,c*)
such that system (1.6) admits a traveling wave solution
N,,(x) = W(x 4+ cym) with W(—o0) =0. It follows from
Theorem 3.4(ii) that

liminf N,,(x)> @~ >0, Vc € (0,c*).

m—+oo,|x|<cm

Ifwe take ¢ € (cy, c*) and set x = —ém, thenliminf,,_ N,
(=€ém) = liminf,,_ . W((c, — ¢)m) > 0, which contradicts
with the fact that lim,,,_, ., W((c, — &)m) = W(—o0) = 0.

(if) Givenanyc > c*, we take p = p(c) as in the definition of X,.
Define the operators

Q[P1(x) 1= T.QIPI(x) = Te{S1_c[S:(¢) + T-g(@)]} (x),

V¢ € X,
and
Qr[#)(x) 1= T.Q*[p1(x) = Te{S,_:[S:() + T-g=(P)] } (%),
V¢ € X,.

Recall that the operators Q* are order preserving. We see
from Theorem 3.3 that systems (3.8) and (3.9) admit non-
trivial traveling wave solutions W*(x + cm) and W~ (x +
cm), respectively, where W*(+o0) = w* and W*(—o0) = 0.
Then, we define a positively invariant set of Q. which was
introduced in [3]. For any ¢ > ¢*, we denote

E 1= {p € X,[EW(x) < (x) < WH(x), x € R}
with § € (0,1) and W™ (x) < g,. Clearly, the set &, is
a nonempty, bounded, closed, and convex subset of X,.
Furthermore, the following four claims hold.

Claim 3.1. Q.[&.] C &..

Since g* > g > g~ and g* and g~ are nondecreasing, we obtain
that when ¢ < W+,

Q.[¢] < Q¢ < Qf[W*] =W,

while when ¢ > W,

Q.[¢] > Q- [¢] = Q:[6WT]
= T{S1c[S(EWH) + T.g~(sWH)]}
2 8T { S, [S.(W*) + T.g* (W]}
=8Q W] = oW,

where we have used the fact that g~ (W) =g" (W) >
dg*(W™). Hence, Claim 3.1 is proved.

Claim 3.2. The operator Q, : £, — &, is continuous in the norm

Il

For any ¢, € £,(i=1,2) and t €[0,1], we let ®,[¢;](x) =

u(x, t;¢;), x € R(i = 1, 2) be the solution of (3.1) with initial value

¢;. By constant-variation formula, we can obtain

Pp, (D[$:1(x)

~ [ Bo -9t sg0ds refo.cl
0

Pp, (¢t = Dul-,7; ¢;) + v(-, 7; g(@))](x)

= [ P, = O ututsi s,

T

u(x,t;¢;) =3

t € (z,1],

(3.14)

where v(x, t; g(¢;)) = Pp, (0)[g(¢)](x) - /(f Py, (t =) f (v, 55 6)
(x)ds, Vt € [0,7]. Then by (3.14), we have that for ¢t € [0, 7],

|u(x, 1) —ulx, t; ¢2)(e—mxl

< |Po,, (D18:1(0) = P, (D[ ,]0)| e
v/ [P = 5580
= Py, (6 = )fua(uC, 5;.))(0)|e#7ds
<Pligs - il + / PLlue 1) — 5 6l s,

where P = maxq1; [|1Pp,, (£)Il. The above inequality together
with Gronwall’s inequality implies that

”u(s Y ¢1) - u('7 IS ¢2)”p < 7)”¢1 - ¢2||pepLMt7 vVt € [07 T]a

and thus

1S:(¢1) = S:(@)ll, < Pligy — ¢l €7

This means that the operator S; is continuous on &,. Similarly, we
can verify that 7, T, g, and S,_, are all continuous on &,. Hence,
the continuity of the operator Q. with respect to || - ||, is obtained.

Claim 3.3. For any given closed set BC &, P (t—s)
fu(u(-, s; B)) is equicontinuous in s € [0, t] for any ¢ € [0, 7], and
is equicontinuous in s € (7, t] for any ¢t € (z,1].
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Let B be a closed subset of £.. We obtain from Claim 3.1 that for
any ¢ € B, u(-, t; ) is uniformly bounded and hence u,(:,t; ) is
uniformly bounded in ¢ € [0, 7] by (1.3) and (1.4). According to
the definition of ¢, (¢) in (3.12), by an argument of induction, we
deduce that for any integer k > 0,

A

la (Far(uC, ;)] < /J(x—y)lak-l(fM(u(-,S;Il))))(y)ldy
R

IN

<G, s ) <€ i=Ci(B),

foranyy € B,x € R,and s € [0, 7]. Notice that forany ¢ € B,1 €
[0,7],and s € [0, 7], Pp,, () fa(u(-, ;%)) is the unique solution to
(3.11) with ¢ = f,(u(-, s;9)) and ¢ = 1. Then by (3.12),

20, O 59 < e 3 0

lay (fr e, 559 ()]
0 k

S Cle—DMl Z % - C1
k=0

for any ) € B, x € R, t € [0,7], t € [0,¢t], and s € [0, ¢], which
together with (3.11) leads to that

0P, (O f (-, 5;9))(x)
at

<Dy, / TG = Y|Py (O f s 5:8)0)Idy
R

+ Dy | Pp,, (O f s (u(-, 5:9))()]

<2D,C,, VxeR

foranyy € B,t € [0,7],t € [0,t],and s € [0, t]. Then, forany €
B,t €[0,7], and sy, 5, € [0, t], we have

|Pp,, (¢ = 50) -, s139))(x) = Pp, (¢ = 55) frr (U, 529))(x) e !
< |Pp, (€ = s1)fu(uC, 51, 9))(X) = Pp, (€ = 55) fre (-, 515 9))(0)]
+|Pp,, (¢ = ) far (-, 515 9))(x) = Pp,, (£ = 52) fr(u(-, 52, 9))(x))

0Pp,, () f m(u(:, s1;9))(x)
ot

<lsy— 8|+ max
1—=8<i<t-§

11 = 55| - max [Py, (¢ = ) [, 6P )] (0)
<Gls; =8, YxeER,

where § = min{s,, s,}, § = max{s,,s,}, and C, = C,(B) is a con-
stant independent of x,t¢,s;, and s,. Hence, for any t € [0, 7],
Pp,, (¢ =) fu(u(-,s;B)) is equicontinuous with respect to s €
[0,¢] in the norm || - ||,. By a similar argument, we have that
forany t € (z,1], Pp,, (¢t — 5)fp(u(-, s; B)) is equicontinuous with
respect to s € (7, t] in the norm || - ||,. This proves Claim 3.3.

Claim 3.4. The operator Q, : & — &, is a x-contraction in the
norm || - |[,.

By (3.14), Claim 3.3, Lemmas 3.7 and 3.8(i), we obtain that for any
given closed set B C £, and t € [0, 7],

x(u(-, t; B)) < x(Pp,, (D[B]) + /Ot % (Pp,, (t = )fr(u(-,s;B)))ds
<ePM'x(B)+ /0 te‘DM(“”LMK(u(',s;B))ds,
equivalently,
ePtie(u(-, t; B)) < 1(B) + / [LMeDMSK(u(-,s;B))ds.
0

It follows from Gronwall’s inequality that ePM'x(u(-,t;B)) <
x(B)elt  that is, x(u(:,t;B)) < x(B)e"™~Pm)*  Hence,
x(u(-,7; B)) < x(B)e™ w7 Similarly, there holds x(v(-, T; B)) <
Lyx(B)el'1=P07. By (3.14), Claim 3.3, Lemmas 3.7 and 3.8(i), we
derive that for t € (z,1],

xk(u(-,t; B)) < x(Pp,, (¢t = D[u(-, 7;B) + v(-, 7; B)])
t
+ [ #(B, =95 B))s
< e P ie(u(-, 73 B)) + x(v(-, 73 B))]
t
+/ e U=, w(u(-,s;B))ds
< e Pmlt=1) [e(LM_DM)TK(B) + e(LI—DI)TLgK(B)]
t
+/ e P9, wx(u(-,s; B))ds,
equivalently,
ePuix(u(-,1;B)) < [e + ePutli=DiTL, |%(B)
t
+/ Ly, eP¥sx(u(-, s; B))ds.
Using Gronwall’s inequality again, we can deduce that

ePvix(u(-, t;B)) < [eLMr + e(DM“"DI)TLg] x(B)e(=0 vt € (1,1],

that is, x(u(-,t;B)) < [1 + ePutli=Pr=lar [ | x(B)ets—Pu)l Vi €
(7, 1]. Notice that

Q[B] = Pp,,(1 —17) | Pp,,[B] - / Pp,, (7 = 8)fa(u(-, 5;B))ds
0

+U(-,T;B)]

- / Py, (1 = $)far(uC-r5: BY)ds,

where v(x,7;B) = Pp, [gB)] — [ Pp,(t — 5)f,(0(-, 5; B))ds.
Therefore, by Lemma 3.8(ii),

x(Q.[B]) < e Pry(B) + elpe=Dp)(1-7)

T
x / ele-Da)E=) 1, elr=Dasye(B)ds
0
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+ e(FC_DM)(]_T)e(l‘l_DI)TLgK(B)
1
+ / elPe=D)-9, [1 + ePm+L=Dr=Ly)T Lg]
T

x x(B)etm—Pudsdyg

=ePDm |1 4 —LM(eLMipC — 1) + ePy+Li=Dr—pe)ry,
Ly, — pc 8
Ly (e—p00-0) _ 1)
x (1 B
( + Lo~ pc x(B)
=: C(p)x(B).

Now by (3.13), it holds that for D,, > D*,

lim C(p) = elv=Dym 4 eUn=Dy)(A-DHL1=Drf ]
=0+ 8 ’

which implies that there exists sufficiently small p € (0, E) such
that C(p) < 1. Consequently, the operator Q. is a x-contraction
with the coefficient C(p).

We see that the operator Q, : & — &, is x-condensing, since
Q. is a x-contraction by Claim 3.4. Clearly, Q, is also compact
dissipative by the boundedness of & in X, and the fact that
(QI™(E,) c &, for any m > 1. Then, it follows from the asymp-
totic fixed point theorem (Lemma 3.6) that the operator Q. admits
a fixed point W C &, that is, Q.(W) = T.Q(W) = W. Hence,
Q(W)(x) = W(x +c¢), and Q™"(W)(x) = W(x + cm) is a traveling
wave solution of system (1.6). Furthermore, W(—o0) = 0 since
W) <W(E) <WHE),VE=x+cER.

For a fixed ¢ > c*, we let u,,(x) := W(x+cm), Vm > 0. Fix a
constant ¢, € (0, c*). We see from Theorem 3.4(ii) that

limsup u,(x)<w",

m—+o0,|x|<éym

w- < liminf u,(x) <

m—+oo,|x|<éym
and thus,

w~ < liminf u,,(km) <limsupu,,(km) < w*
m—+oo

m—+oco

uniformly for k € [0, é].

This means that w@~ <liminf,_ . u,(sm) <limsup, .
u,,(sm) < w* uniformly for s € [c — é),c]. Let a,, = m(c—¢,)
and b, =cm, Vm>1. Thus, there is j, >0 such that
Q41 — by <0, Vm > jo, and hence, Uys;la,,b,] = [a;, +c0),
Vj > jo. Therefore, we obtain that w~ <liminf,_,  W(§) <
lim SUpP; o W(&) < w*. The proof is completed. O

4 | Numerical Simulations

In this section, we present some numerical simulations to
illustrate the analytic results obtained in the previous sections and
explore the impacts of the mature emergence delay on the spatial
dynamics. Referring to Bai, Lou, and Zhao [3], Lewis and Li
[28], and Wu and Zhao [53], we take the mortality functions
f1(w) = a,v+bv* and f, (W) = a,u + b,u? with a, = 0.5 and

a, = 1 being the natural death rates of the immature individuals
and adult population, respectively, and b, = 0.01 and b, = 0.01
being the strength of the intraspecific competition for immature
individuals and adult population, respectively. We use two types
of birth functions, the Beverton-Holt function g(N) = ;—}L and

Ricker function g(N) = Ne"®™), to simulate two different cases
for g: monotone and nonmonotone, respectively. Unless other-
wise specified, we set the parameter values as p = 2,q = 0.2, and
r = 2.5 by default. For the nonlocal dispersal operator, we choose

I
the kernel function as Laplace kernel J(x) = ie_F,Vx €ER,
where D = 0.56 is the mean dispersal distance.

4.1 | Critical Domain Size and Persistence

As shown in [53, Section 3.2], the eigenvalue problem
02

/hf(x— W()d —/ 20y = 1900
, yyypwylay = , 5D yyay = N

1 1

X e [517 f2]9

admits a principal eigenvalue A, satisfying that

. €1/, -1 1
an =
2D V1A -1

According to Theorem 2.2, the threshold equation is

withe =¢,—¢,.  (41)

Ry(?) := ePmAo—Dy—az 4 g’(O)Q[DM(l—f)+D1T]/10—[(DM+az)(1—T)+(DI+a1>T]

= 1. (4.2)

Then by Corollary 2.4, when e~®2~Pu 4 g/(0)e~(@2*+Pa)1-0)~(@1+Dp)z
<1< e %4 g/(0)e20-9-a7 there is a unique critical domain
size ¢* satisfying (4.1) and (4.2). Notice that the principal
eigenvalue of the local diffusion operator ¢, over (1, l,) with zero
Dirichlet boundary condition is — % . When the nonlocal diffusion
operator [J * 1 — ](x) is replaced by the local diffusion oper-
ator ¥, with zero Dirichlet boundary condition, the threshold
equation corresponding to Corollary 2.4(ii) becomes

Dﬂ!zr

—ay(1-1)— v —alrzl (43)

Dy (1-1)

_ _byr®_, _
Ry(€) :=e ¢ " +g'(0)e 2

whose derivation is quite similar to [3, Theorem 4.1] and the
details are omitted here.

In the scenario where g is taken as the Beverton-Holt function
(monotone birth function), we can see the dependence of £* on
dispersal rate D,, with 7 = 0.4 and D; = DTM in Figure 1a. When
D), =4, the critical domain size corresponding to impulsive
nonlocal diffusion population model (respectively, impulsive
local diffusion population model) is ¢£* =~ 0.704 (respectively,
¢* =~ 4.173), and Q'(0) = 4.8612 > 1. Then, Figure 1b shows that
the adult population with nonlocal dispersal and initial datum
Ny(x) = cos(mx), Vx € [-0.5,0.5] is persistent and converges to a
positive steady state of (1.6) when the domain size ¢ =¢, — ¢, =
1 > ¢*, which verifies Corollary 2.4(ii).
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Nonlocal diffusion case
Local diffusion case

) = (4,4.173)

= (4,0.704)

4.5 5 55

Sal 4

(a) Dependence of critical domain size £* on Djy.

m-th year

(b) Temporal dynamics of Ny, (z).

FIGURE 1 | Numerical simulations for system (1.6) in bounded domain when g is the Beverton-Holt function.

Nonlocal diffusion case
Local diffusion case 1

r.f7) = (2.5,3.983) ]

0.5 1 1.5 2 25 3

(a) Dependence of critical domain size £* on 7.

m-th year

(b) Temporal dynamics of Ny, (z).

FIGURE 2 | Numerical simulations for system (1.6) in bounded domain when g is the Ricker function.

In the scenario where g is taken as the Ricker function (non-
monotone birth function), it is shown in Figure 2a that ¢* is
decreasing with respect to the intrinsic birth rate r when D,, =
4,D; = 0.8, and 7 = 0.4. When r = 2.5, the critical domain size
corresponding to impulsive nonlocal diffusion population model
(respectively, impulsive local diffusion population model) is £* =~
0.579 (respectively, ¢* ~ 3.983), and Q'(0) = 5.8418 > 1. Then,
Figure 2b depicts the temporal dynamics of N,,,(x) for system (1.6)
with the domain size ¢ = ¢, — ¢, =1 > ¢* and the initial datum
Ny(x) = cos(zx),Vx € [-0.5,0.5].

Figures 1a and 2a clearly indicate that the critical domain size
for the nonlocal dispersal model is significantly less than that
for the local dispersal model. This observation seems to suggest
that nonlocal dispersal is more beneficial than and superior to the
local dispersal strategy for a biological species.

42 |
Spread

The Effect of Maturation Delay on the Spatial

To observe the propagation phenomenon, we choose the initial
function as

T
cos <%x> , X €[-10,10],

Uy(x,0) = Ny(x) =

0, x € [-50,10) U (10, 50],
which has a compact support [—10, 10] in the domain [—50, 50].
By fixing D), = 1 and D; = 0.2, we show the dynamics behavior of

species in Figures 3-6 when g is taken as the Beverton-Holt and
Ricker birth functions, respectively, and observe that the adult
population spreads in two directions and oscillates in time (see
Figures 3 and 5). Figures 3 and 5 also exhibit the effects of the
maturation delay 7 on the adult population density u,,(x, t) for
(1.3) with g taking the Beverton-Holt and Ricker birth functions,
respectively. We can see in Figures 3d and 5d that the peaking
value of the population density u,,(x,t) for x € [-50,50] and
t € [0,1] will converge to a positive constant eventually, which
is negatively related to the maturation delay z. This can be
interpreted as that the longer the maturity time is, the lower
the survival rate of juvenile to adult. Meanwhile, the peaking
time, at which the adult population density u,,(x,t) arrives its
maximum in mth year, coincides with the moment of maturation
emergence. Figures 4 and 6 illustrate the effects of the maturation
delay 7 on the adult population density N,,(x) at the end of year
m for (1.6) with g taking the Beverton-Holt and Ricker birth
functions, respectively. We can see in Figures 4d and 6d that
the maximum value of the adult population density N,,(x) for
x € [-50, 50] at the end of each year will converge to a positive
constant eventually, which is positively related to the maturation
delay 7. This is because the shorter the interval between the pulse
time and the end of the year, the less the reduction of adult
population density due to dispersal and mortality.

In Section 3.2, we also calculate the formula of the spreading
speed c* of system (1.6), which is given by (3.5). We note that
there are Fourier and inverse Fourier transforms occurring in
(3.5), which cannot be computed numerically through Matlab
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FIGURE 3 | Theeffectsof the maturation delay on the distribution of adult population for (1.3) with g taking the Beverton-Holt function. The delay

7 chosen in subgraphs (a), (b), and (c) are 0.2, 0.5, and 0.8, respectively, and u(x, ) = u,,(x, t) with f = m + t and m = |f]. Subgraph (d) depicts the

peaking time and peaking value of the adult population distribution u,,(x, t) in mth year.
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(d) Maximum value of Ny, (x) in m-th year.

FIGURE 4 | The effectsof the maturation delay on the distribution of adult population for (1.6) with g taking the Beverton-Holt function. The delay
7 chosen in subgraphs (a), (b), and (c) are 0.2, 0.5, and 0.8, respectively. Subgraph (d) depicts the maximum value of the adult population distribution

N,,(x) at the end of mth year.

software. However, when the immature individuals cannot move
in the space, that is, D; = 0, the formula of the spreading speed c*

of system (1.6) can be given as

¢* = inf ~In [ecﬂ + g'(0)eCx1--f 5(0)’].
u>0 U

We only examine the impact of the maturation delay 7 on the
spreading speed c¢* when D), > 0 and D; = 0. Since we cannot
determine the sign of fR J(y)e*’dy — 1, the sign of C,(1-1) -
f1(0)7 is also unknown. This means that the monotonicity of
c* with respect to 7 is unclear. In Figure 7, we see that the
monotonicity of ¢* with respect to 7 is very complicated, which

17 of 22

85UB017 SUOWILLOD BAITE1D) 8]qe! [dde 8y} Ag peusenob aJe Ss(oile O ‘8sn Jo Se|ni o Akeid]8UljUO /8|1 UO (SUONIPUD-PUE-SWLB) W00 A8 | 1M Ale.d1puluoy/:SAny) SUORIPUOD pue swis | 8y} 8es *[yZ0z/TT/Lz] uo Arigiauliuo Ae|im ‘AIseAIUN uRISSM Ad 86/2T WdeS/TTTT OT/I0p/W0D A8 M Ate.q1puluoy/:Sdny woiy papeojumod ‘T ‘SZ0Z ‘0656/9%T



Llli

Ay
[ 0 1 1

{

{1
A
b

10

5 .
o 50 x

(c) tT =0.8

5 10 15
time #

(d) Peak value of u(z,?) in time £.

FIGURE 5 | Theeffectsof the maturation delay on the distribution of adult population for (1.3) with g taking the Ricker function. The delay T chosen
in subgraphs (a), (b), and (c) are 0.2, 0.5, and 0.8, respectively, and u(x, ) = u,,(x,t) with f = m + t and m = |f|. Subgraph (d) depicts the peaking time

and peaking value of the adult population distribution u,,(x, t) in mth year.
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(d) Maximum value of N,,(z) in m-th year.

FIGURE 6 | Theeffectsof the maturation delay on the distribution of adult population for (1.6) with g taking the Ricker function. The delay r chosen
in subgraphs (a), (b), and (c) are 0.2, 0.5, and 0.8, respectively. Subgraph (d) depicts the maximum value of the adult population distribution N,,(x) at

the end of mth year.

can be increasing, decreasing, or neither of them. Obviously, the
form of the kernel function J(y) has an impact.

5 | Conclusions
In this paper, we proposed an impulsive integro-differential equa-

tion to describe the evolution of a population growth model with
annually synchronized emergence of mature individuals. Differ-

ent from the model considered in [3], the model studied here
cannot be decoupled and contains nonlocal dispersal describing
the movement of the species in space. Based on the pulse time
7, by using the solution maps in time intervals [0, 7] and [7,1],
we deduced a discrete-time semiflow on an infinite dimension
space to account for the evolution of the adult population density
at the end of each year. When the spatial habitat is a bounded
domain, we show a threshold dynamics of the adult population,
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FIGURE 7 | The effects of the maturation delay 7 on the spreading speed c¢* regarding different intrinsic birth rate.

and provide exact persistence criterion of the species. When the
spatial habitat is spatially homogeneous unbounded domain, we
investigated the existence and computation formula of spreading
speed, which coincide with the minimal wave speed for the
traveling waves. The above results are obtained in both monotone
and nonmonotone cases of maturation impulse function.

Due to the lack of compactness of the solution maps, the method
applied in this paper is different from that in [3]. In Section 2,
where Q is assumed to be bounded interval, we constructed a pair
of upper and lower semicontinuous limiting functions to prove
the existence and uniqueness of a positive steady state to system
(1.6) when the birth function g is monotone (see Theorem 2.2). In
Section 3, where the habitat is assume to be the 1-D full space R,
we used the asymptotic fixed point theorem rather than Schauder
fixed point theorem to obtain the existence of traveling wave
solutions when the birth function g is nonmonotone.

From Proposition 2.1 and Corollary 2.4, we found that in the
bounded domain case Q = (I;, 1,), when Q’(0) < 1, the solutions
of discrete-time systems (1.6) and (2.3) tend to zero as m — oo,
that is, the adult population becomes extinct eventually; when
Q,<1< Q'(0), the discrete-time systems (1.6) has a similar
persistence-extinction critical value [* as that in [3, Theorem
4.1], and numerical simulations in Figures 1 and 2 show that
the critical domain size corresponding to nonlocal diffusion
model can be significantly smaller than that for corresponding
local diffusion model. This observation seems to suggest that a
nonlocal dispersal strategy is more superior to a random diffusion
strategy as far as species survival is concerned. When Q}, > 1,
system (1.6) is always persistent—this cannot occur for the local
diffusion model (1.1) with mature pulse (cf. [3, Theorem 4.1]).
In the unbounded domain case QO = R, an additional condition
D), > D* in Theorem 3.9 is required to ensure the existence of
traveling wave solution. However, such condition is not needed
for local diffusion model (1.1) (cf. [3, Theorem 3.4]). Notice that
our main results are concerned with the evolution of the adult
population density at the end of each year. By a similar argument,
one can still derive the same threshold dynamics and spreading
property of the juvenile population density at the mature time of
each year.

For a nonlocal dispersal autonomous population model with
monotone nonlinearity and with continuous births (instead of

impulsive births), the corresponding solution either converges to
zero steady state, or converges to a positive steady state as time
goes to infinity (cf. [5, 55]). As in the discussion of [3, Section 2],
we can infer that for any time > 0, the time-f solution map of
system (1.3) has the expression

Stz 0 QU [#1(x),
¢f[¢](x) = S[—l”—l’ ° [S‘[(Ql[~J [¢])
+T.8QU[gDI(x), T<i-[f] <1

0<i-|f] <,

for any given initial data ¢ = N, where |{] is the nearest integer
less than or equal to . Moreover, one can verify that ®; o ®, =
®;,, forany f > 1, ®;[¢] is continuousinf e R, \{m+7: me
N} for any given ¢, and ®;[¢] is continuous in ¢ uniformly for {
in any bounded interval. This combined with our results show
that (1.3) is actually a time-periodic nonlocal dispersal model
with monotone nonlinearity, and its solution either converges to
zero steady state, or converges to a positive 1-periodic solution
(corresponding to positive fixed point of (1.6)) as time goes
to infinity.

Recently, there are many works on local/nonlocal dispersal
population model with age structure (cf. [32, 33, 45, 51, 54, 56]),
exploring the spreading speed of the population and the existence,
asymptotic behaviors and uniqueness of traveling waves of these
models. However, these works have little discussion about the
effect of maturation delay on the dynamics of the population.
In Section 4, we performed some numerical simulations on the
effect of maturation delay on the spatial spread of system (1.3).
Figures 3 and 5 show that the peaking value of the population
density u,,(x, t) will converge to a positive constant eventually,
which is negatively related to the maturation delay 7. This can
be interpreted as that the longer the maturity time is, the lower
the survival rate of juvenile to adult. Figures 4 and 6 show that
the maximum value of the adult population density N,,(x) at the
end of each year will converge to a positive constant eventually,
which is positively related to the maturation delay 7. This can be
interpreted as that the shorter the interval between the pulse time
and the end of the year, the less the reduction of adult population
density due to dispersal and mortality.

We remark that the nonlinear terms g, f),, f; used in (3.2) are
of monostable type. Another frequently encountered type of
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nonlinearities is the so-called bistable nonlinearity which may
account for the Allee Effect—a phenomenon in which there
is a positive correlation between the population unit growth
rate and the population density when the population density is
very low. However, at a very low density, the species will be
endangered and may go to extinction [1, 27]. Recently, Wang
and Wang [49] and Wang, Salmaniw, and Wang [50] studied the
persistence and propagation dynamics of a discrete-time map and
PDE hybrid model with the mortality function satisfying strong
Allee effect and the birth function satisfying strong Allee effect,
respectively. The nonlinearly bistable assumptions employed in
[49, 50] are different from our nonmonotone assumption (H6).
This motivates us to incorporate the Allee Effect into our model in
this paper. The resulting model system should demonstrate some
essential difference(s), and we leave the analysis of such a model
system as a future research project.

To conclude this section and the paper, we would like to point out
that in our model and the model in [3], the model parameters are
all assumed to be spatially homogeneous. However, spatial het-
erogeneity exists ubiquitously in the real world. Mathematically
incorporating spatial heterogeneity brings in some big challenges,
making analysis much more difficult. With respect to this aspect,
our attention was just brought to a most recent paper [29] by the
authors where they incorporated spatially periodic heterogeneity
into the model in [3] and analyzed the resulting model system.
Other types of heterogeneity, particularly those caused by climate
change or industrialization or human activities are of more
significant reality and importance, and thus, are surely worth
investigating for their impacts on the population dynamics.
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Appendix A: Derivation of G(«, x)

The derivation of G(«, x) comes from [2, Section 1.1.1], [54, Section 2], and
[32, Section 3]. In this section, we consider the following linear equation:

Ut=D1[/J(x—y)v(y,t)dy—v —div, x€eR,te(0,1],
R

x €ER,

(A1)
v(x,0) = vy(x),

where Dy, d; are positive constants, J satisfies assumption (J3), and v, is
a nonnegative, continuous, and bounded function on R.

Given any function g defined on R, we define the Fourier transform
F[g] = ¢ and inverse Fourier transform 7~1[¢] = g as

g(w) = / erg(dx, g(0)= o= / e g(w)dw.
R R

The following three lemmas show some properties of the Fourier
transform F[g] = g.

Lemma A.1 [58, p. 111]. Assume that g(x) and g’(x) are both absolutely
integrable on R, then

Flg'l(w) = (iw)F[g](w).
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Moreover, it holds that
Flg™](w) = (iw)"Flgl(w), n > 1isan integer.

Lemma A.2 [17, p. 20]. Suppose that f,g € L'(R) and let
()0 1= [ =iy
R

Then, F[f * gl = F[f]1x Flgl.

Lemma A.3 [17, p. 27]. Suppose that ¢(z) is analytic for |z| < e withe > 0,
and ¢(0) = 0. If h € L'(R) such that ||h||;1 <&, then @(h) is a Fourier
transform. This is to say, there is H € LX(R) such that p(h(w)) = H(w)
(w e R).

Let O(w,t) and J(w) be the Fourier transforms of v(x,t) and J(x),
respectively. Then, by Lemma A.2, we obtain that

dv(m,t) _

/ e“""{DI / J(x = y)u(y, t)dy — Dyu(x, t) — dyu(x, t)}dx
ot R R

= [le(w) - DI - dI] lj(w, t)
The above equation can be solved as

O(w, 1) = elPI@)-Dr=d;lt / e uo(y)dy.
R

Then, we can infer from the inverse Fourier transform that

omdit

/e—iwx [eDI[f(w)*l]t/eiwyvo(y)dy]dw
2 Jn R

e—drt 5 .
— eDrlJ(w)-1]t giw(y—x) 41, vo(»)dy
2 Jg U

e / (D1t x — y)oo(y)dy,
R

v(x,t)

where

Gla, x) = % / et W)-Dg=iwx gy,
R

Clearly, G(a, x) is the inverse Fourier transform of g(w) := ex(Uw)-1),

Here, the existence of ¢(a, x) can be obtained from Lemma A.3 (see [32,
Section 3] for details).

Under the assumption (J3), some basic properties for G(a,x) can be
derived as follows:

Lemma A.4 [32, Lemma 3.1]. Assume that J satisfies (J3). Then, we have

1 [ Gla,x)dx =1fora >0;

2. Gla,x)=08(x)>0 on R for a =0, where 6(x) is the Dirac-delta
function; G(a,x) > 0 on R for o > 0;

3. J(w) is an even function in w, and hence G(at, —x) = G(a, x) for x € R;
4. [ G, x = y)G(B,y —2)dy = Gla+B,x —z) for x,y,z€R and
a,fB>0;

S ak[j(w)]k —iwx —a - o —171 7k —a
5 Gla,x) = = kgo In — e dw=e kgo =7 [[Fl(x) =e
(S

k
> %Jk(x), where Jo(x) =8(x), Ji(x)=J(x), and J(x)=1[J *
k=0 k!

Je_1](x) fork > 2;
6. foreach u >0, iff[R J(x)e**dx < oo, then _/R Gla, x)e*¥dx < co.
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