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Abstract. In this paper, we study the asymptotic behavior, the spreading speed, and the
existence/nonexistence of traveling waves of a class of nonmonotone discrete-time dynamical system.
As a byproduct, we also obtain some results on the global attractivity of a nontrivial constant fixed
point and on the existence of a nonconstant fixed point. We then apply the main results to three
model systems: (i) a spatially nonlocal integro-difference equation; (ii) a reaction-diffusion equation
with spatial nonlocality and time delay in the reaction term; and (iii) an equation with nonlocal
diffusion and delayed nonmonotone nonlinearity in the reaction term. The obtained results for these
three equations improve some existing ones by removing the symmetry of the kernel functions and
relaxing the conditions on the nonlinear terms.
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1. Introduction. In order to study reaction-diffusion equations, Aronson and
Weinberger [2, 3] introduced the concept of the spreading speed and showed that it
coincides with the minimal wave speed for traveling wave fronts under appropriate
assumptions. Since the solution of the initial value problem of reaction-diffusion
equations may also be considered as a solution to some discrete dynamical system in
an appropriate space, Weinberger [37] and Lui [21] established the theory of spreading
speeds and monostable traveling waves for a monotone discrete dynamical system.
This theory has been further developed recently in [7, 16, 17, 18, 19, 20, 38, 39, 47]
for more general monotone semiflows so that it can be applied to a variety of discrete
and continuous time evolution equations admitting the comparison principle.

However, many discrete and continuous time population models with spatial
structure are not monotone. For example, scalar discrete time integro-difference equa-
tions with nonmonotone growth functions and predator-prey type reaction diffusion
systems are among such models. The asymptotical behavior of some nonmonotone
continuous time integral equations and time-delayed reaction diffusion models have
been established in [35, 36]. The spreading speeds and the existence of monostable
traveling wave fronts were obtained for some nonmonotone continuous-time integral
equations and time-delayed reaction diffusion models in [4, 36]. Motivated by the
ideas of the above works, established in [5, 6, 9, 24, 26, 28, 40] was the existence
of monostable traveling wave fronts for several other classes of monmonotone time-
delayed reaction-diffusion equations.
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As explained in [2, 3], many spatial-temporal population models can be included
(as special cases) in the following form of discrete dynamical system:

(1.1) {“nﬂ(zg = g[un](x)7

where Q : Cy — C, and ¢ € Cy = BC(RY,R,), which is the set of bounded
and continuous functions from RY to R, equipped with the topology induced by
norm ||¢||c defined in section 2. By applying the results in [18, 19], the asymptotic
speeds of spread and traveling waves for some reflection-equivariant and nonmonotone
dynamical systems on BC([—7,0] x H,Ry) with # = R or Z were explored in [42].
The restriction of reflection-equivalence implies that the the results and approaches
in [18, 19, 42] cannot be applied, at least directly, to those spatially nonlocal systems
with nonsymmetric kernels.

The main goal of this paper is to develop a new approach which can be applied to
spatially nonlocal systems which may not be monotone and allow nonsymmetric spa-
tial kernels. More specifically, without assuming the monotonicity of @), we study the
asymptotic behavior of solutions, the spreading speed, and the existence/nonexistence
of traveling wave fronts of (1.1). In particular, we obtain the convergence of solutions
of (1.1) by using similar arguments to that of [41, 42, 44, 45, 46]. Combining the
proof for the existence of traveling wave fronts in [37, 42] with the Schauder fixed
point theorem, we obtain the existence of traveling wave fronts under much weaker
conditions. Here, our approach is different from that in [4, 5, 6, 13, 35, 36]. For exam-
ple, in order to prove the existence of traveling wave fronts, sub- and supersolutions
need to be constructed in the above works, and such constructions largely depend on
the particular forms of the equations. Our approach aims at revealing the relation
between the asymptotic behaviour of general solutions, traveling wavefronts, and the
spread phenomenon. As a byproduct of our approach, we are also able to establish
the global attractivity of a nontrivial constant steady state and the existence of a
nonconstant steady state. Note that by some different approaches, we also discuss
the global attractivity of a montrivial constant steady state for a differential equa-
tion with spatial nonlocality in an unbounded domain in C \ {0} under the compact
open topology in [41, 45]. The main results will be applied to three particular model
equations: (i) a spatially nonlocal integro-difference equation; (ii) a reaction-diffusion
equation with spatial nonlocality and time delay in the reaction term; and (iii) an
equation with nonlocal diffusion as well as delayed nonmonotone nonlinearity in the
reaction term. We shall see that the resulting criteria for these systems can be amaz-
ingly simple and can even be optimal in some sense, and they improve some existing
results by removing the symmetry on the kernel functions and relaxing the conditions
on the nonlinear reaction terms in these three equations.

We point out that the recent works [1, 8] also made similar attempts to do what
we do in this paper on the traveling wavefront, but there is a significant difference.
To be more precise, while our work follows the discrete setting up as in Weinberger
[2, 3, 37] and many follow-up works, [1, 8] used the framework of integral equations
as in [4] which can also include many frequently encountered equations. In [1, 8],
semiwavefronts are the focus, which may also lead to wavefronts in some situations,
whereas in our work we directly explore wavefronts as well as the spreading speed and
the asymptotic behaviour of solutions. Some of our results on traveling wavefronts for
the particular equations may also be obtained by using the method/results in [1, 8]
(see subsections 4.2 and 4.3).
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2. Preliminaries and basic hypothesis. We first introduce some notation.
Let R, R;, and RY be the sets of all reals, and nonnegative reals, N-dimension
vectors, respectively, where N is a given positive integer. Denote the Euclidean norm
of RN by || - |]. Let C = BC(RY,R) be the normed vector space of all bounded and
continuous functions from R to R with the so-called compact open topology, that
is, the topology induced by the norm

léllc £ 27" sup{|¢(«)| : x € RY with [|lz]| <n}, ¢ €C.

n>1

Let Cp ={¢p€C:¢p(zx) >0forallz € RN} and CS ={p € C: ¢(z) >0 for all z €
RN}, Tt follows that Cy is a closed cone in the normed vector space C. Note that
C3 # Int(Cy) due to the noncompactness of the spatial domain R¥ .

For a given y € RY, define the translation operator T, by T,[¢](z) = ¢(x —y) for
allz € RY and ¢ € C.

For a € R, @ € C is defined as a(r) = a for all z € RY. For any &, € C, we
write £ > nif € —n e Cy, and £ > nif £ > n and £ # 7. For simplicity of notation,
we shall write a £ @. For given numbers r,s > 0, define C, = {¢ € C : 0 < ¢ < 1}
and Cy s ={p € C:r < ¢ <s}.

In what follows, we very often need to deal with the space C' with N = 1, i.e.,
BC(R,R). For convenience of notation and statements, we denote this space with
N =1 by X (ie.,, X = BC(R,R)), again equipped also with the corresponding
compact open topology, accordingly, and let X = {¢ € X : ¢(z) > 0 for all z € R}
and X, = {¢p € Xy : ¢(x) <rforallz € R} for all » > 0, and let X, , = {¢p € X :
r < ¢(x) < s for all x € R} for all s > r > 0.

In this paper, we say that a map @ : C; — C' is continuous(compact) if Q|¢,. is
continuous(compact) for any r > 0.

Let r* > 0 be given and consider a continuous operator Q* : C. — C possessing
the following properties:

(H1) T,[Q*[¢]] = Q*[Ty[¢]] for all (y,¢) € R x C..

(H2) Q* is order preserving in the sense that Q*[¢] < Q*[¢] for all ¢, ¢ € C with
6 <.

(H3) Q*[0] =0, Q*[r*] = r* and Q*[a] > « for all & € (0, 7).

(H4) Q*[a] < « for all « € (r*, 00).

Following Weinberger [37], for the discrete dynamical system of the form (1.1)
with @ replaced by @Q*, we can define the wave speed ¢* by choosing a checking
function ¢ that satisfies the following property:

(P1) ¢ isa continuous and nonincreasing function of one real variable with ¢(—o00) €
(0,7*) and ¢([0,0)) = 0.

For any real number ¢ and any unit vector ¢ in RY, we define Hee: Xpo = Cy

and R.¢ : C(R,[0,7]) = C(R,[0,7%]) by

Hegla](z) = a(z-§ +¢)
and
Re¢la](s) = max{p(s), Q" [Hets,[al](0)},

where z € RV, s € R, and a € X,~. For simplicity, we denote H,¢[a] by a(- - €+ ¢)
and thus R.¢[a](s) = max{p(s), Q*[a(- - &+ ¢+ $)](0) for any a € X,- and s € R.
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Given real number ¢ and unit vector ¢ in RY, the iteration scheme

an+1(ca€; ) = RC,E[an(Cvg; )]7 CLO(C,f; ) =@

generates a sequence {an(c,&;-)} in X,~. By the remarks after Lemma 5.1 in [37],
this sequence is convergent in X,~. Let a(c,&;s) = lim an(c,&;s). We remark that
n—00

the sequence a,, depends upon the choice of the function ¢, and thus a also depends
upon this choice. However, by Lemma 5.4 in [37], a(c,&; +00) is independent of the
choice of p. As in [37], the wave speed ¢* with respect to Q* along the direction & is
defined as

(2.1) ¢*(§) = sup{c: a(c, & +00) ="},

where ¢ is any unit vector in RY. If a(c, &, +00) = r* for all ¢, we set ¢*(§) = +o0.
For any set V of vectors in RY, we define

nV:{v1+v2+---+UnZUjEVfor]':L"'vn}'

It is easily seen that if V' is convex, then nV = {nvjv € V'}. Also, with respect to Q*,
we define the following convex set:

(2.2) A* = {z e RNz - £ < ¢*(€) for all unit vector £ € RV},
For A, B C RY, we write A CC B when CIA C IntB. For A C C, we write

A(z) = {(z) : ¢ € A},
setg?v A(z) £ sup{¢(z) : x € RN and ¢ € A},

ie%&fN A(z) £ inf{p(z) : 2 € RN and ¢ € A}.

3. Main results. Since we do not assume that @ is order preserving, we will
make use of two properly chosen auxiliary systems that are order preserving which are
closely related to @ in some way. In this section, we always assume that Q,Q ", Q" :
Cy — Cy are continuous and compact with Q0] = Q~[0] =QT[0] =0,Q [r | =r"
and QT [rt] = rT for two given numbers r* > r~. For any given ug € Cy, the
recursion u,41 = Q[u,] defines a sequence {uy}5>, in C.

When Q1 (Q7) satisfies (H1)—(H3) with Q* and r* replaced by Q1 (Q~) and r*
(r7), respectlvely, the wave bpeed along the direction ¢ for QT (Q7) is also defined
by (2.1) with r* replaced by r* (r~), denoted by ¢ (§) (¢ (§)). Replacing r* by r*
(r7) in (2.2), a convex set AT (A7) is also defined.

THEOREM 3.1. Assume that Q[d] < QF[@] for all ¢ € Cy, and QT satisfies the
assumptions (H1)-(H3) with r* replaced by r.

(i) Suppose that the set AT is nonempty and bounded. Then for any open set Ay

containing AT and ug € Cr+ that has compact support, it holds that

(3.1) lim max wuy,(z) =0.

n—00 x¢nA;

(ii) If AT is empty and c* (€) is bounded for all unit vectors & in RN, then the
above statement holds when the mazimum in (3.1) is taken over the whole
space RN,
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Proof. By applying Theorem 6.1 in [37] to QT and combining Proposition 4.1
in [37] with the fact that 0 < Q[¢] < QT[¢] for all ¢ € Cy, we easily see that all
conclusions in this theorem hold. This completes the proof. 0

To proceed further to study the asymptotical behavior of w,, we formulate the
following nonmonotone assumption on the nonlinearity Q:

(H5) There is h > 0 such that Q[h] = h and Q satisfies the assumptions (H1) and

(H3). Moreover, if s > r > 0, then iIgN Q[Crs)(z) > r or sup Q[Crq](z) <
z€ z€RN
s

Clearly, if @) satisfies (H5), then @ satisfies (H4).

THEOREM 3.2. Assume that Q[¢] > Q[¢] for all ¢ € Cy and Q~ satisfies the
assumptions (H1)—(H3) with r* replaced by r—. Suppose that the interior of A~ is
not empty and let Ay be any closed bounded subset contained in the interior of A~ .
Then, for any o > 0 there exists a r, > 0 such that if ug(x) = o on a ball of radius
ry, it holds that

2 liminf mi n >,

(3.2) iminf min () =r

Moreover, suppose that Q[¢] < QF[@] for all € C, and QT satisfies the assumptions
(H1-H4) with r* replaced by r*. If Q satisfies (H5), then

. li in up(r) = li n(x) = h.
(33) A, B, () = fin, Jma, vnle)

Proof. Using Theorem 6.2 in [37], we get liminf min (Q7)"[uo](x) = r~. This

n—oo zxenAs
together with Proposition 4.1 in [37] leads to (3.2).
We now prove (3.3). Since Ay CC A~ C A" due to Proposition 5.5 in [37] and
the definition of A*, by a similar argument to the proof of (3.2), we have

limsup max u,(z) < r'.

n—oo TENAs

Take a closed bounded subset Dy with Ay CC Dy CC A~. Applying the above
obtained results to Dy, we easily see

r~ <liminf min u,(r) < limsup max wu,(x) < 7.
n—oo xzenDy n—oo *ENDg

For any € > 0, define

A5 ={z € Dy : dist(x, A2) < e},

U_(e) = liminf min{u,(z) : z € nA5},

n—oo

and

U (e) = limsup max{u,(z) : ¢ € nA5}.
n— oo
Then U_(e) < U, (), and for any 7 > o > 0, we know that A; C AJ C A% C Dy, and
thus Uy (g) € [r~,rT], U_(¢) is nonincreasing in € > 0 and U4 (¢) is nondecreasing in
e > 0. Moreover, by Ay CC Dy, there is ¢y > 0 such that for any eg > 7 > o > 0,
Ay cC A cc A} CC Dy. Due to the monotonicity of Ui, we easily see that
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Uy (e) are continuous in € € [0,&g], except possibly for e from a countable set of
[0,e0]. If U_(g) < Uy(e) for any € € [0,e0], then by (H5) and the continuity of
Ui, we may assume, without loss of generality, that for some ¢ € (0,e0), U_ is
continuous at € and iergN QlCu_(e),u,())(x) > U_(€). According to the definition of

U_(7), for any 7 € (0,¢), there exists sequences ny — oo and xj € ngAj such that
lim wy,, () = U_(7). Since A7 CC A3, we know that for any bounded subset B of

N —r 00

RN, 21 4+ B C (ng — 1).A35 for all large k, which implies likm inf Hlég Un,—1 (2 +y) and
—0o0 Y

lim sup maé(unk,l(xk +y) € [U_(¢),U(g)]. These combined with (H1) imply

k—oco YE

U_(1)= lim up, (zr)= lm Qun,—1(- + zx)](0)

npe—00 npe—00

> nf QCy_(v]@) > U-(e).

By the continuity of U_ at e and letting 7 — ¢, we have U_(g) > irgN QlCu_(e),u,(5)]
xE

(x) > U_(¢), a contradiction. Thus, U_(g) = U4(e) for some ¢ € [0,&0]. This,
together with (H5), gives U_(0) = U4 (0) = h, and thus the conclusion follows. This
completes the proof. O

In the following, we turn to the study of traveling waves of @ by applying some
results in [37]. We point out that other various methods have also been used to obtain
the traveling waves of some particular equations; see, e.g., [4, 5, 13, 24, 36] and the
references therein.

Let ¢ be a checking function that satisfies the property (P1) in section 2 with r*
replaced by r—. For any k € (0,1), any real number ¢, and any unit vector ¢ in RY,
we define the operators Ho¢ : Xy — C4, Reep : X+ — X4, and ng’k Xy = Xy
by

Hegla)(x) = a(z - €+ ),

Re g k[a](s) = max{ke(s), Q[Hets.6lall (0)},

and

RZ, yla)(s) = max{k(s), Q* [Heys,elal) (0)},

respectively, where a € X .

LEMMA 3.1. Suppose that Q,Q% satisfy all conditions in Theorem 3.2. Also
assume that Q and Q* are compact. Then, for any unit vector & in RN and ¢ > ct(§),
the following statements are true:

(i) For any k € (0,1), R ;[a] < Regklal < R:r’&k[a] for all a € X4 and Rf&k

are order-preserving with the pointwise order.

(ii) For any k € (0,1), Re¢xlx, and Rf@kb{r are continuous and compact for

all r > 0.
(iii) For any k € (0,1), there are two nonincreasing functions a},a; € X,+ such
that a, < af, af(co) =0 and ay (—o0) = 1+, aif = lim (ng W) ke, and
n—o00 S

thus Regxlalf] = aif.

(iv) For any k € (0,1), there is ar, € X,+ such that R.¢ rlar] = a, and a;, <
ar < a; with the pointwise order, and thus aj(co) = 0, liminf ay(s) > r~,
§——00

and limsup ag(s) < rt.
s——00
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Proof. First, we notice that (i) and (ii) follow from the continuity and compactness
of @ and Q* and the monotonicity of Q<.

(iii) By (ii) and Lemma 5.1 in [37], there are nonincreasing functions a;, a; € X,+
such that aj > a, with the pointwise order, nlg{;(ng}ﬂ)ﬂ[kgp] = a;, and thus

Reer]af] = aif. Proposition 5.2 in [37] gives ai (0c0) = 0 and aj (—o0) = 7.

(iv) Let Y = {a € X,+ : a; (s) < a(s) < a; (s) for all s € R}. By (i) and (iii), we
easily see that R ¢ x[Yi] C Y. By the convexity of ¥j and the compactness of R, ¢ x,
the Schauder fixed point theorem implies R ¢ x[ax] = ai for some a; € Yy. Hence, by
the choice of Yy, we have a,, < ay < a; with the pointwise order, and thus ay(c0) = 0,

liminf ag(s) > r~ and limsup ax(s) < r*. This completes the proof. O
§—>—00 §——00

We say that W(x-£ —nc) is a traveling wave of the map @ with the wave speed ¢
if W e X, is nonconstant and Q[W (--& —nc)](x) = W(x-£ — (1+n)c) for all integers
n. We say that W (z - £ — nc) connects h to 0 if W(—o00) = h and W (o) = 0.

THEOREM 3.3. Assume that Q, Q% satisfies all conditions in Theorem 3.2. If
Int(A_) is not empty and & is a unit vector in RN, then the following statements hold:

(i) If c€ - m < c*(n) for all unit vector n € RN, then Q has no traveling wave
W(x - & — nc) such that 1511_131{.12’ W(s) > 0.

(ii) If Q,Q* are compact and ¢ > c¢* (), then Q has a traveling wave W (z-£ —nc)
with W(—o0) = h and 1inﬁlinf W(s) = 0.

Proof. (i) Obviously, ¢ € Int(A_), and thus we may choose a closed bounded
subset A3 with ¢ € Int(A3) € A3 CC A_. Assume for the sake of contradiction
that @ has a traveling wave W (z - £ — nc) such that liminf W(s) > 0. Then by

S§——00

letting 0 = # liminf W(s) and by Theorem 3.2, there exists a ro = ro(0) > 0 with
§——00

the property that if ug(z) 2 o on a ball with radius rg, then lim min w,(z) = h,
n—oo renAs

and thus lim min W(x - £ — ne) = h. Then by (H5), there is 2* € RY such that

n—oo xenAs

W(z*- &) < h. By ligl_ian(S) > 0 and ¢£ € Int(A3), we obtain that nc + z* € nA;

for all large n, and hence

W(z*-§) = lgm W(z* - &+ nc—nc)

= lim min W(z £ —nc
n—o00 x=ncé+a*

> li in W(x-€&— = h.
This is a contradiction which implies that the statement (i) holds.
(ii) By Lemma 3.1(iv), for any k € (0,1), there is a(c, &, k;+) € X,+ such that
Regrla(e,& k;0)] = alc,& ks ), af < ale,& ki) < af, alc,€,k;00) = 0 and lim inf

S—r—00

a(c,& k;s) > r~, where aki are defined as in Lemma 3.1(iii). Thus, for any k € (0, 1),

there is s, € R such that a(c, &, k; si) = & and a(c, &, k; s+s) > % forall s < 0. By

the compactness of @) and the fact that a(c, &, k; s) = max{ke(s), Q[Heys,clalc, &, k; -]

(0)}, there is a subsequence k; of k in (0, 1) such that llim ky =0 and a(c, &, ki; sp, +-)
—00

tends to a function W € X,+ in BC(R,R), asl — oo. Thus, W(0) = llim a(e, &, ks sp,y)
— 00

= % and W (s) > % for all s < 0. In particular, for any given integers n, a(c, &, ki; - -

€+ s1, —nc) converge uniformly on bounded subsets of RY to W (--& —ne), as | — oc.

Therefore, by the fact that a(c, &, k; s) = max{ke(s), Qlalc, &, k;-- €+ s+ ¢)](0)}, we
know that W(z - & — (1 4+ n)c) = QW (- - £ — ne)](z) for all integers n.
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Choose a closed bounded subset A4 with () # Int(A4) € Ay CC A_. By (3.3) in
Theorem 3.2 and the fact that W (s) > % for all s <0, we obtain lim min W(z -

n—oo renAyg

& —nc) = lim max Wz & —nc) = h. Take a sequence s with lim s, = —oo.
n—oo xendy k—o00

Then, by the choice of Ay, there exist positive integer ny and xy, € Int(A4) such that
sp = ng(xg-£—c) and klim ng = 0o. Thus, lim W(sk) = lim W(ngxg -£—nkc) = h.
— 00 n—oo n—oo

So, W(—o0) = h, and thus W is a nonconstant function.
We now claim that liminf W(s) = 0. Otherwise, there exists € > 0 such that
§——00

W(s) > e for all s € R. This implies (see also the discussions of the last paragraph
in section 5) that W(z - £ — nc) tends to h with the supremum norm as n — oo.
Thus, there is a positive integer ng such that W (z - £ —noc) > - for all z € RY. By
letting & = noc, we have W(0) > “~, a contradiction. This completes the proof of
the theorem. O

THEOREM 3.4. Suppose that Q and QF satisfy all conditions in Theorem 3.2.
Assume that there is a bounded nonnegative measure m(x,dz) on R™ so thatl the
following hold:

(3.4) QT[el < | ¢(-—y)mly,dy) for ¢ € Cpr;

RN

and for every 6 > 0, there is an € > 0 such that

(3.5) Q7[¢l=2(1-0) [ &(—ym(y,dy), for¢eC..

RN

Then, for any unit vector € € RN,

(3.6) c(§) =ci(§) = inf log/ e’ Em(z, dx) £ & (),
n>0 RN
and thus A~ = At 2 A, where the right-hand side is 00 in (3.6) if the integral on
the right diverges for all positives . Moreover, if In‘E(A) is not empty and Ag is any
closed bounded subset contained in the interior of A, then the following statements
hold:
(i) There exists a dg > 0 with the property that if ug(x) > 0 on a ball of radius dy,

then lim min w,(x) = lim max u,(z) = h. Furthermore, if the support
n—oo renAg n—oo rendoy

of m(-,dx) contains a subset V in RN with the property that any bounded
subset of RN is contained in a translation of the set n) for some integer n,

then for any ug € C4 \ {0}, nh_}n(lo xgg}lo Up () = nh_}II;O Jéﬂ?ﬁo up () = h.

(ii) If c€ - < c¢*(n) for every unit vector n in RN, then Q has no traveling wave
W(z - € — nc) such that 1iI_I>1_inf W(s) > 0.

(iii) Assume that the support of m(-,dx) contains a subset V in R with the prop-
erty that any bounded subset of RN is contained in a translation of the set
nV for some integer n. If Q,Q*F are compact and ¢ > c*(€), then Q has a
traveling wave W (x - £ — nc) connecting h to 0.
Before giving the proof, we remark that by the definition, the infimum in (3.6) is
taken for values of u belonging to the abscissa of integral convergence and is set to co
if the integral is not convergent for any positive values of .
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Proof. First, applying Corollary in [37] to Q*, we easily get (3.6). The proof of
(ii) follows from Theorem 3.3. It remains to prove (i) and (iii).

(i) By (3.4)-(3.5) and the fact that @ satisfies (H3), there exist §* € (0,1) and
e* € (0,77 ) such that

(=67 [ mlydy) > 1 and Q)2 (1=57) [ o—ym(y.dy) for all 6 € Co

Define M : C — C4 by
M(¢](xz) = min{e*, (1 — 6*)/ min{e*, ¢(x — y)}m(y,dy)} for x € RN, ¢ € C,.
RN

Note that Q~[¢] > M|¢] for all ¢ € C due to the definition of M. By applying
Theorem 6.2 and Lemma 8.8 in [37] to M, there exists a radius dy with the property
that if uo(z) > 0 on a ball of radius dy, then

: : n ok
nlingo zg}ﬁgM [uo](z) = £™.

Therefore,

tmnlEn, @) 2 Bl e (@) lel(@) 2 Bt iy, M kol() = 7> 0
Following the proof of (3.2) in Theorem 3.2, we easily see that the first conclusion
of (i) holds. Again, by an argument similar to the proof of Theorem 6.5 in [37], the
second conclusion of (i) is also confirmed.

(iii) By Lemma 3.1(iv), for any k& € (0, 1), there is a(c, &, k;-) € X,+ such that
Rc,&,k[a(ca 57 k; )] = Cl(C, ga k; ')7 CL]: (Cv ga k; ) < CL(C, 57 k; ) < a; (Cv ga k; ')7 Cl(C, ga k; OO)
=0 and lslgljg a(c,&, k;s) > r~. Thus, for any k € (0,1), there is s; € R such that

a(c, &, k;ysp) = 5 and a(c, &, kys + s,) < & for all s > 0. By the compactness of Q
and the fact that

a(e, & k5 s) = max{kp(s), Q[Heys elalc, & k; )]1(0)},

there is a subsequence k; of k in (0,1) such that llim ky = 0 and a(c, &, ki; s, + )
—00
tends to a function W € X,+ as [ — oo. Thus, W(0) = llim a(c, & kis s,) = 5 and
—00

W(s) < I for all s > 0. In particular, for all integers n, a(c,&, ki - & + sk, — ne)
converge uniformly on bounded subsets of RY to W (x - & —ne), as [ — oo. Therefore,
by the fact that a(c, &, k; s) = max{ke(s), Qla(c, &, k; - - €+ s+ ¢)](0)}, we know that
W(x-&—(14+n)c)=Q[W(--&—nc)|(x) for all integers n.

Choose a closed bounded subset A; with () # Int(A4;) € A CcC A- =

By the second conclusion of Theorem 3.4(i), we get lim miJI}‘ Wz €& —nc) =
n—oo renAl

lim max W(z - & — nc) = h. Take any sequence s with lim s = —oo. Then,
n—o00 renA; k— o0

by the choice of Ay, there exists positive integer ny and z; € Int(A;) such that
sp = ng(xg-£—c) and klim ng = 0o. Thus, lim W(sk) = lim W(ngxg -£—nkc) = h.
—r 00 n—r 00 n—oo
So, W(—o0) = h and W is a nonconstant function.
We claim that lim W(s) = 0. Otherwise, there are W* € (0, %] and a sequence

9y
§—00 3

b, such that lim W (b,) = W*. Let w,(x) = W(x - & + b,) for all integers n and

by, —00
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x € RY. Without loss of generality, we may assume that li_>m wy, = ¢ for some ¢ € C
due to the compactness of Q). In particular, ¢(0) = W* >n07oz§nd hence ¢ € CL\{0}. It
follows from the second conclusion of Theorem 3.4(i) that there are a positive integer
Ny and zg € NoAg such that QN0[¢](zo) > 5. Again, by the continuity of @, we have
nlingo QNo[wy] (o) > % Hence, there is ng > 1 such that zg - £ 4 b,, — Noc > 0 and

QNo[wn,](z0) > 5. By (H1), we have W (zq - £ + by, — Noc) = QN [wy,|(x0) > 5.
But, by the facts that xo - £ 4 by, — Noc > 0 and W (s) < = for all s > 0, we have
W (o - €+ bn, — Noc) < %, a contradiction. This completes the proof. [

To describe the spreading speeds along a unit vector € in RY, we give the following
results by appealing to the proof of Theorem 2.1 in [38] or the proof of Theorems 6.1
and 6.2 in [37].

THEOREM 3.5. Suppose that Q and QF satisfy all conditions in Theorem 3.2.
Assume that there is a bounded nonnegative measure m(x,dx) on R™ so that (3.4)
and (3.5). Then, for any unit vector ¢ € RN, ¢*(€) in (3.6) satisfies the following
spreading properties:

(i) Ifup € Cr and ugly.e>r, = 0 for some (r,L) € [0,h)x(0,00), and if ¢*(§) < oo,
then for any ¢ > ¢*(£), it holds that
1Lm [sup{un(x) : x- & > ne}] = 0.
(ii) If up € Cy and Klim [inf{ug(x) : x-& < —K}]| >0, then for any ¢ < &*(§), it
—00
holds that
lim [sup{|un(z) — h|:z-& <nc}] =0.
n—oo

Proof. By applying the proof of Theorem 2.1(1) in [38] to QT and combining

Proposition 4.1 in [37] with the fact that 0 < Q[¢] < QT [¢] for all ¢ € C, we easily

see that (i) holds. It remains to prove (ii).
(ii) For any € € [0,¢*(§) — ¢), define

V_o(e) = linni%gf[inf{un(x) cx-&<nlc+e)}]
and

Vi (e) = limsup[sup{u,(x) : x - § < n(c+e)}].

n—oo

Applying the proof of Theorem 2.1(2) in [38] to QF, we may obtain for any ¢ €
[07 c* (6) - C)a

liminf{inf{(Q )" [wo](z) : - §{ <n(c+e)}] >r~

n— 00

and

lim sup[sup{(Q )" [uo](z) : - & < n(c+e)}] < rT.

n—oo

These inequalities, with the fact that Q~[¢] < Q[¢] < QT [¢] for all ¢ € Cy, imply that
r= <V_(e) <Vi(e) <rT foralle € [0,¢6*(§) — ¢). Note that V_(e) is nonincreasing
ine € [0,6°(€) — ¢) and Vi(e) is nondecreasing in ¢ € [0,é*(€) — ¢). Due to the
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monotonicity of Vi, we easily see that Vi(e) are continuous in ¢ € [0,¢*(§) — ¢),
except possibly for £ from a countable set of [0, ¢*(§) — ¢).

If Vo(e) < Vi(e) for any € € (0,¢"(§) — ¢), then by (H5) and the continuity
of Vi, we may assume, without loss of generality, that for some e; € [0,¢*(§) — ¢),

V is continuous at €1 and sup Q[Cy_ (o)), v, (=1)](x) < Vi(e1). Suppose 7 € (0,¢1).
zERN
According to the definition of Vi (1), there exists sequences ny — oo and xy - § <

ng(c+ 7) such that lim wy,, (zx) = V4 (7). In view of 7 < 1, we know that for any
TN —» 00

bounded subset B of RN, z, + B C (ny — 1)(c + &1) for all large k, which implies

lim inf[min u,, —1(zx + y)] and limsup[max u,, —1(xr + y)] € [V_(e1), Vi (e1)]. These
k—oo yeB k—oo YEB

combined with (H1) imply
Vi(r) = lim g, (@) = lim Qg -1 (-+ 24)](0)

N N —>00

< sup Q[Cv (o), v (enl(x) < Vi(er).

zERN

By the continuity of V. at 1 and letting 7 — 1, we have Vi (¢1) < sup Q[Cy_(c,),

zERN
Vi(e1)](z) < Vi(e1), a contradiction. Thus, V_(e2) = Vi(e2) for some €5 € (0,¢*
(&) — ¢). This, together with the monotonicity of Vi, yields that

V_(e) =Vi(e) =V_(0) = V,(0) for all € € [0,e2].

Take z,, € RY with x,, - & < n(c+ £2) for every positive integer n. In view of the
definitions of Vi and the choices of z, and e, we easily see that lim wu,(z,) =
n— o0

Vi(%), and for any bounded subset B of RY, z,, + B C (n — 1)(c + &2) for all large
n, which implies

lim inf[mig Un—1(zn +y)] = lim sup[maé( Un—1(zn +y)] = Va(e2) = VL (0).

n—oo ye n—oo Y€

These combined with (H1) imply
Vi(0) = lim wp(2,) = lim Qun—1(- + 2,)](0) = Q[Vi-(0)](0) € [r~, 7).

n—oo n—oo

This, together with (H5), gives V_(0) = V4 (0) = h, and thus the conclusion follows.
This completes the proof. a

Due to the property of ¢*(§) stated in (i) and (ii) in Theorem 3.5, we follow [38]
to call ¢*(€) the asymptotic speed of spread (spreading speed in short) of the discrete-
time semiflow {Q"}5°, on C, along the unit vector ¢ € RY. We also remark that
for a given unit vector £ € RV spreading speed ¢*(€) is unique. The spreading speed
¢* (&) can be vividly explained by the descriptions after Theorem 2.1 in [38]: “if ug(x)
is zero for all large values of £ -  and uniformly above 0 for all sufficiently negative
values of ¢ - x, then an observer who moves in the direction ¢ with a speed faster than
¢* (&) will see the solution go down to at most 0, while an observer who moves in this
direction at a speed slower than ¢*(§) sees the solution approach h.” As pointed out
in [38], “if the model includes a phenomenon such as a prevailing wind, ¢*(£) may be
negative in some directions. In this case an observer who stands still sees the solution
go down to or below the unstable state 0 because the cloud of growing population
gets blown away.”

As a byproduct of Theorem 3.4, we easily obtain the following threshold dynamics.
Some related results for the delay differential equation with spatial nonlocality and
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the delayed reaction-diffusion equations in unbounded domains have been obtained
in [41, 45], by applying very different methods.
THEOREM 3.6. Suppose that Q and Q% satisfies all conditions in Theorem 3.4.
Then the following statements are true:
(i) If 0 € Int(A), i.e., & (€) > 0 for all unit vector & in RN, then h is a globally
attractive fized point of @ in Cy \ {0}, that is, nh—{l;o Q"[¢] = h for all ¢ €

C1 \ {0}; in particular, there is no nonconstant ¢ € Cy such that Q[p] = ¢.
(ii) If 0 ¢ Int(A), i.e., &(€) < 0 for some unit vector & in RN, then there is

6 € X, such that Q[(- - )] = ¢(- - £), ¢(oc) = 0 and $(—o0) = h.
Remark 3.1. Under the case (i) in Theorem 3.6, by Theorem 3.4(iii), h cannot be
globally attractive with respect to the sup norm; and under the case (ii) in Theorem
3.6, h cannot be globally attractive, even with respect to the topology induced by

|- lle-

4. Applications. In this section, we shall apply the results obtained in section
3 to three particular model equations: (i) a spatially nonlocal integro-difference equa-
tion; (ii) a reaction-diffusion equation with spatial nonlocality and time delay in the
reaction term; (iii) an equation with nonlocal diffusion and delayed nonmonotone
nonlinearity in the reaction term. We will use f(-) to denote the nonlinear terms in
all these three equations, which will be assumed to satisfy the following conditions:

(A1) f is a continuously differentiable function on some right-neighborhood of 0.
(A2) f/(0) > 1 and f(u) < f (0)u for all u € [0, 00).
(A3) f has a unique positive fixed point u*.

By (A1)-(A3), we easily see that f(u) > u for all u € (0,u*) and f(u) < u
for all u € (u*,00). To study the convergent property, we formulate, in addition to
(A1)-(A3), another assumption on the nonlinearity f:

(A4) u* is the only positive fixed point of f2.

By establishing a relation of the globally stable dynamics of the nonlinear map
in the equation and the dynamics of the delay differential equations, we have shown
in [44, 45] that (A4) plays a crucial role in the delay independent (or absolute) global
stability of a positive equilibrium for some delay differential equations with spatial
effects. In this section, we shall see that (A4) also plays a similar role in describing
the global dynamics of the three models equations.

Note that (A4), together with (A1)-(A2), implies (see Proposition 2.1 in [44])
that

liﬁm dist(f"([e, M)),u") =0 for any M > € >0,
which further implies the following property:
(p2) For any interval [a,b] C (0,00) with a < b, either a < min{f(u) : u € [a, b]}
or b > max{f(u):u € [a,b]}.
For a discussion of the equivalence relation of (A4) and (P2), see Lemma 5.3 in
[42].
Define

fE(u) = f/(0)u for all u € Ry.

For any M > max f([0,u*]), define
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and let

fi;(w) = max fa(v), and fy;(u) = inf fa(v) for u € Ry.

v€E[0,u] vE[u,00)

Then, we have the following results from Lemma 5.5 in [42].
LEMMA 4.1. Let M > max f([0,u*]) and let fur, fﬁ and ¥ be defined as above.
Then the following statements are true:
() £3y(&) < fuls) < (@) < 1) for allz € R
(i) fM and f,,; are nondecreasing and continuous on R.
(iii) There exist positive numbers u’ such that fi;(u) = u and 0 < u* < u* <
<M.
(iv) fM and fi satisfy assumptions (A1)~(A3); moreover, if f satisfies (A4), then
far also satisfies assumption (A4).
(v) For any € € (0,1), there is 6 € (0,u*) such that fy,(z) > (1 —&)fE(x) for
any x € [0, 9].

4.1. An integro-difference equation. Consider the integro-difference equa-
tion

(41) un_,_l(x) IR Un - y)dy £ Q[Um](fl’),
Uy € X+
Here, £ : R — R is a nonnegative continuous function satisfying fR y)dy = 1, and

as in [13], we assume that [, e=*Vk(y)dy < oo for all a € [0, AL), where Ar >0is
the abscissa of convergence and it may be infinity.

Let
In(f(0) [, exr¥k(y)d
c—int n(f (0) Jy ek (y)dy)
M€(07Ai) 1
Define
/fM {E— ()dya(bEXJraiCE]R
and

/fM d(x —y))k(y)dy, ¢ € Xy, v€R.

By the assumptions (A1)-(A4), we easily see that Qy, < Qum < Q1, Qﬁ satisfy
the assumptions (H1)-(H4), and Qs satisfies the assumption (H5) with r* and h
replaced by u% and u*, respectively.

In view of the above preparation and the fact that for any M > max f([0, u*]),
Q[Xm] C X and Q[é] = Qu[¢)] for all ¢ € Xy, we can apply Theorems 3.1(i) and
3.4 with m(y,dy) = f/(0)k(y)dy to obtain the following result for (4.1).

THEOREM 4.1. Assume that (A1)—(A4) hold. Then the following statements are
valid:

(i) i (1) = ¢ (1), ¢ (=1) = ¢ (—1), and they do not depend on the choices
of M, where i (&) are defined as in (2.1) with QT,. Denote ch = ci(1),
¢t =ci(=1).
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(i) If ¢ + ¢t > 0, then for any ci,c2 with (c1,c2) 2 [—c*,ci] and for any
ug € X“i with compact support,

1i_{n sup{un () : @ & (ney,nex)} = 0.

(iii) If ¢ 4+ ¢t >0, ugp € X4\ {0}, and c1,cz € (—c*,cl) with ca > ¢1, then

lim  min  wu,(x) = lim max wu,(z) =u".
n—00 x€[ncy,nca] n—00 x€[ncy,nce]

(iv) Ifc¢* 4t >0, then for any ¢ € (—c*,c}), (4.1) has no nonconstant traveling
wave U(x — cn) with ligl_inf U(s)+ lin_1>inf U(s) > 0.

(v) If ¢& + ¢ >0, then for any ¢ > ¢, (4.1) has a nonconstant traveling wave
Uys(x —ne) connecting u* to 0; for any ¢ < —c*, (4.1) has a nonconstant
traveling wave U_(x — nc) connecting 0 to u™.

Remark 4.1. The spreading speed and traveling wave fronts of (4.1) were also
studied in [13] under the assumption that the kernel k(-) in (4.1) is even. In addi-
tion, two conditions, denoted by (C1) and (C2), are required in [13]. One can easily
verify that either the condition (C1) or (C2) in [13] implies (A4). We also point out
that here we do not require that the kernel k(-) in (4.1) be symmetric. In what fol-
lows, we consider three concrete examples of nonlinear functions for f(u) in (4.1) to
demonstrate these.

Ezample 4.1. The first one is the Ricker’s function f(u) = que P*, which is
widely adopted as birth function for fish population and for blowfly population (see,
e.g., [11, 12, 22, 23, 27, 31, 32, 42, 43]). Assume p > 1 and ¢ > 0 and let u* = %lnp.
Then all conclusions (except for the last conclusions of (iii) and (v)) in Theorem 4.1
hold. If p is further confined to p € (1,¢?], then by applying Theorem 4.1 and making
use of the proof of Theorem 4.1 and Remark 4.3 in [44], we can also obtain the last
conclusions of (iii) and (v) in Theorem 4.1. The conclusions are summarized in the
following theorem.

THEOREM 4.2. Consider (4.1) with f(u) = que P*. Suppose p > 1 and ¢ > 0
and let u* = 1—1)1n q. If p € (1,€?%), then all the conclusions of Theorem 4.1 hold.

Ezample 4.2. The second example of the nonlinear function f in (4.1) is the
Mackey—Glass hematopoiesis function f : R — R by f(u) = pu/(q + u™) for all
u € Ry. This function was initially used by Mackey and Glass in [25] to model the
blood cell production in an ordinary differential equation model, and that model has
since been studied and modified by many researchers. Among other topics for these
models is the stability of a positive equilibrium, accounting for a long-term stable
blood concentration level. See, for example, Kuang [14] and Tang and Zou [34] and
the references therein. Applying Theorem 4.1, and taking advantage of the proof of
Theorem 4.2 and Remark 4.3 in [44], we obtain the following theorem.

THEOREM 4.3. Consider (4.1) with f(u) = pu/(q+u™). Suppose that p > q >0
and m > 0 and let u* = (p — q)%, Ifm < %, then all the conclusions of Theorem
4.1 hold.

We point out that [13] also obtained the conclusions of Theorems 4.2 and 4.3 when
the kernel k(x) is symmetric : k(x) = k(—x) for all x € R. Our approach does not
require this symmetry, and hence our results improve the corresponding ones in [13].

In addition to removing symmetry of the kernel, our general results are also
applicable for some nonlinear functions when the results in [13] cannot be applied.
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To see this, we consider the following example.
Ezample 4.3. Consider (4.1) with

ue?=v, u ¢ [u**, 00),
2u u** *k
L u € [%—, u™]
u) = u ’ **2 7** ’
f() 17 Ue(u4,u*2*),
fii, u € [07 u4 ]v
2—u

where «** is the unique positive solution of ue*~* = 2 in (0,1). Clearly, it is easy to
verify that f satisfies the assumptions (A1)—(A4). But f(z)/x is not nondecreasing
on [0,2], and thus f does not satisfy the assumption (C2) in [13]. Thus, the results in
[13] cannot be applied to (4.1) with the above f, but our Theorem 4.1 is applicable
to this system.

4.2. A delayed nonlocal reaction-diffusion equation. Consider the follow-
ing reaction diffusion equation with time delay and spatial nonlocality in the reaction
term
(4.2)

{ %(tv JJ) = urr(tv f) - uu(t, ‘T) T fR f(u(t - T y))k(a: - y)dyv (tv f) € (07 OO) X Ra
u(@,x) =p(0,2), (0,z)¢€][-T1,0] xR,

where 4t > 0, 7 > 0 and f : Ry — Ry satisfies (A1)—(A4) stated in the beginning of
this section and the initial data ¢ belongs to BC([—7,0] x R,R}).

For the kernel, we assume that k& : R — [0,00) is continuous and satisfies
Jr k(y)dy =1 and [, e”?k(y)dy < oo for p € R.

A prototype of the kernel is k(z) = \/Lr—ae’% with which (4.2) is the model

derived in So, Wu, and Zou [33] to describe the growth of the matured population of a
single species. Moreover, Yi, Chen, and Wu in [41] established the global attractivity
of (4.2) under some conditions, and Yi, Chen, and Wu in [42] also obtained some
results on the asymptotic speeds of spread and traveling waves of (4.2) when k(-)
possesses the following symmetry: k(x) = k(—z) for all x € R. Here, we do not
assume this symmetry. We should mention that for nonsymmetric kernel functions,
Gomez, Prado, and Trofimchuk [8, section 5.1] have also obtained some results on
existence/nonexistence of traveling wave for (4.2) by using a sub- and super-solution
method.
For any c € R, let

\ _—c—/c2+4pu A _—ct/A+4pu
1 — 2 ) 2 — 2
and denote

! O 0 o0
me(y, dy) = /\if_( )\)1 [/ e M k(2 +y + Te)dz + /0 e 2%k (z 4y + Tc)dz] dy.

Furthermore, for any g € C(R4,Ry), define the operators K., L., Q[;¢,g] : X4 —
X+ by

K. [8)(z) = / b()k(z — y + re)dy,
1

Le[d](z) = i [/w M EY) g (y)dy + /oo e)‘2(””y)¢(y)dy} ,
Qlds ¢, gl(w) = Le[Ke[g(4(:))]] (x)-
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The following lemma itemizes some properties of these maps.
LEMMA 4.2. Let c € R, g € C(Ry,Ry), and M > max f([0,u*]). Then the
following statements hold:
(i) K¢, L, Q[;¢,g] are all continuous and compact maps, that is, K.|x,,L|x,,
Ql; ¢, gllx, are all continuous and compact.
(i) Qlére. ol < QUése. far] < Qlése, fii] for all 6 € X
(i) Q[Xnr;¢, f] C Xnr and Qo; ¢, f] = Qlés ¢, far] for all p € Xy
(iv) Q[;c, fi] satisfies the assumptions (H1)—(H4) with v+ replaced by u%., re-
spectively.
(v) Q[ ¢, far] satisfies the assumptions (H5) with h replaced by u*.
(Vi) Q[;e, fi5] and m.(y, dy) satisfy the inequalities in (3.4) and (3.5).
Proof. (i) By using a similar proof to that of Lemma 2.2(iv) in [45], we easily see
that K. is a continuous and compact map.
Define Ji, Js : X4 — X4 by

1 [)(z)= / MED(y)dy,  Told)(x) = / M ED(y)dy, for ¢ € X, 7€ R,

— 00

To prove the continuity and compactness of L., it suffices to show that Ji|x, and
Ja|x, are continuous and compact, due to the linear property.

We first prove the continuity of Ji|x,. Let € > 0 and ¢, ¢, € X7 with n € N and
lim ¢, = ¢. By Lemma 2.1(i) in [45], we only need to show that

i (sup{|/1(60)(x) — J1(6)(@)] a € T}) =0

for any bounded and closed interval I = [a,b] C R. Indeed, for any £ > 0, by taking
—eX
T. =1+ |ln( o 1)| and using Lemma 2.1(i) in [45], there exists n. > 1 such that

|pn(2) — @(2)| < %)‘1 for all # € [a — T, b+ T.] and n > n.. It follows from the
definition of J; that, for any = € I and n > n.,

1[6a](2) — D1 [0](@)
0
- / a4+ 1) — Bz + )l MV dy

— 00

0 T
= / |6 (@ +y) — ¢z + y)|e M ¥dy + / |én (2 +y) — ¢z +y)le”¥dy
_T€ o
_ 0 —T.
< 6)\1/ e*)qydy_'_/ e*)\lydy
6 7Ts —00
—eA\ 1 1 T
< 1le
=76 °n + _)\16
<e.

This means that Ji|x, is continuous.
We next prove the compactness of Ji|x,. Note that J;[X;] C X%l. This together
1

with Lemma 2.1(ii) in [45] and the Arzela-Ascoli theorem implies that it suffices to
show that J;[X1]| is a family of equicontinuous functions in C'(Z,R) for any bounded
and closed interval I = [a,b] C R. Indeed, for any ¢ € (0, ;—f), by taking 6. =

)\% In(1 + %)7 it follows from the definition of J; that, for any ¢ € X7 and x,Z € [
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with  —z € [0, .),

|1 [)(F) — Ji[d)(x)] = | / " gyt EVay - / d(y)eM V) dy|

x
— 00

< (eklr _eAlfc)/ (b(y)e_’\lydy+/ (b(y)e)q(fc—y)dy
< __2[1 _ eAl(if‘T)]
1
—2
. 1 _ A155
<y e
< €.

This implies that Ji|x, is compact.

By similar arguments, we can show that Ja|x, is also continuous and compact,
and so is L.

Now, by the boundedness, compactness, and continuity of g, K., and L., we easily
know that Q[ ¢, g] is a continuous and compact map.

(ii) The proof follows from Lemma 4.1(i) and the definition of Q[ ¢, -].

(iii) By Lemma 4.1(iii), f([0, M]) C [0, M] and fa ([0, M]) C [0, M], and hence
QX ;e f] € Xy and Q[Xass ¢, far] € Xar. This, combined with the definition of
Q[ ¢,-] and the fact that far|jo,ar) = fljo,a, implies that Q[o; ¢, f] = Q[¢; ¢, fr] for
all ¢ € Xyr.

(iv) The proof follows from Lemma 4.1(ii)-(iv) and the definitions of Q[ ¢, f3]-

(v) By Lemma 4.1 and the definition of Q[-; ¢, fas], we easily verify that Q[; ¢, fas]
satisfies the assumptions (H1) and (H3). Fix s > r > 0, and without loss of gen-
erality we may assume that fas([r,s]) > r due to Lemma 4.1(iv). Thus, there is
d = 0rs > 0 such that fa([r,s]) > r + ¢. By the monotonicity of K., L., we obtain
Kc[XfM([r,s])] > K¢r+6 =r+06 and Lc[Kc[XfM([r,s])]] > Lc[r+ 6] =7+ 6. This,
combined with the fact that fu/(X;s) € Xy, (s and the definition of Q[-;¢, far],
gives iIéFRQ[XT,S; ¢, ful(x) > r+0 > r. Therefore, Q[; ¢, fas] satisfies the assumption
(H5).

(vi) Note that [, ¢(x — y)m(y,dy) = Qlpic, fX](x) for all (z,¢) € R x X.
It follows from Lemma 4.1(i) and the definitions of Q[¢;c, f] and Q[¢;c, fas] that
Q[ ¢, fi;) and mc(y,dy) satisfy the inequality in (3.4). In view of Lemma 4.1(v),
for any § € (0,1) there is e € (0,u*) such that f,(z) > (1 — §)f*(z) for any
z € [0,e]. Thus, fi,(¢) > (1 — 8)fL(¢) for any ¢ € X., which together with the
monotonicity and linearity of K., L. implies that, for any ¢ € X., L.[K.[far(¢)]] >
LJKC[(1=368)fE ()] = (1 = 0) L[ K [fE(4)]]. So, Qs ¢, f1s) and me(y, dy) satisfy the
inequality in (3.5).

The proof of the lemma is completed. d

Note that if Q[¢;c, f] = ¢ for some ¢ € X, then ¢ € Xy #(j0,u+]))- Thus, by
Lemma 4.2(iii), we shall tacitly approve that f = fqp (jo,u+] in this subsection.

Let

k(p) = / e Ek(y)dy and I(c, p) = Mk(p) for all ¢,p e R
R ’ pc+ p— p? ’

and

I%(c,p) = / eEPme(y, dy) for c€R, p € R,.
R

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 09/11/15 to 129.100.144.195. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

3022 TAISHAN YI AND XINGFU ZOU

Then we have the following.
LEMMA 4.3. The following statements are true:

(i) 1*(c,p) = (e, £p) for all c,p € R with 0 < p < Loty rtin ”;hAM, while 1*(c, p) =
oo for all c,p € R with p > Eotyertan VfHu.

(ii) iw <0 forallc,p e R with0 < p < Loty rtin ”;hAM.

Proof. We only consider the case of “+,” since the other case can be dealt with
by similar arguments.

(i) For any ¢ € R, p > 0, it follows from the definitions of /,{*, Fubini’s theorem,
and the linear transformations of variables that

+ [Lf/(O) Py 0 —A12 >~ — A2z
l (c,p):m/Re [/ e k(z+y+rc)dz+/0 e k(z +y + 1c)dz]dy

—prel. 0 e8]
_ ,uf/(O)e P k(p) [/ e—()\1+p)zdz + / 6_(>\2+p)zd2],
/\2 — )\1 — 00 0

which yields the statement (i).
(ii) By the statement (i) and a simple computation, we have

MH(ep) _ oo D e
5e — M (0)k(p) 5, pr—
. o+ T(pe+ p—p?)
— —upf (0)k(p)e"
ppf'(0)k(p) T
<0,

where 0 < p < SVt ”;hAM.
The proof of the lemma is completed. O

To proceed further to study the convergence property, we give the following as-
sumptions on the nonsymmetry kernel function &(-).
(K1) k(p) > 1 for all p € R.
(K2) I%(p)%ff(—ﬁ)% > 1 for all p,p > 0.
Note that the assumption (K1) implies (K2), while the assumption (K1) holds if
k(x) = k(—x) for all x € R.
Let

1
= inf = logl* f R
p+(c) nf > ogl=(c,p) for ce

and
ci =inf{ceR:py(c) <0} and ¢ =sup{ceR:p_(c) <0}.

LEMMA 4.4. The following statements are true:
(1) p+(c) <0 for all £¢ > £c and p+(c) > 0 for all ¢ < .
(ii) If (K2) holds, then p4(c) +p—(c) > 0 for all c € R.
(ili) If p4(c) + p—(c) > 0 for all c € R, then i > ¢*; in particular, ¢ = —c*
when k(x) = k(—=z) for all z € R.
Proof. (i) We only consider the case of “+,” since the other case can be dealt with
by similar arguments. Note that p (c¢) is nonincreasing in ¢ due to the definition of p

NN
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and Lemma 4.2(ii). This, together with the definition of ¢ , implies that p,(c) <0
for all ¢ > ¢ and p4(c) > 0 for all ¢ < cf.

(ii) Let a(p,c) = %log% with p € I, £ (0,%&%‘) and b(p,c) =

’ . c++/c?2+4 .
%1og Hi{m@; with p € I, £ (0,“Y-—") for all ¢ € R. Then pli,%l+ a(p,c) =

lim b(p,c) = oo. Suppose that ¢ > 0. Clearly, inf, e, b(p,c) > —Llog(1+<p) > —<.
0+ P T 7

By lim+ a(p, c) = oo, there exists § € I, such that inf,cs, a(p,c) = inf{a(p,c) : p €
p—0

I, and p > 6}. By letting IV = {p € I,N[§, 00) : %ﬁ’c) = 0}, we have inf ), a(p,c) =

inf,cro a(p,c) > inf{ufz;)zfp2 tp € IaN[d,00)} > . Thus, infer, a(p, ) + infpe,
b(p,c) > 0. Similarly, inf ez, a(p, c) +inf e, b(p,c) > 0 for all ¢ < 0. These together
with the assumption (K2) and the definitions of p+ and I* imply that for any ¢ € R,
we have

, 1. - , 1. -
p+(e) +p-(c) = tnfla(p,c) + 5 log(k(p)) —7¢] + inf 1b(p, c) + B log(k(—p)) + 7¢]
1. - 1. -
o . o1 o1 B
> inf a(p,c) + inf b(p,c) + inf p log(k(p)) + nf P log(k(—p))
1 - o1 .
> inf p log(k(p)) + inf p log(k(—p))
> 0.

(iii) We shall prove ¢ > c*; otherwise, ¢ < c¢*. Thus, by (i) and taking
ce (ci,c”), we have pi(c) <0, a contradiction.

Since k(z) = k(—z) for all # € R, we have k(p) = k(—p) > 1 for all p > 0. Thus,
IT(c,p) =1 (—c, p) for all (¢, p) € R x (0,00). These, combined with the definition of

cl, yield ¢ = —c*.
The proof of the lemma is completed. O
Let
; pf (0P, _ R B
le,p) = mk(—p), pi(c) = ;r;% p logi(c,£p) for c¢,p e R

and
¢t =inf{ceR:py(c) <0} and ¢* =sup{ceR:p_(c) <0}.

Similarly, we have the following results.

LEMMA 4.5. The following statements are true:

(1) p+(c) <0 for all £c > £& and p+(c) > 0 for all ¢ < £&4.
(ii) If (K2) holds, then pi(c) + p—_(c) > 0 for all ¢ € R.
(iii) If p4(c) +p—(c) > 0 for all c € R, then ¢ > ¢ ; in particular, ¢, = —¢*
when k(x) = k(—x) for all z € R.

Note that [(—c, £p) = (¢, Fp) for all ¢ € R and p > 0. Thus, by Lemma 4.4(iii)
and the definitions of ¢* and ¢, we easily obtain the following lemma.

LEMMA 4.6. If py(c) +p—(c) >0 for all c € R, then ¢ = —c* > ¢ = —c.

With the above preparation, we are in the position to state and prove the main
results for (4.2).

THEOREM 4.4. Assume that (A1)—(A4) and (K2) hold. Then the following state-
ments are valid:
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(i) For any ¢ > ¢, (4.2) has a traveling wave ¢(x — ct) with ¢p(co) = 0 and
d(—00) = u*.

(ii) For any ¢ < ¢*, (4.2) has a traveling wave ¢(x — ct) with ¢p(—o0) = 0 and
o(c0) = u*.

(ili) For any c € (c¢*,c%), (4.2) has no nonconstant traveling wave ¢(x — ct).

Proof. By some simple computations, we know that for any ¢ € X1, ¢ = Q[¢; ¢, f]
if and only if u(t, x) = ¢(x — ct) satisfies (4.2).

(i) Suppose that ¢ > ¢i. If ¢ > ¢}, then by Lemma 4.4, we have p(c) < 0 and
pi(c) > —p_(c). Applying Theorem 3.6(ii) to Q[ ¢, f] with m.(y, dy) defined in the
beginning of this subsection, we conclude that there is a nonconstant ¢. € X such
that Q[¢e; ¢, f] = ¢e with ¢e(00) = 0 and ¢.(—o0) = u*.

Suppose that ¢ = ¢%. We shall prove p; (¢ ) < 0; otherwise, p;(c%) > 0. Note
that by using the discussions in the previous paragraph, there exist two sequences
{em € (¢f,00) : m € N} and {¢m, € Xps 1 dm(00) = 0 and ¢, (—00) = u* }nen such
that W}iinoocm = ¢} and Q[dm:cm, f] = ¢ for all m € N. Let B = {¢,, : m € N}.
Then B C Xy and K., [¢m] € X, where M = sup f([0,u*]). By a proof similar to
that for the compactness of L. in Lemma 4.2(i), we can show that Uy,enLe,, [Xa] is
precompact, and hence B is precompact. Without loss of generality, we may assume
that the limiting of ¢, exists, and sup{z € R : ¢y, (x) = %} = 0 due to (H1). Hence,
G (0) = % and ¢ (z) < % for all z € [0,00). Let ¢ = lim ¢y, Then ¢(0) = v,

o(x) < “7 for all € [0,00) and Q[¢; ¢, f] = ¢. This together with Theorem 3.4(i)
and py(ct) > 0 implies limsup ¢(x) = u*, a contradiction. Thus, p4(ci) < 0. By

xr—r 00
the above arguments for the case of ¢ > ¢ , we easily obtain a nonconstant ¢. € Xas
such that Q[oc; ¢, f] = ¢ with ¢.(c0) = 0 and ¢.(—o0) = u*.

(ili) Suppose that ¢ € (¢*,c’). By Lemma 4.4, we have p_(c) > 0 and p(c) > 0.
Applying Theorem 3.6(i), we know that Q[; ¢, f] has no nonconstant ¢ € X such
that Q[¢; ¢, f] = ¢, that is, (4.2) has no nonconstant traveling wave ¢(z — ct).

To complete the proof of (ii), we apply the conclusion in (i) to the following
auxiliary system, which is exactly the same as (4.2) when k(-) is symmetric:

(4.3)
{ 04 (1,2) = s (t,) — pult, ) + i fy f(ult — 7, y)k(y — 2)dy, (£2) € (0,00) X R,
u(@,z) = p(0,2), (0,z)€[-7,0] xR.

This together with Lemmas 4.5 and 4.6 leads to the following conclusion:
(S) For any ¢ > ¢} = —c*, (4.3) has a nonconstant traveling wave ¢(x — ct) with
$(00) = 0 and ¢(—o0) = u*.
It is clear that the statement (S) implies the statement (ii) of the theorem with
¢, ¢ replaced by —c¢, ¢(—-), respectively.
The proof of the theorem is completed. d

4.3. An equation with nonlocal diffusion and delayed reaction. Consider
the following equation with nonlocal diffusion and delayed reaction

%(tv CC) = d[fR U(t, y)k(x - y)dy - u(tv 55)] - /m(t, :E) + Mf(u(t - T, x))
(4.4) (t,z) € (0,00) x R,
u(@,x) = @,x), (0,z)€[-7,0] xR,

where d, ;1 > 0, 7 > 0 and the initial data ¢ belongs to BC([—7,0] x R,R}).
It is known that nonlocal diffusion may demonstrate essential differences from
random diffusion in some context. Taking a bounded spatial domain as an example,
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the solution semiflow of an equation with the random diffusion (represented by a
Laplacian operator) is compact, while the solution semiflow of an equation with
nonlocal diffusion (such as PDE in (4.4)) is not compact, and hence many exist-
ing methods/approaches cannot be applied, at least directly. See, e.g., [10, 15] and
the references therein for more details.

For (4.4), Pan, Li, and Lim [29, 30] investigated the existence of traveling wave
fronts using the approach of upper-lower solutions and monotone iteration developed
in [40]. In order for the approach to be applicable, some monotonicity conditions were
posed in [29, 30]; in addition, the kernel function k(-) was assumed to be symmetric.
Here, we only assume that f: Ry — Ry satisfies (A1)—(A4) stated at the beginning
of this section; and the kernel k£ : R — (0, 00) is continuous and satisfies fR y)dy =1
and [, e”k(y)dy < oo for p € R. Thus, we do not require the symmetry for k( ) and
neither do we assume the quasi-monotonicity posed in [29, 30].

Following the scheduling in [37], Yagisita [47] and Fang and Zhao [7] obtained
some general results on the existence/nonexistence of traveling waves which are ap-
plicable to (4.4) with the quasimonotone nonlinearity f for 7 > 0. By applying the
existence/nonexistence of traveling waves and asymptotic behaviour of solutions in
nonlocal and nonmonotone convolution equations with nonsymmetric kernels in [8]
and by using the discussions of subsection 6.1 in [1], one may also establish results
in this section. This suggests that the approach of [8] may be equally effective for
equation (4.4), as far as traveling wavefronts go.

For any ¢ € R and g € C(R;,R,), let A = \(c) £ ‘HT” for all ¢ # 0 and define
K¢ g], Ll c], and Q[ ¢, 9] : X4 — X4 by

Klp;c, gl(x d+u[ /cb y)dy + pg((z +c7)) |,
)\foo Az— y )dy7 c> 0,
P(x) c=0,
Af AWy dy, ¢ <0,

Qlg; ¢, gl(x) = L[K[p; ¢, gl; c|(x).

Also let

[df e Mk(z+y)dz + pf'(0) [T e 0 er(y+ 2)dz] dy, >0,
mc(y7dy) = d+u [dk( ) + Nf ( ) ( )]dya c=0,
=1 [df_ e k(2 +y)dz + nf'(0) [° €M e (y + z)dz}dy, c<0.

The following lemma summarizes some properties for the maps K[ ¢, g|, L[-; ],
Ql; ¢ gl
LEMMA 4.7. Letr >0, c€ R, g € C(Ry,Ry) and for any M > max f([0, u*]),
the following statements are true:
(i) K[¢9]lx,., L dlx,., Q¢ g]lx,. are all continuous maps for any ¢ € R.
(ii) L[X, x J] is precompact for any bounded closed interval J C R\ {0}, and
hence Q[ ¢, gl|x, is compact map for any ¢ # 0.
(i) Qlésc, f17] < QU e, fr) < Qlse, ] for all 6 € X,
(v) QXarie, f] € Xar and Qésc, f] = Qlds e, far) for all 6 € Xar.
(v) Q[;c, fi7] satisfies the assumptions (H1)-(H4) with r* replaced by u., re-
spectively.
(vi) Q[;¢, fum] satisfies the assumptions (H5) with h replaced by u*.
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(vil) Q[;¢, fi] and me(y, dy) satisfy the inequalities in (3.4) and (3.5).

Proof. (i) By the continuity of ¢ and using a similar proof to that of Lemma
2.2(iv) in [45], we easily see that K[ ¢, ¢]|x, is a continuous map. By the continuity
of J; and Jy in subsection 4.2, we also easily see that L[-;c]|x, and Q[;c,g]|x, are
continuous.

(ii) Let J be a bounded closed interval in R\ {0}. Without loss of generality,
we may assume J C (0,00). By (i) and the definition of Q[;e¢,g], it suffices to
prove the compactness of L[X, x J]. Note that L[X, x J] C X,. This together
with Lemma 2.1(ii) in [45] and the Arzela—Ascoli theorem implies that it suffices
to show that L[X, x J]|; is a family of equicontinuous functions in C'(I,R) for any
bounded and closed interval I = [a,b] € R. Indeed, for any € € (0,1), by taking
0 = d+# log(522) - (inf J), it follows from the definition of L that, for any ¢ € X,
ceJand z,z € I with z — 2 €[0,9.),

|L{g; c)(7) - )| =| / A(y)erFV dy — / Ap(y)e ) dy|
/ Mol gl + [ 20w Vay

< 2r[1 — *E-)]
<e,

confirming that (ii) holds.

(iii) The proof follows from Lemma 4.1(i) and the definitions of Q[; ¢, fas] and
Q['; ¢, fl\i/[]

(iv) By Lemma 4.1(iii), f([0, M]) C [0, M] and fa ([0, M]) C [0, M], and hence we
have Q[Xr; ¢, f] € Xar and Q[Xpr; ¢, far] € Xps. This, combined with the definition
of Q[;¢,-] and the fact that far|jo.a] = fljo,n), implies that Q[¢;c, f] = Qlés ¢, fu]
for all ¢ € Xyy.

(v) The proof follows from Lemma 4.1 and the definition of Q[; ¢, fﬁ]

(vi) By Lemma 4.1 and the definition of Q[; ¢, fas], we easily verify that Q[; ¢, fas]
satisfies the assumptions (H1) and (H3). Fix s > r > 0; without loss of generality, we
may assume that far([r, s]) > r due to Lemma 4.1(iv). Thus, there is § = ¢, s > 0 such
that far([r,s]) > r + 0. By the monotonicity of K[-;¢, fa], L[, ], we conclude that
K[Xrsic, fu] 2 r+ 50 > rand LIK[X, 5 ¢, fulic] 2 Llr+ gk 05 ) = r+ g6 > .
This, combined with the definition of Q[;e¢, far], gives ig{Q[XT’S;C’ ful(x) > r+

770 > r. Therefore, Q[ ¢, fu] satisfies the assumption (H5).

(vii) Note that [, ¢(z — y)m(y,dy) = Qlo;c, fX](x) for all (z,¢) € R x X.
It follows from Lemma 4.1(i) and the definitions of Q[¢;c, f] and Q[¢;c, fas] that
Q[ ¢, fi;) and mc(y,dy) satisfy the inequality in (3.4). In view of Lemma 4.1(v),
for any § € (0,1) there is € € (0,u*) such that f,(x) > (1 — §)fL(x) for any
€ [0,e]. Thus, f,(¢) > (1 —0)fL(¢) for any ¢ € X., which together with the
monotonicity and linearity of K[;e, fas] and L[, ¢] implies that for any ¢ € X,
LIK[¢;c, fulic] = LK s e, (1-0)fF]; ] = (1= 0)L[K[d; ¢, f¥];ic]. So, Ql¢, f] and
m.(y, dy) satisfy the inequality in (3.5).
The proof is completed. O
Note that if Q[¢;c, f] = ¢ for some ¢ € X, then ¢ € Xgup f(j0,u+])). Thus, by
Lemma 4.7(iv), we shall tacitly approve f = foup, r(jo,u+] in the rest of this subsection.
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Let
1
cp+d+p

k(p) = /Repyk(y) dy and I(c,p) = [dl%(p) + uf'(0)e=?T] for p,c€R

and
1*(c,p) = / eFPYme(y,dy) for c€ R, p e Ry.
R

Then we have the following.
LEMMA 4.8. The following statements are true:
(1) I%(c, p) = l(c, £p) for all (¢, p) € J+ = {(a,b) € Rx(0,0) : d+putab > 0},
while 1*(c, p) = oo for all (c,p) ¢ Jx.
(ii) iw <0 for all (c,p) € J+.
Proof. We only consider the case of ¢ > 0, since the other case can be dealt with
by similar arguments.
(i) For any p > 0, it follows from the definitions of I,1*, Fubini’s theorem, and
the linear transformations of variables that

®(c,p) = /Rei'”ymc(y, dy)

— 1/eipy [d/ e_)‘zk(z—l—y)dz—i—uf’(O)/ e M0 _er(y +2)dz| dy
R 0 0

c

d- 10)eFrTe] [
{—k(ﬂ:ﬂ)-kiu Qe ] / e~ g
Cc Cc 0

which yields the statement (i).

(ii) The proof follows from the statement (i) and the definition of [, and the proof
of the lemma is completed. d

Let

o1 :
px(c) = l1)1>1% p logl=(c, p) for c € R,

and define
ci =inf{ceR:py(c) <0} and ¢ =sup{ceR:p_(c) <0}.

Then we have the following.

LEMMA 4.9. The following statements are true:

(1) px(c) <0 for all £¢ > £ci and p+(c) > 0 for all ¢ < .

(ii) p4(c)+p—(c) > 0 for all c € R, provided that (K1) holds (see subsection 4.2).

(ili) ¢§ > 0 > ¢, provided that (K1) holds; in particular, ¢} = —c* > 0 when

k(x) = k(—x) for all x € R.

Proof. (i) We only consider the case of “+,” since the other case can be dealt with
by similar arguments. Note that p (¢) is nonincreasing in ¢ due to the definition of p.
and Lemma 4.8(ii). This, together with the definition of ¢, implies that p;(c) <0
for all ¢ > ¢ and p4(c) > 0 for all ¢ < cf.

(ii) Suppose that ¢ = 0. By k(R) C (0,00) and the continuity of k, there is § > 0
such that k(z) > ¢ for all z € [—2,2]. Thus, we have

[5(62976_2‘0)

log k
lim inf L(p) > liminf £ > liminf
p—>00 P p—00 P p—>00

log[zipezp] L
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Similarly, hm inf % > 2. Thus, we have

log| KGR/ (0) .
lim inf M — liminf al dtp ] > lim inf w
p—r00 P p—+00 P e P

> 2.

This, combined with the fact that %log 1+(0,p) > 1 1og[d+“7f(0)] > 0 for all p > 0,
implies that p4(0) > 0 and hence p4(0) + p+(0) > 0
Now, it suffices to consider the case of ¢ > 0 since the remaining case ¢ < 0

d+pf' (0)e” 7P .
%71; with p € (0,00) and

b(c, p) = %log % with p € J £ (0, d+“) Noticing that

can be dealt with similarly. Let a(c,p) = 7 log

Jp e = _lin, o) =os

we know that inf,c; b(p, c) = inf e 5, b(p, ¢), where Jo = {p € JN[d.c0) : %ﬁ)’p) =0}

: : ob(c, . . ret(0)eTer
for some § € J. It is easy to verify that % = 0if and only if b(c, p) = W(%))Gmp—i—

m. ’:[‘hL'lS7
| pref (0)e™” ¢
b = inf
nf (p,c) = plélJo[d+uf()e”P d—l—,u—cp]
. pref'(0)e™” ¢ d+pu
> inf : e
= {[d+uf’(0)e”f’ d+,u—cp] pels, c )}
. utef'(0)eeP ¢
- p—1>I(I)1+[d+uf’(0)eTCP d—l—u—cp]
_ref0) | e

A+ pf(0) d+p

Similarly, in view of lim a(c, p) = oo and lim a(c, p) = 0, letting J° = {p € (0, ) :
p—0+ p—00

da(e) — 0}, we similarly obtain
i prcf'(0)e 7 c
f > 0, inf _
;I)I;Oa(p’ ) mln{ plélJo[ d+/14f/(0)677—cf) d+M+C[)]}
urcf'(0)e=7cP ¢
> lim —| ]
o A e T a5 atep
pref'(0) c

-

d+ pnf'(0) d+u]'

Note that by the assumption (K1), we have % log(i*(c, p)) > alc, p) and % log(I= (¢, p))
> b(c, p) for all (¢, p) € R x (0,00). It follows from the definitions of py and [* that
for any ¢ € R,

A PR BN
p+(c) +p—(c) —;I;%[;log(l (c,p))] +p1€n>f0[; log (1™ (¢, p))]
_ .
= infa(p, ) + inf b(p, )

> 0.
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(iii) By the proof of the case ¢ = 0 in (ii), we have p1(0) > 0, which together
with Lemma 4.8(ii) and the definition of ¢! and ¢* implies ¢ >0 > ¢*.

We only prove ¢’ > 0, since ¢* < 0 can be proved by similar arguments. Other-
wise, ¢} = 0, and thus by (i), we have p;(c) <0 for all ¢ € (0,00). Clearly, by (K1),

. d+pf' (0)e=PeT d+pf' (0)e=PT
there exist M; > 1 and d; > 0 such that (¢, p) > ’Z;Ed)fu > “pf+(dl€# I >

My > 1forall (e, p) € [0,1]x(0,d1]. Thus, M > 134—11 for all (¢, p) € [0,1]x(0, 41].

Note that I*(c,p) > C_lfd+ for all (¢,p) € [0,1] x (0,00). By the proof of the case

= liminf log k(p)

log( p+d(+)u]
P p—00

¢ =01in (ii), liminf £) > 2. Thus, there exists 7, > 61 such
pP—>00

that M > 1 for all (¢, p) € [0,1] X [y1,0). So, w > min{l, ];4—11} > 0 for

all (¢, p) € [0,1] x ((0,61] U [y1,00)). This together with the definition of p, and the

fact that p4(c) < 0 for all ¢ € (0,1] implies that there exist sequences {¢,,} in (0,1)

and {pm} in [01,71] such that hm ¢m = 0 and liminf logpcim”%)] < 0. Without

m%oo
loss of generality, we may assume that lim p,, = p* for some p* € [d1,71]. Hence, by
m—0o0

dlim inf [k (pm))+pf' (0) dtpf’(0)
..o log[lt log[ == 1 log[= ] .
(K1), lim inf gl (cmpm)] > L > e > (), a contradiction.
m—rco pm p P~

Since k(z) = k(—z) for all # € R, we have k(p) = k(—p) > 1 for all p > 0. Thus,
IT(e,p) =1 (—c,p) for all (c,p) € R x (0,00). These, combined with the definition of

i, yield ¢ = —c*. This completes the proof of the lemma. d
Let
I(c,p) = ;[dl%(—p) +uf'(0)e™?T],  pi(c) = inf 1log I(c,£p) for ¢,p € R,
cp+d+p p>0p
and

¢t =inf{ceR:py(c) <0}, ¢ =sup{ceR:p_(c) <0}

Note that I(—c, £p) = (¢, Fp) for all ¢ € R and p > 0. Thus, by the definitions of ¢}
and ¢4, we easily easily obtain the following lemma.
LEMMA 4.10. If (K1) holds, then & = —c* > 0> ¢* = —c.

For any (a,b,0) € (0,1) x (1,00) x (0,00), define A[-;a,b], B[-;a,b,0] : X+ — X4
by

A[¢; a,b] = aF[(b] + (1 —a)bg, Blg;a,b,d] = al'[g] + (1 — a)hs,s(¢),

where I'[¢](z) = [ ¢( —y)dy, hy5(9)(x) = hy,5(¢(x)) and
g
hy,s(u) = { Z?L’ Z i(%o’ )

LEMMA 4.11. Assume that (K1) holds and let (a,b,d) € (0,1) x (1,00) x (0, 00)

w. Then the following statements are true:

and ¢ [b] = li)r;f(’)
(i) ¢i[b] > 0.
(ii) nlingo Milyene, ne,] (A5 @, b)) [@](x) = oo for all ¢ € X \ {0} and c1,co €
(—=c [b], ¢ [b]) with ¢1 < ca.
(ili) For any ¢ € X4 \ {0} and c1,c2 € (—c2[b], ci[b]) with ¢; < ca, there exist
€ > 0 and an integer Nog > 0 such that max,cne, ne,) B [0](x) > € for all
n 2 No.
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(iv) lim mingeppe, meo] |B[5 @, 0,6])"[¢](x) — 6] = 0 for all ¢ € Xy \ {0} and

n—00
C1,C2 € (_ ,[b],c+[b]) with C1 S Co.
Proof. (i) By (K1) and b > 1, we have 205D > 1080 ¢ for all p > 0. This

together with the fact that lim inf M > 2 due to the proof of the case ¢ = 0 in

p—r00
Lemma 4.9(ii) implies ¢} [b] > 0, that is, (i) holds.
(ii) Suppose that ¢ € X \{0} and ¢y, ¢z € (—c*[b], ¢ [b]) with ¢; < cp. Take by >
1 such that ¢~ +b—ab > 1. Let D[¢|(x) = ['[hy,,5(¢)|(x) for all (z,¢) € R x X and
A=A[a ] By applying Theorem 4.1(iii) to D with f and u* replaced, respectively,
by hp,,s and 6, we have

lim min |D"[¢](z) —d| = 0.

n—00 z€[ncy,nes)

Thus, there is an integer Ny > 0 such that min D"[g](z) > $ for all n > Ny.

z€[nei,nes)
So, bpI™[¢](x) > D"[¢](z) > 3 and hence I'"[¢](z) > 2b" for all n > N; and
x € [ney, nes). Now, we remark that for any n > Ny and « € [ncl, nes),

Lal b — ab]" T [¢) (z)
La'lb— ab]" T [¢) (x)

—1'[b — ab]"~"

I f&+b—ab>1and lim 22l el
n view o a an nl—)ngo [bi+b7ab]"

we have li_>m Z X! [bi] [b—ab]"~! = oo, and hence h_}m MiNgeine, ne,] A" [@)(7) =
n oo I=N n (o]

= 0 for each nonnegative integer [,

00.
(ili) Suppose that ¢ € X\ {0} and ¢y, c2 € (—c [b], ¢.[b]) with ¢; < ¢z. Without
loss of generality, we may assume that ¢; < 0, ¢ > 0 and ¢ € X has compact support
due to the monotonicity of B(:) := B[;a, b, d]. Letting c3 € (—c[b], 1), ca € (c2, ¢} [b])
and applying the statement (ii), there exists a integer N7 > 0 such that A" [¢](z) > §
for all n > Ny and @ € [ncs, neq]. In view of choices of ¢3, ¢q and ¢, there is an integer
Ny > Ny such that T, [A"[¢]] > ¢ and A™[¢](y) > d for all n > Ny and y € [ner, nesl.
Take a > 0 such that A"[ag@] < d for all nonnegative integers n < 2Ny — 1. Thus,

T_,[B"[ag¢]] > a¢ and B"[ag¢](y) > «d for all integers
n € [N2,2Ny — 1] and y € [neq, nes).

By the monotonicity of B, we apply the above inequalities repeatedly to obtain that,
for any integer n > Na,

T_y[B"[a¢]] > ap and B"[a¢](y) > d for all y € [ncy, nes.

In particular, B"[a¢](y) > ad for all n > Ny and y € [ncy,nes], which yields (iii)
with Ng = N5 and € = ad.
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Finally, by (iii) and by using an argument similar to the proof of Theorem 3.2,
we easily get (iv).

The proof of the lemma is completed. d

THEOREM 4.5. Assume that (A1)~(A4) and (K1) hold. Then the following state-
ments are valid:

(i) For any c € [c},00), (4.4) has a traveling wave ¢(x — ct) with ¢(c0) =0 and
d(—o0) = u*.
(ii) For any c € (—o0,c], (4.4) has a traveling wave ¢(x — ct) with ¢(—o0) = 0
and ¢(c0) = u*;
(ili) For any c € (¢*,c%), (4.4) has no nonconstant traveling wave ¢(x — ct).

Proof. By some simple computations, we know that for any ¢ € X1, ¢ = Q[¢; ¢, f]
if and only if u(t,z) = ¢(x — ct) satisfies (4.4). We remark that ¢} > 0 > ¢* due to
Lemma 4.9(ii)

(i) Suppose ¢ > ¢’ . Then by Lemma 4.9, we have p (c) <0 and py(c) > —p_(c).
Applying Theorem 3.6(ii) to Q[; ¢, f] with m.(y, dy) defined as in this subsection, we
obtain that there is a nonconstant ¢. € X such that Q[d¢; ¢, f] = ¢ with ¢.(00) =0
and ¢.(—o0) = u*.

Next, we consider the case ¢ = ¢; > 0. We shall prove p,(c}) < 0. Other-
wise, py(ci) > 0. Note that there exist two sequences {c,,} and {¢,,} satisfying
Cm € (c4,00), ¢m € X, ¢m(00) = 0, and ¢y, (—00) = u* such that lim ¢, =

m—r o0

ct and Q[pm;cm, f] = ¢én for all m € N, where M = sup f([0,v*]). Obviously,
K[bm,cm, f] € Xa for m € N. By Lemma 4.7(ii), we know that UpenL(X ], ¢m)
is precompact, and hence {¢,,} is precompact. Without loss of generality, we may
assume that the limiting of ¢y, exists, and sup{z € R : ¢, (x) = %} = 0 due to

*

(H1). Hence, ¢,,(0) = % and ¢p(x) < % for all x € [0,00). Let ¢ = W}gnoo Om.-

Then ¢(0) = &, ¢(z) < % for all z € [0, 00) and Q[¢; ¢, f] = ¢. This together with
Theorem 3.4(i) and p4(ci) > 0 implies limsup ¢(xz) = u*, a contradiction. Thus,

T —r0o0
p4+(ci) < 0. By the above arguments for the case of ¢ > ¢, we easily obtain a

nonconstant ¢. € Xy such that Q[oc; ¢, f] = ¢ with ¢.(00) =0 and ¢.(—o0) = u*.

(iii) Suppose that ¢ € (¢*, ¢} )\ {0}. By Lemma 4.9(i), we have p_(c) > 0 and
p4+(c) > 0. Applying Theorem 3.6(i), we know that Q[-;c%, f] has no nonconstant
¢ € X4 such that Q[¢;c, f] = ¢, that is, (4.4) has no nonconstant traveling wave
o(x — ct).

Suppose that ¢ = 0 and (4.4) has a nonconstant traveling wave ¢(z — ct) with
c =0 (i.e., standing wave); then Q[¢;0, f] = ¢ and ¢ € Xyyax f([0,u=)).- We claim that
;Ielﬂg ¢(s) = 0; otherwise, ;relﬂf{ ¢(s) > 0. Hence, u > u > 0, where u = ;161]12 ¢(s) and

= sup ¢(s). Thenu > ﬁg—l—ﬁ inf f([u,a]) and a < ﬁlﬂ—ﬁ sup f([u, a]), that
seR

is, f([u,@]) 2 [u,@]. Hence, (A4) implies u = a = u*, that is, ¢ = u*, contradiction.
By the assumptions of f, there exist § > 0 and b € (1, f/(0)) such that f(x) > bx for
all x € [0,0] and f(z) > bd for all z € f([0,u*]) \ [0,0]. Letting a = ﬁ, we have
¢ = (Q[;0, f1)"[¢] = (Q[;0,hw6])"[¢] = (B[;a,b,6])"[¢]. By Lemma 4.11(iii), there
is a € (0,min{c* [b], ¢’ [b]}) such that li_}rn min| gz <pa Bl a,b,0])"[¢](z) > ad. Hence,

¢ > ad > 0, a contradiction. This proves the statement (iii).

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 09/11/15 to 129.100.144.195. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

3032 TAISHAN YI AND XINGFU ZOU

To complete the proof of (ii), we consider the following auxiliary system:

Gut,x) = dlfgult,y)k(y —z)dy —u(t, )] — pu(t, z) + pf (u(t — 7, 7))
(4.5) (t,z) € (0,00) X R,
u(@,2) = 6,x), (0,z)€[-7,0] xR,

This equation can be considered as the spatial reflection of (4.4), and when the kernel
k(-) is even, (4.5) is exactly the same as (4.4). Applying the conclusion in (i) to (4.5)
and making use of Lemma 4.10 gives the following result:

(E) For any ¢ € [¢},00) = [—c*,00), (4.5) has a nonconstant traveling wave

d(x — ct) with ¢(c0) = 0 and ¢(—o0) = u*.

It is clear that the statement (E) implies the statement (ii) of the theorem with
¢, ¢ replaced by —c¢, ¢(—-), respectively.

The proof of the lemma is completed. d

5. Discussion. First, we briefly discuss the conclusion (i) in Theorem 3.6. Theo-
rem 3.6(1) confirms that under some assumptions, h is globally attractive in
BC(R,[0,00)) \ {0} with respect to the compact open topology. One naturally won-
ders if it is also globally attractive in BC(R, [0, 00)) \ {0} with respective to the usual
supremum norm. The answer to this question is no, and we explain why below by
making a connection to the existence of traveling wave front solutions of ). By The-
orem 3.4(iii) and taking ¢ > ¢*(£), @ has a traveling wave W (z - £ — nc) connecting
h to 0 such that W is continuous on R. This implies that the positive equilibrium h
cannot attract all positive solutions with respect to the supremum norm, because the
positive solution u(t,z) = W(x - £ —nc) cannot approach h in the supremum norm as
t — oo due to the fact that W (oco) = 0.

However, the positive equilibrium A can be attractive with respect to the supre-
mum norm in a subset of BC(R,[0,00)) \ {0}. To see this, define

C7 ={¢ € BC(R,[0,00)) : there exists e4 > 0 such that ¢(z) > e, for all 2 € R},
and let
9llsup = sup{|¢(6, z)| : (6,2) € [-1,0] x R}, ¢ € BC(R,R).

That is, Cf consists of those bounded continuous functions that are bounded below
by a positive constant. If ¢ € C7, then there exists e4 € (0,77) such that ¢(z) > 4
for all 2 € R. Thus, by the monotonicity of @~ and Proposition 4.1 in [37], we have

Q"[¢] =2 (Q7)"[¢] = (@7)"[eg] > 0.

By appealing to the arguments in the proof of Theorem 3.2 with some slight modifi-
cations, we conclude that lim ||Q"[¢] — A||sup = 0.
n—oo

Second, we point out that in subsections 4.2 and 4.3, we have only obtained
some results on the existence/nonexistence of traveling wavefronts for (4.2) and (4.4),
without concluding anything on the spreading speeds and asymptotic behaviours of
these two equations. This is because both systems (4.2) and (4.4) contain a time
delay 7 > 0, and accordingly, BC([—7,0] x R,R) should be adopted as the phase
space, equipped with the topology induced by the norm

NENES Z 27" sup{|p(0, 2)| :0 € [-7,0], z € R with |z| <n} for ¢ € BC

n>1

([-7,0] x R, R).
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This is a different space from the one dealt with in section 3, and hence, one cannot
directly apply the results on the spreading speeds and asymptotic behaviors to these
two systems. It is possible to follow the same framework in section 3 to establish
some similar results on the spreading speeds and asymptotic behavior for these two
systems, but we decide not to do so in this already lengthy paper and will leave it for
a possible future project. However, as far as traveling wave solutions are concerned,
one only needs to consider the corresponding profile equations containing a parameter
c and the delay 7, which has the same phase space as discussed in section 3, and as
such, one can directly apply the results on traveling wavefronts in section 3 to the
operators ) properly formulated from the respective profile equations in these two
sections.
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